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Abstract: In this paper we prove that the set of the main inference rules for new vague functional and vague
multivalued dependencies is complete set. More precisely, we prove that there exists a vague relation instance on
given scheme, which satisfies all vague functional and vague multivalued dependencies from the set of all vague
functional and vague multivalued dependencies that can be derived from given ones by repeated applications of the
main inference rules, and violates given vague functional resp. vague multivalued dependency which is initially
known not to be an element of the aforementioned set of derived vague dependencies. The paper can be considered
as a natural continuation of our previous study, where new definitions of vague functional and vague multivalued
dependencies are introduced, the corresponding inference rules are listed, and are shown to be sound.
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1 Introduction and preliminaries Let Vag (U;) be the set of all vague values asso-
ciated to the elements u; € U;, i € 1.

A similarity measure on Vag (U;) is a mapping
SE;:Vag(U;) x Vag (U;) — [0, 1], such that
SE;(z,x) =1, SE; (z,y) = SE; (y, x), and
SE; (x,z) >

V= {(u,[ty (u),1— fy (W)]) : ue U}, johax (min (SE; (z,y) , SE; (y,2))) for all z, y,

z € Vag (U;).
Suppose that SE; is a similarity measure on
Vag (U;),i e 1.

The main tool applied in this research is a vague set.
Recall that a vague set in some universe of dis-
course U is a set

where [ty (u),1 — fy (u)] C [0,1] is the vague value
joinedtou € U,and ty : U — [0,1], fy : U — [0, 1]

are functions such that ty (u) + fy (u) < 1 for all u It

ey. B . ‘
Let R (A1, Ag, ..., A,) be a relation scheme on Ai = {(u, [ta; (), 1 = fa, (W)]) = we Ui}

domains Uy, Us,..., U, where A; is an attribute on = {a@ U € Ui}

the universe of discourse U;, 7 € {1,2,...,n} = I.
Suppose that V' (U;) is the family of all vague sets and

inU;, i€l

A vague relation instance r on R (A, A, ..., A,) Bi ={(u,[tp, (u),1 = fp, (u)]) : we U}
is a subset of the cross product V (Uy) x V (Us) X ... = {bi u € Ui}
x V (Uy). “

A tuple ¢ of r is denoted by

are two vague sets in Uj;, then, the similarity mea-
sure SE (A;, B;) between the vague sets A; and B;
(t [Al] ,t[AQ] ,...7t[An]) ) is given b(y ‘ Z) & ‘ ’
where the vague set ¢ [A;] may be considered as the

value of the attribute A; on tuple ¢. SE (A, Bi) =
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baEBi

[tBi (u)’l — I (u)])}}7

min { max {SEZ< [te, (u),1— fB, (u)],

min { arunelg { max {SE2< [ta; (u),1— fa, ()],

bZEBi af,‘ EA;

[ta, (w),1— fa, (u)])}}}.

Finally, if  is a vague relation instance on
R (A, Ag, ..., Ay), t1 and to are any two tuples in 7,
and X is a subset of {A;, Ao, ..., A, }, then, the simi-
larity measure S Ex (1, t2) between the tuples ¢; and
t2 on the attribute set X is given by

SEX (tl,tg) == IILXHEI)I} {SE (tl [A] ,t2 [A])} .

Note that various authors proposed various defi-
nitions of similarity measures (see, e.g., [7], [2], [1],
[51, [6D.

Through the rest of the paper, we shall assume
that the similarity measures SFE;, SE and SEyx are
given as above.

Recently, in [3] and [4], we introduced new for-
mal definitions of vague functional and vague multi-
valued dependencies, respectively.

In particular, if X and Y are subsets of
{A1, A, ..., Ay}, and 6 € [0, 1] is a number, then, the
vague relation instance r is said to satisfy the vague

functional dependency X i}v Y, if for every pair of
tuples ¢; and ¢2 in 7,

SEY (tl,tg) Z min {0, SEX (tl, tg)} .

Vague relation instance r is said to satisfy the

vague multivalued dependency X %in/ Y, if for ev-
ery pair of tuples ¢; and ¢9 in r, there exists a tuple ¢3
in r, such that

SEX (tg,tl) Zmin {9, SEX (tl,tQ)} s
SEY (t3,t1) Zmin {9, SEX (tl,tQ)} s

SE{a; As,..., A p\(xXUY) (3, 12)
>min {0, SEx (t1,t2)}.
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We write X —y Y resp. X ——y Y instead of

X%y Yresp. X o4y vifo=1.

For various definitions of vague functional and
vague multivalued dependencies proposed by various
authors, see [7], [8], [11] and [9].

The following inference rules are the inference
rules for vague functional and vague multivalued de-
pendencies introduced above (see, [3] and [4]).

VF1 Inclusive rule for VFDs: If X 6—1>V Y
holds, and 6; > 05, then X %21, Y holds.

VF2 Reflexive rule for VFDs: If X D Y, then X
—v Y holds.

VF3 Augmentation rule for VFDs: If X in/ Y
holds, then X U Z % Y U Z holds.

VF4 Transitivity rule for VFDs: If X 0—1>v Y

and Y % 7 hold true, then X "%, 7

holds true.

VFS5 Union rule for VFDs: If X ﬁl—w Y and
62 min(91,92)

X —=yv Z hold true, then X — vYUuZ

holds also true.

VF6 Pseudo-transitivity rule for VFDs: If X

Y and W UY 25y Z hold true, then W U
in(64,0

x™ ng, 2)V Z holds true.

VF7 Decomposition rule for VFDs: If X i>V Y
holds, and Z C Y, then X i>V Z also holds.

VM1 Inclusive rule for VMVDs: If X —>ﬁl—>v
Y holds, and 6 > 6, then X —-25 Y holds.

VM2 Complementation rule for VMVDs: If X
—20 Y holds, then X =5y {A1, As, ..., Ay}
\ (X UY) holds.

VM3 Augmentation rule for VMVDs: If X

—>£>V Y holds,and W D Z,then W U X —>i>v
Y U Z also holds.

VM4 Transitivity rule for VMVDs: If X —>0—1>v

Y and Y =25, Z hold true, then X ™21f2)
Z \'Y holds true.

VMS5 Replication rule: If X 1 Y holds, then
X =2 Y holds.
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VM6 Coalescence rule for VFDs and VMVDs:
If X —>9—1>v Y holds, Z C Y, and for some W

disjoint from Y, we have that W 9—2>v Z holds

min(61,02)

true, then X  — "'y Z also holds true.

VM7 Union rule for VMVDs: If X —>9—1>V Y

in(64,0:
and X —251, 7 hold true, then X "21f2) y-
U Z holds true.

VMBS Pseudo-transitivity rule for VMVDs: If X
—>9—1>v Yand W UY —>9—2>v Z hold true, then
WU x ™2 2\ (WU Y) holds also true.

VM9 Decomposition rule for VMVDs: If X
S0 v and X =25 Z hold true, then X
w002y 7 x MWDy 7, and X
min(fnf 2)\/ Z \ 'Y hold also true.

VM10 Mixed pseudo-transitivity rule:
f X 52, Vand X UY 2 Z hold true,

then X ™™ %) 7\ ¥ holds true.

The inference rules VF1 — VF4 and VM1 —
V' M6 are the main inference rules, while the inference
rules VF5 — VF7and VM7 — V M10 are additional
inference rules.

This means that the inference rules VF'5 — VF'7
resp. VM7 — VM10 follow from the rules VF1 —
VF4resp. VF1 — VF4and VM1 — VM6 (see, [3,
Th. 5] resp. [4, Th. 3]).

In [3] and [4], we have proved that the inference
VF1 — VF7 and VM1 — VM10 are sound (see,
Theorems 4, 5 and Theorems 2, 3).

The structure of the paper is as follows: Section
1 provides some necessary background and prelimi-
nary material. We introduce: vagues sets (over some
universe of discourse), vague values (joined to the el-
ements of some universe of discourse), vague rela-
tion instances (over some relation scheme), similar-
ity measures between: vague values, vague sets, tu-
ples. We recall the main and additional inference rules
for vague functional and vague multivalued dependen-
cies. Finally, we assemble those facts and results we
will need. Section 2 is the main section of the paper.
In this section we introduce closures, limit strengths
of dependencies, dependency basis. We prove various
auxiliary results related to closures and dependency
basis. Ultimately, we state and prove the main result
of the paper, i.e., that the set of the main inference
rules for vague functional and vague multivalued de-
pendencies is complete set.
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Thus, the main purpose of the paper is to prove
that the set {VF1 —-VF4, VM1 —VMG6} is com-
plete set (see, [10] in the case of fuzzy functional and
fuzzy multivalued dependencies).

In order to prove this, it will be enough to
prove that there exists a vague relation instance 7 on

R (A, Ag, ..., A,) which satisfies A 1—9>V Bresp. A
—§9—>V Bif A 1—9>V Bresp. A —§6—>V B belongs to
(V, M), and violates X L resp. X NS
where R (A1, Aa, ..., Ay,) is a relation scheme on do-
mains Uy, Us,..., U,, A; is an attribute on the uni-
verse of discourse U;, 7+ € I, X £>V Y resp. X

—>9—>V Y is a vague functional resp. vague multival-
ued dependency on {Aj, Ao, ..., A, } which is not an
element of (V, M)", and (V, M)7 is the set of all
vague functional and vague multivalued dependencies
on {A, As, ..., Ay, } that can be derived from V U M
by repeated applications of the inference rules V F'1
— VF4, VM1 — VM6, where V resp. M is some
set of vague functional resp. vague multivalued de-
pendencies on {A1, A, ..., A, }.

We close this section by noting that SEy (1, t2)
> SEX (tl,tg) forY - X, and SEX (tl,tg) > 0 for
SEX (tl,tg) > 9, SEX (tg,tg) > 0.

2 Main Result

Let R (A1, As,..., A,) be a relation scheme on do-
mains Uy, Us,..., U,, where A; is an attribute on the
universe of discourse U;, 7 € I.

Suppose that V resp. M is some set of vague
functional resp. vague multivalued dependencies on
{A1, Ay, ..., Ap}.

The closure (V, M)" of V U M is the set of all
vague functional dependencies and vague multivalued
dependencies that can be derived from V U M by
repeated applications of the inference rules: VF'1 —
VF4, VM1 — VM6.

The set (V, M)" is infinite one regardless of
whether V U M is finite or not.

Namely, if X —% Y belongs to V U M for

example, then, by VM1, X —>0—1>V Y belongs to
(V, M)* for 6, € [0,4].

Let X ﬁ>v Y be some vague functional depen-
dency on {A;, As, ..., Ap}.

The dependency X in/ Y may or may not belong
to(V,M)™".

The limit strength of X i>V Y (with respect to V
and M) is the number 6; (V, M) € [0, 1], such that X

BI(QM)V Y belongs to (V, M)*, and 6 < 6, (V, M)
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for each X %y Y that belongs to (V, M) ™.

It X % Y belongs to (V, M)™, then the limit
strength 6; (V, M) obviously exists.
Namely, in this case, 0; (', M) is given by

b, (V, M) = max{e’ x5y ve (V,M)+}.

Otherwise, if X iv Y does not belong to
(V, M), the limit strength 6; (V, M) does not nec-
essarily exists.

Let X —>9—>V Y be some vague multivalued de-
pendency on { Ay, As, ..., A, }.

The dependency X —>9—>V Y may or may not be-
long to (V, M) ™.

The limit strength of X —>9—>V Y (with respect

to V and M) is the number 6; (V, M) € [0, 1], such
that X 9&;&[)‘/ Y belongs to (V, M), and ¢’

< 6;(V, M) for each X {51 Y that belongs to
v, M)".

Reasoning as in the case of vague functional de-
pendencies, we conclude that 6; (V, M) exists if X

—>9—>V Y belongs to (V, M)

Otherwise, if X —>9—>V Y does not belong to
(V, M), the limit strength 6; (V, M) does not nec-
essarily exists.

Let X be asubset of { A1, Ao, ..., A}, and 6 be a
number in [0, 1].

The closure X (6,V, M) of X
(with respect to V and M) is the set of attributes A

€ {A1, As, ..., Ay}, such that X iv A belongs to
v, M)".

Suppose that A € X.

By VF2, X —y A belongs to (V, M)™.

Now, by VF1, X Sy A belongs to (V, M)".
Therefore, A € X+ (6,V, M).

Since A € X, we obtain that X C X+ (6,V, M).

Theorem 1. Let R (A, As,...,A,) be a relation
scheme on domains Uy, Us,..., U, where A; is an
attribute on the universe of discourse U;, i € I. Let
(V, M) be the closure of V U M, where V resp.
M is some set of vague functional resp. vague mul-
tivalued dependencies on {A1, A, ..., Ay }. Suppose

0 . .
that X —v Y is some vague functional dependency

on {A1,As, ... Ay}, Then, X 5 Y belongs to
YV, M) ifand only if Y C Xt (0,1, M).
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Proof. (=) Suppose that X iv Y belongs to
(v, M)

Now, by VF7, X Ly A belongs to (V, M)* for
every AeY.

Thus, A € X* (6,V, M) for every A € Y. This
means that Y C X+ (0,V, M).
(<) Suppose that Y C X+ (0, V, M).

Now, A € X+ (0,V, M) forevery A€ Y.

This means that X ﬁ>v A belongs to (V, M)™"
forevery AcY.

Now, by VF5, X by belongs to (V, M) ™.

This completes the proof. O

Theorem 2. Let R (A1, As,...,A,) be a relation
scheme on domains Uy, Us,..., U, where A; is an at-
tribute on the universe of discourse U;, i € 1. Suppose
that X is a subset of { A1, As, ..., An }, and 0 is a num-
berin [0,1]. Put

F(X,0)
:{Z - {Al,AQ,...,An} - X _>0_>V Z} )

There is a partition Y1, Yo,..., Y, of { A1, Ag, ..., Ap},
such that Z € F (X, 0) if and only if Z is the union of
some of the sets Y1, Yo,..., Yi. Furthermore, X —>9—>V
Y forie {1,2,... k}.

Proof. We start with the case k = 1, i.e., with the par-
tition Y7 = {Al, AQ, . An}

Let Z; € ]:(X, 0), Al 7& {Al, Ay, ..., An}

We have, X —>9—>V 7.

Since X —51, 71, it follows by VM2 that X

9

——V {Al,Ag, ,An} \ (X U Z1).

Furthermore, X O X \ Z; and V F'2 yield that X
—V X \ Zl.

Since 1 > 0, it follows by VF1 that X %y X \
Z.

Now, by VM5, X ——y X\ Z1.

Since X —)9—>V {Al,AQ, ,An} \ (X U Z;) and
X 5y X\ Zy, it follows by VM7 that X ——y
{Ala A27 ey An} \ Z17

Note that Z; # Y.

Having in mind this fact, we replace Y7 by Y1 N
Zl = Zl and Y1 \ Zl = {Al,AQ, ...,An} \ Zl. De-
note these sets by Y7 and Y5, respectively.

Since X =y Z; and X "y
{A1, Ao, .., Ay} \ Zy, it follows that X ——> Y;
and X —>9—>V Y.
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Now, if Z € {Z;} C F (X, §6), it follows that Z
= Z1 =Y, 1i.e., it follows that Z is the union of some
of the sets Y7, Y5.

Suppose that Z is the union of some of the sets
Yy, Yo, Itfollowsthat Z =Y, or Z =Y, 0or Z =Y, U
Ys.

Now, X — V1, X —251 Yo and V M7 imply

that X ——y V1 U Y5,
This means that Z € F (X, 0) in any case.
We proceed with the partition Y7, Y5.
Let Z; € F (X, 0).

We have, X —>0—>V Zs.

Suppose that Z5 is the union of some of the sets
Y1, Ys.

Now, if Z € {Z1, Z2} C F (X, 0), it follows that
Z is the union of some of the sets Y7, Ya.

If Z is the union of some of the sets Y7, Y5, then,
as before, Z € F (X, 0).

Suppose that Z5 is not the union of some of the
sets Y7, Y5.

Now, reasoning as earlier, we replace each Y; €
{Y1,Y2} such that Y; N Zy and Y; \ Z, are both
nonempty, by Y; N Z3 and Y; \ Zs.

The obtained partition we denote by Y7, Y3,..., Yj.
Clearly, j =3 or j = 4.

Suppose that Y; € {Y7, Y5} is such that Y; N Zs
and Y; \ Z2 are both nonempty.

Since X ——v Y; and X —— Zo, it follows by
VMO that X ——y Y; N Zoand X ——y Y \ Zo.

This means that X —>9—>V Y; forie {1,2,...,5}.

Now, if Z € {Z1, Z2} C F (X, 0), it immediately
follows that Z is the union of some of the sets Y7,
Ys,..., Y.

If Z is the union of some of the sets Y7, Y3,..., Y}
then, X —'— Y; fori € {1,2,...,5} and VM7 yield
that X —>9—>V Z. Therefore, Z € F (X, 0).

Proceeding with the partition Y7, Y5,..., Y; in the
way described above, we obtain that there exists a par-
tition Y7, Yo,..., Yy of { A1, Ay, ..., A, }, such that Z €
F (X, 0) if and only if Z is the union of some of the
sets Y7, Yo,..., Yz..

Moreover, we obtain that X —>9—>V Y, for ¢ €
{1,2,...,k}.

This completes the proof. O

The set {Y1, Y, ..., Y;} of the sets Y7, Ya,..., Y
that appear in Theorem 2 is called the dependency ba-
sis of X with respect to . The dependency basis of
X with respect to 6 is denoted by dep (X, 0).
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Theorem 3. The set {VF1—VF4, VM1 —VMG6}
is complete set.

Proof. Let R (A1, As, ..., Ay) be arelation scheme on
domains Uy, Us,..., U, where A; is an attribute on the
universe of discourse U;, 7 € 1.

Let (V, M)™ be the closure of V U M, where V
resp. M is some set of vague functional resp. vague
multivalued dependencies on { A1, Ag, ..., Ap}.

Suppose that X iv Y resp. X —>9—>V Y is
some vague functional resp. vague multivalued de-
pendency on {A;, Ay, ..., A, } which is not a member
of (V, M)T.

In order to prove the theorem, it is enough to
prove that there exists a vague relation instance 7 on

R (A, Ag, ..., A,) which satisfies A 1—9>V B resp. A

3%, Bif A%y Bresp. A 3%y B belongs to

(V, M), and violates X Sy resp. X Sy,
r can be constructed in the following way.
Suppose that X (6,V, M) = { A1, Aa, ...
It follows that Y C Xt (6,V, M).

Hence, by Theorem 1, X £>V Y belongs to
vV, M)".

Consequently, by VM5, X —>9—>V Y belongs to
(V. M)

This contradicts the fact that X iv Y resp. X
51 Y is not a member of v, M)*.

We conclude, X (6, V, M) C {Ay, A, ..., Ap}.

Let dep (X,0) = {Y1,Y>,..., Yy} be the depen-
dency basis of X with respect to 6.

Since X (6,V, M) C X (6,V, M), it follows
ba Theorem 1 that X ﬁn/ X+t (0,V, M) belongs to
vV, M)".

Thus, by V M5, the dependency X —>9—>V
XT(0,V, M) exists.

Hence, by Theorem 2, X (0, V, M) is the union
of some of the sets Y7, Yo,..., Y.

, An}.

Since Xt (6, V, M) C {Ay, Aa, ..., Ay}, we

have that
l
X+ (97 V7M) = U }/;:7
i=1
for some [ < k. Therefore,
k
{A1, Ag, ., AP\ XT (0, V. M) = | V.
i=1+1

For the sake of simplicity, we shall write
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m

{A1, A, A\ X (0,0, M) = W,

=1

where, clearly, m > 1, and Wy =Y, 1, Wo =Y 49,...,
Wi = Y.

Thus, the sets Y7, Ys,..., Y} cover X (6,V, M),
while the sets Y;11, Yi4o,..., Yk, i.e., the sets W7,
Woeooy Wy, cover { Ay, Agy .oy Ap b\ X (6, V, M).

Consequently, the sets X+ (0, V, M), Wy, W,...,
W, form a partition of { A1, Ao, ..., Ay }.

Now, if X —€1—>V Z is a vague multivalued de-
pendency such that 8 > 6, then, by V M 1, the depen-

dency X %eﬁv Z exists. Therefore, by Theorem 2,
Z is the union of some of the sets Y7, Ys,..., Yz, i.e.,
the sets Y7, Yo,..., Y, Wy, Wh,..., W,,. Since

l
X0, v.M) =V

=1

it follows that 7 is the union of a subset of

Xt (6,V, M) and some of the sets W1, Wa,..., W,,.
Suppose that 1 A; (V, M) # &, where

187 (W, M) € (V, M)7 is given by

lAl <V7M)
:{A Lo BeW, M 10,0V, M) < e}u
{A 3%y Be W, M)T 10, (VM) < e} .

Fix some 6 € (9”, 9), where

17

9 =

max

0 .
1A1(V,M){1 1 (V, M)}

If 1A;(V,M) =@, weputf =0.
Now, if A 8y B e (W, M)" resp. A 3% B
€ (V, ./\/l)Jr is a vague functional resp. vague multi-

valued dependency whose limit strength 16; (V, M) is
less than 6, then

W0 (VM) <0 <0 <0,
1.e.,

0, (VM) < 6 < 0.
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Otherwise, if 16; (V, M) > 0, then
0 <6<,6,(V,M).

Suppose that Uy = Us = ... =U,, = {u} =U.
Let

Vi= {<uv [tV1 (’LL) )
= {<u> [tvl (’LL) )

1—fy, (w)]) : ue U}
L= fv (@)} = {(u,a)}
and
Vo= {<u7 [tV2 (u) )
= {<u7 [tvz (u) )

— v (W)]) s ue U}
= fvo (W)} = {(u,b)}

1
1
be two vague sets in U, such that

SEy (a,b) =40,

where SEy : Vag (U) x Vag (U) — [0,1] is a simi-
larity measure on Vag (U).
We obtain,

SE (Vi,V3)

— ] . SE ’ b 7
min { (u%lgvl { <uI,II}?€XV2 { U (a ) }}
' SEy (b,
<u1}JI>1é1V2 { (u,a)eVy { U( a) } } }

max
'

=0 .

Now, let r be the vague relation instance on

R (A, Ag, ..., A,) given by Table 1.
Table 1:
X+ (Q,V,M) Wl Wm
Vi,.. V1 Vi,.. V1 Vi,.., V1
Vi V1 Vi Vi Voyeory Vo
Vi,.. V1 Vayeoy Vo Vi,.u V1
Vi, V1 Vorors Vo Vayrty Vo

Table 1 obviously resembles to the Table 2.
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Table 2:
Wi Ws W1 Wi
w v .. \%]
w v .. W %}
Voo Vo o Vo %1
Voo Vo o Vo Vs

Actually, the tuples of the Table 1

correspond to the m-tuples (V1, V4, ..., Vi, V1),
Vi, Vi, Vi, Vo), (Va, Va, ., Vo, Vh),
(Va, Va, ..., Va, Va) of the Table 2.

In other words, each m-tuple (ai,as,...
where a; € {V4,Va} fori € {1,2,...,
one tuple of the Table 1.

In the obtained tuple, each of the attributes in W;
is assigned the value a; for i € {1,2,...,m}.

Furthermore, each of the attributes in
XT(0,V, M) is assigned the value V.

Obviously, Table 1 has 2™ tuples.

As we already noted, SE (V1, V) = 0.

Since SE (V1,V1) = SE (V, V) = 1, it follows
from

9y a’m)’
m}, determines

SEz (t1,t2) = glelg {SE(t1[A],t2[A])}

that SEy (t1,12) > 6 forany Z C {A;, A, ...
and any £; and ¢o in r.

b An}a

Now, we prove that r satisfies A 1—6>V B resp. A
—%6—>V Bif A 1—9>V Bresp. A —}9—>V B belongs to
vV, M)"

Suppose that A 1—9>V B belongs to (V, M) ™.

First, assume that 16; (V, M) < 6.
Then,

, and violates X iv Y resp. X —>6—>V Y.

19 <1 9[ (V,M) < 0” < 9/ <0.

Hence,

SEB (tl,tQ) > 9, >1q 0 > min{19, SEA (tl,tg)}

for any ¢; and ¢2 in r.

Therefore, r satisfies A 1—9>V B.
Now, assume that 16; (V, M) > 6.
(V M)

It is enough to prove that r satisfies Al \%
B.
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Namely, in this case, the inference rule V F'1 will

yield that r also satisfies A 1—9>v B.
0, (V, M)

In order to prove that r satisfies ATV B,
. 1V, M
it is enough to prove that r satisfies Al (—> )V By,

where B; € B is a single attribute.
Hence, V F'5 (soundness of V F'5), will imply that

r also satisfies A QZ(V M) v B.
First, suppose that 31 e Xt (6,V,M).
We obtain,

SEp, (t1,t2)
=1>min{160; (V,M),SE (t1,t2)}

for any ¢; and ¢2 in r.

V,M
Consequently, r satisfies A ' l( )

satisfies A (LM)V B, i.e., r satisfies A —>V B.

Second, suppose that By ¢ X (6,V, M).

Then, B; € W; for some i € {1,2,...,m}.

Suppose that AN W, = &

By Theorem 2, X ——, Yj for j € {1,2, ..., k}.
Therefore, X —>9—>V W; for j € {1,2,...,m}. Thus,
X —)9—>V W;.

As it can be seen from the proof of Theorem 2,

VBl,ie r

the dependency X —>9—>V W; is obtained by applica-
tion of the inference rules. Therefore, X ﬁeﬁv Wi,
belongs to (V, M)™.

By the very definition of the limit strength, we

know that A %3 M)V B belongs to (V, M) ™. There-
fore, by VM7, A 1 M)V By belongs to (V, M)™.
Now, since X —> Wi belongs to (V, M)™,
and 4 "% M)V By belongs to (V, M), it follows
by VM6 and AN W; = @, that X ""0AGAA
By,ie, X iv By belongs to (V, M)*.
By Theorem 1, this means that
B; € Xt (9, V,./\/l)
This is a contradiction.

We conclude, A N W; # @.
Thus, we want to prove that r satisfies

AMYM B where B € Wi, AN W # @, and
10, (V /\/l) > 0.

In order to prove this, we shall prove the follow-
ing, more general statement:

Let P gv @ be a vague functional
dependency, such that #; > 6, and () C W, for some ¢

€{1,2,...,m}. Then, r satisfies P 041/ Q if and only
it PNW; # 2.
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Suppose that r satisfies P (AV Q.

Moreover, suppose that P N W; = @.

Let t; resp. to be the tuple in r that corresponds
to the m-tuple (V1, V1, ..., V1) resp. (a1, aqg, ..., am),
where a; = Vs, and a; = Vj for j € {1,2,...,m}

Since Q C W;, 61 > 6, and P N W, = &, the
construction of the instance r yields that

SEq (t1,t2) =0 < 0 < 6, = min{6;,1}
=min {gl,SEp (tl,tg)} .

This contradicts the fact that r satisfies P G%V Q.

Therefore, P N W, # &.

Now, suppose that P N W; # &.

Let A be any attribute in P N W.

Since Q C W;, and A € W;, the construction of
the instance 7 implies that

SEw, (t1,t2) = SEq (t1,t2) = SEa (t1,t2)

for any ¢; and ¢2 in 7.

Moreover, {A} C P yields that SE 4 (t1,t2) >
SEp (t1,tz) for any ¢; and to in 7.

Thus,

SEq (ti,t2) =SEA (t1,t2) > SEp (t1,t2)
Zmin{&l,SEp (tl,tg)}

for any ¢; and ¢2 in r.
Consequently, r satisfies P ﬂv Q.

. 0,(V,.M
We conclude, r satisfies A ! l(—> )v B.

Reasoning as earlier, we obtain that r satisfies A
%, B.

Now, we prove that r satisfies A —}e—n/ Bif A
3%, B belongs to (V, M)™.

Suppose that A 751 B belongs to V,M)".
First, assume that 16; (V, M) < 6.
Then,

10 <10, (VM) <0 <6 <0.

Letti,t5 €.
Now, there exists a tuple t3 in r, t3 = t1, such that
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SEA (tg,tl) =1 Z min{19,SEA (tl,tz)},
SEB (tg,tl) =1 2 min{19,SEA (tl,tg)},

SE{Al,Am...,An}\(AUB) (t37 t2)
>0’ >1 0 > min {10, SEA (t1,12)} .

This means that r satisfies A —%9—>V B.
Suppose that 16; (V, M) > 6.

It is enough to prove that r satisfies A '
B.
Then, the soundness of VM1 will imply that r

also satisfies A —%9—>V B.
By construction of r, it follows that

Hl(va)
—— VvV

SEBQX+(9,V,M) (tlatQ)
=1 > min {1, SE4 (t1,t2)}

for any ¢; and ¢o in r.

This means that r satisfies the vague functional
dependency A —y BN X (0,V, M).

Hence, by VM5, r satisfies the vague multival-
ued dependency A ——y BN X1 (0,V, M).

If we prove that r satisfies A ——y B N W; for
every i € {1,2,...,m} such that B N W; # &, then,
V M7 will yield that r also satisfies A ——y B.

Suppose that i € {1, 2, ..., m} is such that B N W,
#* .

First, suppose that B N W; = W.

We have to prove that r satisfies A ——y W,

In order to prove this, we shall prove the follow-
ing, more general statement:

Leti € {1,2,...,m}. Then, r satisfies P —QI—W
W, forany P C {A;, A, ..., A, }, and any 0y € [0, 1].

Indeed, let t1, t5 € 7.

Suppose that (ay, as, ..., an,) and (by, by, ..., by,),
where a;, b; € {V1,Va} fori € {1,2,...,m}, are the
m-tuples that determine ¢; and to, respectively.

Let t3 € r be the tuple that corresponds to the m-
tuple (c1, 2, ..., ¢m ), such that ¢; = a;, and ¢; = b; for
je{1,2,...m}\ {i}.

It follows by construction of r that
SEw, (tg,tl) =1 > min {91, SEp (tl,tg)} ,

SEay Ay,.... An 0\ (PW;) (t3,12)
=1 > min {61, SEp (t1,t2)}.
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Since SEw;, (t3,t1) =1 and
SE{4; Ag,...An\W; (t3,12) = 1, it follows from P
NnwW, €W, and P N ({AI,A27,An}\m) C
{Al, AQ, ceey An} \ W, that

SEpaw, (t3,t1) > SEw, (t3,t1) =1

and
SEPH({A]-:AZ’»An}\W'L) (t37 t2)
ZSE{A17A27”-7A71}\WZ‘ (t37t2) - 1
Therefore,

SEpnw; (t3,t1) = 1,
SEpa({A1,As,..., A n\Wi) (t3,t2) = 1.

Furthermore, P N ({41, Ag, ..., A, } \ W;) C P.
Hence,

SEpn({A,,As,... An \Wy) (t1,t2) > SEp (t1,12) .

Now,

SEpn({Ay,As,.... A \Wy) (t3,t2) = 1 > SEp (t1,12)

and

SEpn({As,4s,... A, \Wy) (t1,12) = SEp (t1,t2)
yield that
SEpa({A1,As,.. Anh\Wi) (t3,11) > SEp (t1,t2) .
Finally,

SEpaw, (t3,t1) =1 > SEp (t1,t2)
and

SEpn({A,,As,.... A \Wy) (t3,11) > SEp (t1,12)
imply that
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SEp (t3,11)
= min {SE (t3[4] 11 [4])}

min

AEPAW; {SE(t3[A], 11 [A])},

{SE(t; 4] 11 [4])} )

:min(

min
AEPQ({Al ,AQ,...,An}\Wi)

= min (SEmei (t3,t1),

SEpa({A1,As,..., An \Wy) (t3511) )
> min (SEP (tl,tg) N SEP (tl,tg))
ZSEP (tl, tg) > min {(91, SEP (tl, tg)} .

Thus, for ¢; and 5 in r, there exists the tuple 3 €
r, such that

SEP (tg, tl) Z min {91, SEP (tl, tg)} N
SEWZ- (tg,tl) 2 min {(91, SEP (tl,tg)} y

SE(a; Ay,.... An 0\ (PW;) (t3,12)
>min{61,SEp (t1,t2)} .

Therefore, r satisfies P —?1—>V W;.

Consequently, r satisfies A ——y W, ie., A
——y BNW;.

Now, suppose that B N W; C W;.

Suppose that AN W, = @.

By Theorem 2, X —y Y for j € {1,2, ..., k}.

Therefore, X —>9—>V W; for j € {1,2,...,m}.
Thus, X —>0—>V W;.

The dependencies X —>9—>V Y, 5 e{1,2,..,k}

(and hence the dependencies X —>0—>V Wi, j €
{1,2,...,m}) are obtained by application of the in-

ference rules. Therefore, X —>9—>V Y; belongs to
YV, M)* forj € {1,2, ..., k}.
In particular, X SR 1 belongs to (V, M) ™.

Since X —/ Y; belongs to (V, M)" for j €
{1,2,...,k}, it follows by V M7 that

X —)9—>V {Al, AQ, ceey An}

also belongs to (V, M) ™.

Hence, V M9 and the fact that X —>0—>V W; be-
longs to (V, M)", imply that
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X sy {A1, Ag, o AR\ W

belongs to (V, M) ™.
By the very definition of the limit strength, we

know that A 16&}’—/\;[)‘/ B belongs to (V, M)

Hence, V M 3 and the fact that
{A1, Ay, ..., A} \ W; O B\ W,,

yield that

191 (V,M)
=2

{A1,A27"'7An}\m VB

belongs to (V, M)™.
Now,

X _>6_>V {A17A27 aAn} \ W’L

belongs to (V, M) ™,

10, (V,M)

{Al,AQ,...,An}\VVi —— VB

belongs to (V, M) ", and V M4, imply that

' B\ ({A1, Ag, oo, ALY\ W),

X —>9—>V BnW;

belongs to (V, M) ™.

Thus, the dependency X HQHV B N W; exists.
As we noted at the beginning of the proof, this
means that B N W, is the union of a subset of
Xt (6,V, M), and some of the sets Wy, Wh,..., Wp,.
This is a contradiction, however, since B N W, C
W;.
We conclude, AN W, # @.
Thus, it remains to prove that r satisfies A ——
BN W;,where BN W, C W;,and ANW,; # @.
In order to prove this, we shall prove the follow-
ing, more general statement:

Let P il—w () be a vague multivalued depen-
dency such that #; > 6, and Q C W; for some ¢ €
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{1,2,...,m}. Then, r satisfies P —§)1—>V Q if and only
fPAW, .

Suppose that r satisfies P 55y Q.

Moreover, suppose that P N W; = @.

Note that @ C W;. Hence, W; \ Q # @.

Let ¢ resp. to be the tuple in r that corresponds
to the m-tuple (V1, Vi, ..., V1) resp. (a1, as, ..., am),
where a; = Vb, and a; = V; for j € {1,2,...,m} \

Since P N W; = &, it immediately follows that
SEP (tl,tg) =1.

. . 0
Since r satisfies P —»y/ Q, and t1, to € 7, we
have that there exists a tuple ¢3 € r, such that

SEp (ts,t1) > min {01, SEp (t1,12)},
=min{6y,1} = 6;,
SEo (ts,t1) >min {61, SEp (t1, 1)} = 61,
SEa, As,.. A \(PUQ) (3, 2)
>min {60, SEp (t1,t2)} = 0.

Note that 6, >0 > 0.
Hence,

SEQ (tg,tl) > 91 > 0,
and

SE{ 4, Ay, Any\(PUQ) (t3,12) > 01 > 0
yield that

SEqg (t3,t1) =1
and

SE{A, ... A \(PUQ) (T3, 12) = 1.

Since SEq (t3,t1) = 1, and in the tuple ¢; each of
the attributes is assigned the value V71, it follows that
in the tuple t3 each of the attributes in () is assigned
the value V.

Similarly, SE{Al,Ag,...,An}\(PUQ) (tg, t2> =1im-
plies that in the tuples 2 and ¢3 each of the attributes
in {41, As, ..., A, } \ (P U Q) has the same value.

In particular, this means that in the tuple ¢3 each
of the attributes in W; \ @ is assigned the value V5,
and each of the attributes in
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({41, Az, ., A} \ (PUQ)) \ (Wi \ Q)

is assigned the value V.

Thus, in the tuple 3, each of the attributes in )
is assigned the value V1, while, at the same time, each
of the attributes in W; \ @ is assigned the value V5.

This, however, is a contradiction.

Namely, according to the construction of the in-
stance r, in each tuple of 7, each of the attributes in
Wi, i € {1,2,...,m} has the same value.

We conclude, P N W, # &.

Now, suppose that P N W; # &.

We have: 61 > 0,Q C W;,and PNW,; # @.

Hence, the first additional statement (derived in
the proof of theorem) yields that r satisfies the vague

functional dependency P ﬁ)y Q.
Consequently, VM5 yields that r also satisfies

the vague multivalued dependency P ¢ Ly Q.

We obtain, r satisfies A ——y BN W;.

Thus, r satisfies A -—y BN X1 (0,V, M) and
A —»—y BN W, fori € {1,2,...,m} such that B N
Wi # @.

By VM7, r satisfies A ——y B.

0
Finally, by VM1, r satisfies A ' i;/_/\;l)

4435, B,

It remains to prove that  violates X ﬁ)v Y resp.
X —>9—>V Y.

First, we prove that r violates X £>V Y.

Suppose that Y C X+ (0, V, M).

Then, by Theorem 1, it follows that X ﬁ)v Y
belongs to (V, M)™.

This is a contradiction.

Hence, Y \ X (6,V, M) # @.

This means that there exists ¢ € {1,2, ..., m} such
that Y N W, # 2.

Suppose that r satisfies X ﬁ)v Y.

Hence, by V F'7, r satisfies X iv Y Nnw;.

Now, 6 > 60, and Y N W; C W, yield that X N W;
+ O.

This, however, is a contradiction since X C
XT(0,V, M), and Xt (6,V, M) N W; = & for all
je{1,2,...,m}.

We obtain, r violates X iv Y.

1% B, i.e.,

Now, we prove that r violates X —>9—>V Y.
Suppose that Y C X+ (0, V, M).

It follows by Theorem 1 that X £>v Y belongs to
v, M)".
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Then, by VM5, X —>9—>V Y belongs to
v, M)

This is a contradiction.

Therefore, Y \ X (6,V, M) # @.

This means that there is k € {1,2,...,m} such
that Y N Wy, # @.

Suppose that Y N W,; = W; for each
i€{1,2,...,m}suchthatY N W, # @.

Thus, either Y N W; =W, or Y N W; = & for all
1€{1,2,....,m}.

Suppose that Y N W; = W; for some
ie{l,2,...,m}.

As noted earlier, X —>0—>V W belongs to

YV, M)t for all j € {1,2,...,m}. In particular,

X 5y Wi, ie., X =5y Y N W; belongs to

V,M)".

Since X (6,V, M) C X (0,V, M), it follows
by Theorem 1 that X iv Xt (6,V, M) belongs to
v, M)*.

Hence, V F'7 and the fact that Y N Xt (6, V, M)
C X1 (6,V, M) yield that

x4y ynxto,v,M)

belongs to (V, M)™.
Hence, by V M5,

X sy Y nXxt 6,9, M)

belongs to (V, M)™.
Now, X —>9—>V Y N X*(6,Y, M) belongs to

vV, )t X Sy Y N W belongs to (V, M) for
every ¢ € {1,2,...,m} such that Y N W; # &, and

VM7, yield that X ——y Y belongs to (V, M)*.
This is a contradiction.
We conclude, Y N W; C W, for some i €
{1,2,...,m} suchthat Y N W, # @.
Leti € {1,2,...,m} be such that Y N W; C W.

Suppose that r satisfies X —>9—>V Y nw;.

Since § > 0, and Y N W; C W;, it follows that X
NW; # .

Reasoning as in the previous case, we conclude
that this is a contradiction.

We conclude, r violates X —>9—>V Y nw;.

As we proved above, r satisfies any vague multi-
valued dependency that has W, j € {1,2,...,m} as
its right side.

Hence, r satisfies X ——y W;.
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Suppose that 7 satisfies X —>9—>V Y.
By VM9, r satisfies X —— Y N Wi
This is a contradiction.

Therefore, r violates X —>9—>v Y.
This completes the proof. O
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