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Abstract: - The path following problem of incomplete symmetry unmanned amphibious platform was addressed. 
Considering the environmental disturbances the mathematical model of unmanned amphibious platform was 
established, and its control inputs were transformed from force and torque to water gate openings and pedal 
position. The path following error system, which was obtained after the former model being described in 
Serret-Frenet coordinate, was separated into two cascade subsystems, i.e., the position following subsystem and 
the orientation & surge velocity following subsystem. Then the equivalence between the second subsystem and 
the path following error system was proved on the basis of cascade theory. The globally asymptotically stable 
controller of orientation & surge velocity following subsystem was established based on backstepping adaptive 
sliding mode control method. The mathematic simulations and experimental tests were carried out, which 
illustrated that it was available for the incomplete symmetry unmanned amphibious platform to track the 
straight-line and circle path robustness under disturbances. 
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1 Introduction 
Unmanned amphibious platform is a kind of 
intelligent equipment that emerges in recent years [1]. 
It can not only move relying on wheels or tracks, but 
also sail in the water by means of screw or propeller, 
which shows great military potential [2]. However, 
the platform is sensitive to environmental 
disturbances such as wind, wave and flow, and shows 
great nonlinearity, uncertainty, and time delay, which 
makes it difficult to follow a specified path [3]. 
There is a wide body of literature on developing 
controllers to solve this problem [4], [5], [6]. Path 
following methods for under- actuated vehicles in the 
presence of modeling uncertainty based on Lyapunov 
techniques are discussed in [ 7 ] and [ 8 ]. By 
introducing a virtual controlled degree of freedom 

for the target to be followed, Bibuli proposed a 
nonlinear Lyapunov- based control law in [9], which 
successfully yields a USV converge to the origin, and 
similar methods can be found in literature [10], [11]. 
In [ 12 ], J. Ghommam proposed a change of 
coordinates that transforms the whole system into a 
cascade nonlinear system, and a time-invariant 
discontinuous feedback law is derived to guarantee 
global uniform asymptotic stabilization of the system. 
In [13], Encarnacao considered a fourth order ship 
model subjected to constant direction ocean current 
disturbance in the Serret-Frenet frame, and 
developed a control strategy to follow both the 
straight line and the circle. YU Rui-ting proposed a 
new decoupling method of a non-symmetric surface 
vessel in [14]. The vessel’s dynamic system was 
decoupled into two linear sub- systems based on 
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global diffeomorphism and time varying coordinate 
transformation, and got a global k-exponential 
stabilizing controller. Based on the cascade approach, 
GAO Jian proposed a globally k-exponentially stable 
path following controller of an underactuated auto- 
nomous surface vehicle in [ 15 ]. In the afore- 
mentioned papers, the mass and damping matrices of 
the vehicles are assumed to be diagonal, which does 
not hold for the unmanned amphibious platform 
completely. The platform shows great asymmetry 
because of the rotation of turret or the variation of 
loads, etc. In this paper, we proposed a controller to 
steer an incomplete symmetry unmanned amphibious 
platform along a predefined path at the presence of 
environmental disturbances induced by wave, wind, 
and current. 
 
 

2 Problem Formulation 
The kinematic and dynamic model of the incomplete 
symmetry unmanned amphibious platform can be 
described as [16]. 
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where x, y and ψ denote the surge displacement, 
sway displacement and yaw angle in the earth fixed 
frame; u, v and r denote surge, sway, and yaw 
velocities respectively. The positive constant terms 
m11, m22, m33, m23 and m32 denote the platform inertia 
including added mass. The positive terms d11, d22, d33, 
d23 and d32 represent the hydrodynamic dampings, 
and d11= nuuw-1, where nu and w denote damping and 
curve fitting coefficients respectively. The bounded 
time varying terms, Xw and Nw, are the force and 
moment induced by environmental disturbances such 
as wave, wind, and current with |Xw| ≤ Xwmax < ∝ 

and |Nw| ≤ Nwmax < ∝. The available control is the 
thruster force X and yaw moment N. As the sway 
control force is not available in the sway dynamics, 
the platform’s model is underactuated [17]. 

Our objective is to design the surge force X and 
yaw moment N to force the underactuated platform 
Eqs. (1) and (2) to follow a specified path Ω, as is 
shown in Fig. 4, where P is a reference point to be 
followed by the platform. If we are able to drive the 
platform to follow P closely, then the control 
objective is fulfilled. Build a right-hand orthogonal 
coordinate system originated at point P, i.e., 
Serret-Frenet system [18,19], with the axes xsf and ysf 
oriented along the tangent and normal directions 
respectively, and ψp is the angle between x and xsf. 
Let the location of the platform barycenter O in 
Serret-Frenet system ({SF} for short) be (τe, ne), and 
ψe = ψ - ψp, then τe, ne and ψe form a new set of state 
coordinates for platform. It can be seen that when the 
path Ω coincides with the x axis, the above variables 
coincide with the ship variables x, y and ψ. 
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Fig. 1 General framework of platform path following 

Let the coordinate of P be (xp(ω), yp(ω)), where ω 
is the path parameter variable. Hence, the velocity of 
point P moving along Ω is 

 2 2
P P PU x yω= +    (4) 

The angle and yaw velocity is 
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By applying the above parameterization, it is 
rather straightforward to transform the kinematics of 

WSEAS TRANSACTIONS on SIGNAL PROCESSING
Yulong Hua, Wei Sun, 

Baoshan Chi, Guoqiang Liu

E-ISSN: 2224-3488 131 Volume 12, 2016



Eq. (1) to 

 
cos sin

sin cos
e P P e e e

e P e e e

e P

U r n u v
n r u v

r r

τ ψ ψ
τ ψ ψ

ψ

= − + + −
 = − + +
 = −







 (6) 

With Eq.(6), the control objective can be formally 
stated as follows: design the surge force X and the 
yaw moment N, to make the incomplete symmetry 
platform Eqs. (1) and (2) follow the predefined path 
Ω given by (xp(ω), yp(ω)), at the desired surge 
velocity ud(t). 

Define the surge velocity following error as 

 e du u u= −  (7) 

Define the drift angle as 

 arctand
d

v
u

β =  (8) 

Substituting Eqs. (7) and (8) into Eq. (6) yields 
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where the reference total velocity is 2 2
d dU u v= +    

and P dφ ψ ψ β= − + . 
Define the desired angle as 

 ( )arctan , ,
2 2d n e dk n π πφ φ  = − ∈ − 

 
 (10) 

where kn > 0 is a positive constant to be selected 
later. 

Then the angle following error is 

 e dφ φ φ= −  (11) 

Hence, the corresponding angular velocities are 
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Substituting Eq. (11) into Eq. (9) yields two inter- 
connected systems in cascade form [20]: 
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Lemma 1: Consider the following two cascade 
time-varying subsystems [21]: 

 1 1 1 1 2: ( , ) ( , )f t G t= +∑ x x x x  (13a) 

 2 2 2 2: ( , , )f t u=∑ x x  (13b) 

where x=[x1, x2]T, f1(t, x1) is a continuously 
differentiable function of (t, x1), f2(t, x2, u) and G(t, x) 
are both continuous and locally Lipschitz functions 
[22]. 

If the following assumptions are all satisfied, then 
the cascade system Eq. (13) is uniformly globally 
asymptotically stable. 

(1) Subsystem 1x = f1(t, x1) is uniformly globally 
exponentially stable; 

(2) Subsystem ∑2 is asymptotically stable; 
(3) There were two continuous functions θ1: 

R+→R and θ2: R+→R that make G(t, x) satisfy: ║G(t, 
x)║2 ≤ θ1(║x2║2) + θ2(║x2║2)║x1║2, where ║·║2 
denotes the 2-norm of vector or matrix [23]. 

We now state the Theorem 1 whose proof is given 
later on the basis of Lemma 1. 

Theorem 1: If there exists a control law that 
renders the system (12b) globally asymptotically 
stable, then the cascade system consists of Eqs. (12a) 
and (12b) is also uniformly globally asymptotically 
stable under the control law. 

Proof: Theorem 1 can be proved in 3 steps. 

Define x= [x1, x2]T, x1=[τe, ne]T, x2=[ eφ , Ωe, ue]T,  
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Step 1: While x2=0, we can get 

 1 1 1
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Therefore, subsystem Eq. (12a) can be viewed as 
system Eq. (14) perturbed by the output of system Eq. 
(12b). 

As to system Eq. (14), define Lyapunov function 
as 

 ( )2 21
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Differentiating V along Eq. (14) yields 
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Set the velocity of point P as 
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where kτ is a positive constant to be selected later. 
Consider the definition of desired angle Eq. (10). 
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Substituting Eqs. (15) and (16) into V , yields 
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It is obvious that if the constants kτ and kn are 
selected to satisfy the inequation 
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then 0V ≤ , which implies the system Eq. (14) is 

globally uniformly asymptotically stable. The first 
assumption of Lemma 1 is satisfied.  

Step 2: For convenience, the function G(t, x) can 

be written as follows: 
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The result follows from the norm property: 
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Therefore, it is obvious that 
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The third assumption of Lemma 1 is satisfied. 
Step 3: To satisfy the second assumption of 

Lemma 1, we thereafter need to design a disconti- 
nuous time varying control law that renders 
subsystem (12b) globally asymptotically stable. 

 
 

3 Controller Design 
It can be easily proven that the system Eq. (12b) 

does not satisfy Brockett’s necessary condition and 
hence there’s no continuous time-invariant state 
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feedback control law that renders the subsystem (12b) 
asymptotically stable about the origin [ 24 , 25 ]. 
Therefore, a discontinuous time-varying control law 
is developed on the basis of backstepping technique 
and adaptive sliding mode control method, which is 
much more robust to the environmental disturbances. 

Obviously, the third equation of Eq. (12b) is 
independent from the two former ones, hence, Eq. 
(12b) can be decomposed into two independent 
subsystems, i.e., the orientation error subsystem (18) 
and the surge velocity error subsystem (19). 
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3.1 Controller design for ∑1 
There are two steps to design the controller that 

stabilizes ∑1. 
Step 1: Design the sliding mode surfaces of the 

orientation error subsystem Eq. (18) as: 
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where ( )1n zθ  is a virtual stabilizing function to be 

selected later. 
Step 2：By means of backstepping technique, 

define the Lyapunov function and prove the system’s 
asymptotic stabilization. 

Define the 1st Lyapunov function as 2
11 2eV φ= , 

and differentiating V11 along Eq. (20), yields 

 ( )11 1 2 1nV z z zθ= +    (21) 

Let the virtual stabilizing function ( )1n zθ  be 

 ( )1 11 1n z k zθ = −  (22) 

where k11 is a positive constant to be selected later. 
Substituting Eq. (22) into Eq. (21), yields: 

 2
11 11 1 1 2V k z z z= − +  

Define the 2nd Lyapunov function as 
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wN  is the estimation value 

of the torque Nw in yaw imposed by the 

environmental disturbances, wN  is the estimation 

error of Nw, and λn is a positive constant to be 
selected later. 

Substituting Eq. (18) into Eq. (20), yields 
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Differentiating V12 along Eq. (20) yields 
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In order to stabilize system Eq. (18), design the 

adaptive control law as 

( )1 12 2 2

2

ˆ sgn
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θ β
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where sgn(x) is the sign function, k12 and βn are 
positive constants to be selected later. 

Substituting Eq. (24) into Eq. (23), yields 
2 2

12 11 1 12 2 2 0nV k z k z zβ= − − − ≤ , therefore, subsystem 

Eq.(18) is asymptotically stable. 
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3.2 Controller design for ∑2 
Similarly, we can design the following adaptive 

control law to render the surge velocity subsystem 
Eq.(19) asymptotically stable about the origin. 

( )ˆ sgn

ˆ

x x w d x e x e x

w x x e

X f B X u k u u B

X B u

β

λ

  = − + − + +  

 =





 (25) 

where ˆ
wX  is the estimation value of the force Xw in 

surge imposed by the environmental disturbances, λx, 
kx, and βx are positive constants to be selected later. 

Based on the results above, a theorem is given as 
follows. 

Theorem 2: The system Eq. (12b) is asympto- 
tically stabilized by the adaptive control laws (24) 
and (25). 

The proof is directly given from the above 
designing process. Consequently, under the corres- 
ponding control laws, the system (1) and (2) is asym- 
ptotically stabilized according to Theorem 1. 

In order to eliminate the chattering and vibration, 
we use the saturation function to replace the sign 
function, i.e., sat(s) is used instead of sgn(s). 

  1      
sat( )      

1     

> ∆
= ≤ ∆
− < −∆

s
s ks s

s
 

where Δ is the thickness of the boundary layer, k is a 
constant. In the paper, Δ=0.5, k=1. 

 
 

4 Transformation of control inputs 
The force X in surge and torque N in yaw of the 

unmanned amphibious platform are provided 
propellers, which are driven by the engine. It is much 
more realistic if we transform the control inputs from 
force and torque to the control variables of engine 
and propellers, i.e., pedal position and water gate 
openings respectively.  

4.1 The transformation of water gate 
openings 

As is shown in Fig. 2, two water jet propellers are 

located symmetrically on the platform at a distance 
2l1. βl and βr denote left and right water gate opening, 
respectively. L and B denote the length and width of 
the platform, respectively. γ denotes the angle 
between the axis of the back off water tunnel and the 
surge direction; And l is the distance between point O 
and the tunnel portal along the surge direction. For 
simplicity, we assume that the relationship between 
the force and the water gate opening is linear. Hence, 
one has 

( ) ( ) ( )
( ) ( )1

1 cos 2P r l r l

P r l

X t T CT

N l CL T

β β γ β β

β β

 = − + − − +   


′= + −
 (26) 

where ( )sin cos 2L l Bγ γ′ = + , T denotes the force 

provided by one single propeller; C and t denote the 
reverse thrust factor and the thrust deduction fraction, 
respectively. 

L O

l1

B

γl

βrT

βrCT

 
Fig. 2 The structure sketch of unmanned amphibious 

platform 
In order to reduce the loss of surge velocity 

during change direction, let Xp > 0, then 

 ( )
2 cos

1 cosr l
C

t C
γβ β

γ
+ ≥

− +
 

As to the unmanned amphibious platform we 
concerned, the parameters are as follows: C = 0.8, t = 
0.2, γ=11.5°. Therefore, we have 

 0 0.9899r l Bβ β+ ≥ =  

Since the water gate openings are limited by 
mechanical structure, it is easy to know that 

0 , 1r lβ β≤ ≤ . Hence, the feasible region of water 

gate openings is about the shading area as shown in 
Fig.3. 
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In order to simplify the structure of control 
system and reduce the steering times, we choose the 
two bold lines as feasible region, as shown in Fig. 3. 

O
1

1

βr

βl

βr+βl=Bs

βr-βl=Bd

B0

B0

 
Fig. 3 The schematic diagram of propeller’s water gates 

4.2 The calculation of pedal position 
According to [16], the thruster force T is 

determined by the engine, transmission, propellers, 
etc. The relationship among T, α and u is shown in 
Fig.4. If T and u is known, then α can be calculated 
by interpolation. 

 
Fig.4 the curve among thruster force, surge velocity 

and pedal position 
 
 

5 Numerical simulations 
To verify the effectiveness of our controller, we 

present some simulations on an incomplete 
symmetry unmanned amphibious platform, whose 
parameters are given in Tab.1. And then the nominal 
parameters can be worked out according to [16]: m11 

= 31727 kg, m22 = 32016 kg, m33= 441570 kg·m2, m23 

= 3000 kg, m32 = 3000 kg, d11 = 447 kg/s, d22= 14085 
kg/s, d33 = 44747 kg·m2, d23 = 4000 kg/s, d32 = 1600 
kg/s. 

Tab. 1 Parameters of unmanned amphibious platform 

parameter value parameter value 

m/t 21.5 draft/m 1.04 

length/m 9.2 nu 65.86 

width/m 3.2 W 3.11 

In the simulation, the controller parameters are 
selected to be kn=0.2, kτ=1, k11 =10, k12 =0.2, kx= 0.3, 
βx = 0.1, βn = 0.1, λx = 1, λn = 1.  

The desired surge velocity ud is set to be ud =3m/s. 
We assume that the environmental disturbances 

have the same order of magnitude as the thruster 
force, and then the disturbances can be defined as: 

10000 5000sin 5000 ( 1,1)
5000sin 5000 ( 1,1)

w

w

X t rand
N t rand

= − + + −
 = + −

 (27) 

5.1 Straight line path following 
The reference path is defined by Eq. (28), and the 

initial state values of the unmanned amphibious 
platform are set to be x0 = 10 m, y0 = 0 m, ψ0 = 0 rad, 
u0 = 0 m/s, v0 = 0 m/s, r0 = 0 rad/s. The simulation 
results are shown in Fig. 5. 

 10
10

x
y

ω
ω

=
 =

 (28) 

5.2 Circle path following 
The circle path is defined as Eq. (29), and the 

initial state values are set to be x0=0m, y0=0m, 
ψ0=0rad,u0=0m/s, v0=0m/s, r0=0rad/s. The simulation 
results are shown in Fig. 6. 

 
80cos
80sin

x
y

ω
ω

=
 =

 (29) 

 
(a) The curve of platform’s velocities 

 
(b) The curve of path following errors 
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(c) The curves of water gate openings 

 
(d) The curve of pedal position 

 
(e) The trajectory for straight-line path following 

Fig. 5 Simulation results of straight-line path following 
 

 
(a) The curve of platform’s velocities 

 
(b) The curve of path following errors 

 
(c) The curves of water gate openings 

 

(d) The curve of pedal position 

 
(e) The platform’s trajectory for circle path following 

Fig. 6 Simulation results of circle path following 

Fig. 5 and Fig. 6 show that the proposed 
controller effectively completes the task of path 
following. The errors τe, ne and ue converge to zero 
quickly in spite of environmental disturbances. At the 
beginning of path following, the following errors are 
quite large. To reduce these errors immediately, the 
pedal is pushed to the end (100%), and the right 
water gate opening is up to maximum (100%) while 
the other side a little (4.5%). After the platform 
settles on the path, the pedal position and water gate 
openings should remain unchanged theoretically. But 
in reality, because of the presence of environmental 
disturbances, the control inputs vary in the same 
frequency with that of disturbances. Nevertheless, 
the following errors remain to be zero, which 
illustrates the robustness of our controller. 

 
 

6 Experiment Analyses 

6.1 Control system of unmanned amphibious 
platform 

To further support out controller, we developed 
the control system of unmanned amphibious platform, 
as is shown in Figs. 7 and 8. The onboard controller 
is developed on the basis of TMS320F2812, which 
supports serial and Ethernet communications for 
digital and analog input/output. The pedal and water 
gates are operated by three DC motors (400 W, 48V), 
with a set of servo amplifiers. The navigation 
instrumentation set is constituted of a DGPS/INS and 
Mti-G-700 to compute position and the true north. 
Electrical power supply is provided by the onboard 
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generator. The Shore-based controller is developed 
based on a Yeston PT55D, with an operating system 
Linux running in it. The communications between 
shore-based controller and onboard controller is 
based on a pair of wireless modules.  

TMS320F2812

Engine Speed

Pedal Position

Water Gate 
Opening

MTi-G-700 
DGPS/INS

Se
rv
o 
M
ot
or
 D
ri
ve
r

Pedal Operator Motor

Left Gate Operator 
Motor

Right Gate Operator 
Motor

Wireless Module

Wireless Module

Control Computer

Engine ON/OFF

Pedal Position

Direction

Platform Parameter Setting

Path Parameter Setting

Controller Parameter Setting

Manual Auto

Wireless Communication 
Module

Body-fixed Controller

Shore-based Controller

 
Fig. 7 Structural diagram of the platform’s control system 

Main Switch

Direction Knob Auto/Manual Switch Pedal Knob

Antenna

Engine Stop Button
Engine Start Button
Engine Power Main Button

 
Fig. 8 The shore-based controller 

6.2 Experiment results and analyses 
The straight line experimental tests were carried 

out at Chaohu Lake, Hefei, Anhui Province, the site 
is usually beaten by a 2 ~ 4m/s wind. The tests 
discussed in the following were performed in July, 
2015, in calm wind conditions, and the initial state of 
the platform and controller parameters were the same 
as that of the simulations. The resulting performance 
of the controller is shown in Fig. 9. 

 
(a) The curve of platform’s velocities 

 
(b) The curve of path following errors 

 
(c) The curves of water gate openings 

 
(d) The curve of pedal position 

 
(e) The platform’s trajectory for circle path following 
Fig. 9 Experimental results of straight line following 

Compared with simulation, the experimental 
results basically hold that of the simulations in 
tendency. The surge velocity u and path following 
error eT can fairly coincide that of simulations, while 
another path following error ne oscillates along the 
origin, although the oscillating amplitude is under the 
tolerance. The oscillation is probably caused by the 
modeling errors or the perturbance of the water depth, 
which are not considered.  

All in all, the experimental results are identical 
with that of simulations, and the controller manages 
to steer the in complete symmetry platform to track 
the straight-line and circle path. 
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7 Conclusions 
In this paper, a framework has been presented for 

the problem of path following for an incomplete 
symmetry unmanned amphibious platform at the 
presence of environmental disturbances. A practical 
controller is designed on the basis of backstepping 
technique and adaptive sliding mode control method. 
Simulations show that the proposed controller 
accurately follows the straight-line and circle path 
despite the presence of environmental disturbances. 
Moreover, experimental tests are carried out to 
validate the effectiveness of the controller. The 
performances of experiment are identical with that of 
the simulations in terms of tendency. On the other 
hand, the experiment results perform badly in some 
aspects, such as the vibration of the following error, 
which may be caused by the unmodeled higher order 
disturbances or the asymmetries about the left-right 
axis. Absolutely these are the significant aspects to 
be studied in next work. 
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