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Abstract: -As is known there are some classes of numerical methods have constructed to solving initial value
problem of the ODE, which fundamentally investigated by the many known scientist. Therefore the specialists
tried to study many scientific and applied problems by using these methods. Here we have defined the direct
way between the initial value problem for the Volterra integro-differential and Ordinary Differential Equations.
By using this way have constructed the multistep methods with constant coefficients, which are applied to
solving initial value problem for the Volterra integro-differential equations and have determined the necessary
and sufficient conditions for its convergence. And also have proven that the constructed here methods are more
accurately than the known, which is illustrated by the application of concrete method to solving of the model
problem.
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1 Introduction constant coefficients and their application to solving
As is known, the integro-differential equation with of the following problem:

variable boundaries has been study for more than , ¢

100 years. The construction and application of such y()=f(xy)+ I K(x,s,Y(s))ds, 1
equations is connected with the name of Vito %o (M
Volterra, who first and successfully applied integro- V(X)) =Yy, X<s<X< X,

differential equations in solving many theoretical
and practical problems (see [1, p.177-195]). Merits
of Vito Volterra in the field of mathematical
sciences are estimated by many serious
organizations of different countries.

Numerical solution of the initial value divide the segment [X,, X] into N equal parts by
problem for linear and nonlinear integro-differential the mesh points X, = X, +ih(i=0,1...,N). Here
equations has been investigated by many authors
(see [2] - [7]). In these works, quadrature methods
or some of its modifications were mainly used to approximately values, but by the Y(X;) through, the
calculation of the values of the integral. In the
papers [8] - [10], for finding the numerical solution
of the above mentioned problems, have proposed to

Assume that the equation (1) has a unique
continuous solution defined ont he segment
[-X,X]. To find the approximately values of the

solution of problem (1) on some mesh points, let us

0 <h -is astep size. Let us also denote by the Y,

exact value of the solution of the problem (1) at the
mesh points X, (i=0,1,...,N), respectively.

use methods with new properties. These methods We note that the problem (1) does not
use a certain amount of computational work, which generalize all known initial problems for Volterra
in the small differs from the amount of integro-differential equations, since the integral
computational work using in solving similar participating in the problem (1) has one variable
problems of ODE. Therefore, here we consider to boundary. However, the algorithm constructed here
study of several multi-step methods with the for solving the problem (1) can easily be adapted to

solve linear and nonlinear integro-differential
equations of Volterra type.
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Many authors the solving of the problem (1)
reduce it to solving following problem:

y'(¥) = (X% ¥)+V(X), Y(X) = Yo, @
X<s<x< X,

where the function V(X) is defined in the following

form:

X
v(x) = [K(x,5,y(s))ds (3)
Xo
Suppose that the function V(X) is known. Then,
after applying the trapezoid method to solving of the
problem (1), we have:
You =Y, +0(f + )/ 2+h(v,,, +Vv,)/2. 4

Obviously, for the investigation of this method, are
sufficiently known the Yy, and V(X,). Thus, by

n+1 n+1

using the value ofV,,, one can find the value of V,,,,

and then the value of Y, , calculate by using the

formula (4).
It is easy to understand tha

V(X)) =V(X,)+ ]:IK(XM,S y(s))ds —

Xy

Xns1

- ]E K(Xn’sa y(S))dS = V(Xn)+ J K(Xn’s’ y(S))dS + (5)

Xy )

Xn
+h K} (£,08,y(5)ds.
)
Suppose that by the using some methods the
solution of problem (1) is found, after taking into
account (3), which we obtain some equality. Then
by the differentiate the resulting equality, we have:

V() = KOGX Y00)+ [ K (£,,8, Y(5))ds.

Xo

By putting X =¢, here, we can find the value

h_[ K. (£,,S,Y(s))ds, and taking which into the
Xy

equality of (5), we have:

Sn
V(%) = V(%) + [K (X8, y(s))ds +
“ (©)

[ 06,005, YOS+ V(E) ~ MK (G, ¥(E)
¢

Here, by wusing the different formulas for
calculating the integral and derivatives of the

functionv(x), one can be obtained the different
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formulas. From the equality of (6) in one variant can
be obtaining the following:
Vo =V, + K X5 X0 Yoo ) +
K(Xn+l> n» yn) + K(Xn7 n» yn))/4
This scheme is obtained from the equality of (6) and
has the order of accuracy of O(h?).

Note that by investigating the above scheme, it is
possible to construct different methods having
different order of accuracy. For example, the
following methods (see for example [11]):

Yoo = (Yo + You)/ 2+ NE2K(X 55 %05 Yi) =
_K(Xn» nsyn) 4K(Xn+17 n+l’yn+1)
+HAK (X005 Xg15 Yo ) + 3K (X005 X005 Yoia)) /8,
Yoo = (Vo + Vo) / 24 AKX, X5 Yo ) +
+ 3K (Xosrs Xnar> Yo ) + 5K (Xpins X5 Vo) +
+ 3K (Xpa25 Xni25 Yni2)) /8,

Yoo = Yo T DK (X0, X0, ¥i) = KXy X ¥a) =
- 2K(Xn+1 > Xnes Yo ) + 2K(Xn+27 n+l» yn+l)

+ 3K (X205 Xo125 Vo)) /3.
All these methods are stable. The first two methods
of them have the order of accuracy of p =3, and the
third method has of the order of p=4, which is a

modification of the Simpson method.
In the case when the function of K(X,s,y) is not

(7

linear in ¥, then the methods of predictor-corrector
can be used to applying of the methods (7) and (4)
to solving of the considering problem.

If we generalize the methods (4) and (7), then we
have:

K
Zai Yni =

k

k

hY. At

i=0

kK
Z | nH o hzzyi(J)K(ij’ Xn+i’ yn+i) . (9)
i=0 i=0 j=0
Thus, the multi-step method with the constant
coefficients was constructed for solving the problem
(1). Remark, that the various modifications of the
method of (8) have been investigated and applied to
solving of the Volterra integral equations and also to
solving of the problem of (1) (see e.g. [11] - [13]).
However, the necessary conditions imposed
on the coefficients of the formula (8) have not been
investigated in the above mentioned works.
Therefore, here we consider the determined of the
necessary conditions, which have imposed on the
coefficients of formula (8), and the necessary
conditions for its convergence.

i +hZﬁ.Vn+.,(7.(” 0,i > j)(8)
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2 The natural conditions imposed on
the coefficients of the method (8)

The necessary conditions imposed ont he
coefficients of multistep methods with constant
coefficients which have applied to solving of the
initial problem for an ODE are determined by
Dahlquist (see [14], [15]). Similar conditions
imposed on the coefficients of methods (8) and (9)
can be defined in the following form if the method
constructed by using the schemes (8) and (9) is
convergent:

A, a, B, j=0]1,..,k) coefficients are some
real numbers, more over ¢, # 0.
B. The following characteristic polynomials:
p(2)= Za A=Y A,
i=0 j=0
o(d)= Zﬂ. 2
i=0

do not have common factors differ from the
constant.
C. Theo(l)#0 and the p-order of accuracy of

the method (8) satisfies the condition: p>1.
The necessity of the condition of A is evident, since
by using the methods (8) and (9) we calculate the
values of the real functions. Therefore, let us
consider to the necessity of condition of B and
suppose converse. Then, receive that the
polynomials p(1),0(A)and y(A) have a common
factor, which denoted by function of /(A1) .
Obviously, by wusing the shift operator
E(Ey(x)) = y(x+h) and the polynomials p(1),
o(A),y(A)the methods (8) and (9) can be written
in the following form:
p(E)y,—ho(E)f,—ho(E)v, =0, (10)
PEWN, —hy(E)K(X;,X,,Y,)=0. (11)
These difference equations have the order ofk . If

take into account the assumptions in the equations
(10) and (11), then we have:

w(E)(p (B)Yy, —ho(E)f, —ho(E)v,)=0,(12)
w(E)(p (E)V, —hy (BE)K(X,, %, ¥,)) =0, (13)
here

0,(A)=0(A)/y(A),7,(A) = y(A)/y(4),

p(A) = p(D) ]y (4).
By using the conditiony (1) # const, we get:
p(E)y,—ho,(E)f, —ho,(E)v, =0, (14)

pl(E)Vn_h}/l(E)K(Xn’ n’yn) 0. (15)
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If we take into account that the difference equations
(12), (13) and equations (14), (15) are equivalent,
we get that the solution of each difference equation
(14) and (15) are solutions of the corresponding
equations (12) and (13), and on the contrary.
However, the order of each of the difference
equations (14) and (15) is less than K.
Consequently, they have a unique solution.

Then, from the equivalence of equations
(14), (15) and equations (12), (13), follows that the
equations (12) and (13) have the unique solutions in
the case when the known initial values are less than
K . But this contradicts to the theory of difference
equations. Consequently, the assumption that the
polynomials have a common factor does not hold.
Now we investigate the condition C.
If we pass to the limit forh — Oin equation (12),
then received that:

p(1)=0. (16)

The condition (16) is usually called the necessary
condition for convergence.
If condition (16) is taken into account in equations
(12) and (13), then we have:

(E-Dp,(E)Y, =ha(E)f, +ha(E),. (7)
(E_l)pl(E)Vn = hy(E)K(Xna ns yn) (18)
It can be proved that for sufficiently small h

equation (18) can be rewritten in the following
form:

P (E)Vi,, —vi) =ha(BE)K(X, X, y;), (19)
here Xis a fixed point. If the interpolation theory
applied to the function K(X,X,,Y,), then we can

obtain the equation (18).
Assigning the valuesi =0,1,...,

I and sum up the obtained equalities in the equation
(19) we receive:

P (E)V, =V,) = G(E)ZK(X, Y

Here, passing to the limit for h — 0, we have:

n—1 to the variable

pHV(X) V) =0 (DI K(x,s,y(s))ds, (20)

Xy
here X = X, +nh is a fixed point.
We note that ifo(1) =0, then from the equalities
(20) we obtain that V(X) =V, =const, which does
not hold. Therefore, o(1) # 0.
Given thatV, = 0, we get:

o (D) =0c(). (21)
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Now, we apply the above using scheme to equation
(17). Then we get that:

A= Y,) = o[ (s, y(s)ds + [v(s)ds).

In this equality by taking into account equality of
(21) obtain the following equation:

X X
V()= y(%)+ [ f(s.y(s)ds+ [v(s)ds
We note that it follows from conditions (16) and
(21) that, p>1 (here the p designates the order of

accuracy for the method (8)).

Thus we have proved that the condition C also
holds, if the method constructed according to (8)
and (9) is convergent. Now we consider the
definition of the coefficients of the methods (8) and

©9).

3 Subsection

In order to determine the coefficients of the methods
(8) and (9), we consider the special case and put
K(X,S,Y)=®(S,Y). Then from (3) we have:

VI(X) = (X, y(X)),V(X,) =0 .
Taking this into account, in the problem (2) we
have:

Y =fY)+V(X),¥(%) =Y, (22)
V'(X) = (X, ),v(X;) = 0. (23)
Thus, the solving of the problem (1) was reduced to
solving the initial value problem for the system of
ordinary differential equations of the first order, to
solving of which proposed, here following finite
difference method:

k
Zaizmi
i=0

k

=h> Bz (24)

i=0

k k

Then we have:
= hZﬂl fn+i + hZﬂiVm—i ’ (25)
i=0

k
Z G; yn+i
i=0 i=0

k k
zaivmi = hZﬁi(Dmi .
i=0 i=0

Remark that the methods (25) and (26) coincide
with the methods (8) and (9) if we take into account
the following:

k .
Dy =pB.,(=012,..k).
j=0

Thus, here proved that by using the same method
(in our case, the method (24)), one can solve the
problem (2) and calculate the values of the function.
Thus, we prove that by using the same method one
can solve initial value problems for integro-

(26)

27
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differential and ordinary differential equations. As
such method, here have used the finite difference
method (24), which is often called the multi-step
method with the constant coefficients. It is easy to
see that the accuracy of our method coincides with
the accuracy of the finite-difference method
determined by the formula (24).

It should be noted that a more accurate scheme
can be used to calculate of the values of the function
of v(X)than the one proposed above. As follows

from the above mentioned, the accuracy of the
method applied to solving of problem (1) depends
from the accuracy of the method, which have
applied to solving of the problem (2). Consequently,
the maximum accuracy of our method in this case
will be determined by the laws of Dahlquist (see, for
example, [14, 15]).

As 1s known, if the method has the maximum
accuracy ( p =2k, here pis the order of accuracy

of the method and K is the order of the method (24)),
then it is unique. However, in our case this is not so.
This is due to the fact that the solution of system
(27) is not unique. Note that in Dahlquist's work
have used only the values of the coefficients

L.(i=01..Kk), but the
L.(1=0,1,...,K) coefficients to determine the value

here we use

of the coefficients 7/i(j)(i, j=0,1,...,k) . Therefore,

the constructed here methods with the maximum
accuracy are not unique.

As is known some authors for solving the problem
(1) are replace that to solving the initial value
problem for the Volterra 1 ntegro-differential
equations of the second order and to solving which
have used the multistep second derivative methods
by taking into account that these methods are more
exactly than the methods of type (8). Remark, that
the using these methods are difficult, which is
related with the calculation of the following
function:

y'() = £, y)+ f (Y)Y +

+K X YO0)+ [ KOG, yO0)
Xy
Therefore, here proposed the methods (8) and (9) to
solving the problem (1). Now let us to determine the
system of algebraic equations for the finding the

values of coefficients, £, 7 (i, j =0,1,....k).
For this aim one can be used the following linear
system of algebraic equations fundamentally

investigated by many authors (see for example [16-
20]:
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a,=0;) i, :Z

K k k
i=0 =0 =0

ii'ai :Zk“li"lﬂi(l =23,....p).

In usually the specialists are using the conception of
stability and degree for the numerical method. Here,
we use the same conception. It is to say that the
integer p is called the degree for the method (24) or

(25) if the following is holds:

K
Z (ay(x+ih)=hp f (X, V(X)) “hBv(x+ih) =
i=0

=0(h*"),h > 0.
But the method (24) or (25) is stable if the roots of
the polynomial p(/l):akﬂk +a, A+t

B
(28)

are in the unit circle on the boundary which there
are no multiply roots. It is not difficult to understand
that the method constructed by using the methods
(8) and (9) is convergent if the methods (8) and (9)
are stable.
It is follows remark that the order of the accuracy
for the methods of type (8) depends from the order
of accuracy of the methods of type (9). Therefore let
us consider determination of the values of the
coefficients of the method (9). For this aim let us
consider computation of the following value:

Xnik

Vo = [ K(Xp08, Y(5))ds.

Xo
As is known for the application of the method (8) in
usually are assume that the y;and

(29)

value
V;(j=0,,..,k—1)are known, therefor we to

consider the calculation of the value Vv _ , .It is

n+k

obvious that the exactness of the value Vv, depends

n+k

from the degree of the method which has applied to

calculation V__, .Thus, receive that the values of the

n+k
degree for the method applied to calculation of the
values of function V(X) basically depends from the
order of accuracy of the methods which is applied in

calculation of the integral (29). Taking into account
this phenomena, by the help Lagrange's formula the

function of V(X) we rewrite in the following form:

k - X
v(x) = 7 [ K(X,,;,8, Y(8))ds +
Z I " (30)
+ Rnaxe[xn,xmk]'
Yo
interpolation basis function (see [21,p.121]). It is not

Here R, -remainder term, but -the Lagrange
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difficult to understand, that by application of any
quadrature formula in calculation of the integral
participate in (30), we receive the formula of (9).For
the determine the values of the coefficients for the
methods (8) and (9) in first let us determine the

values of the coefficients «;, (i =0.1,...,K)by
using the system of (28) and after that by solving the
system of (27) we can find the values of the
coefficients (i =0,1,...,k) .

Let us remark that in the construction of the method
(9), the basic properties of the Volterra integral

equation is not taking into account. If we use those
properties in the formula (9), receive the following:

K Kok
z&iym—i = hZZVi(J)K(ijaXmia Yosi)-
i—0

i=0 j=i
Note that for using f[he method of (9), we must
suppose that the function K(X,S,Y)is defined on
the ¢-extended of the domain D, which can be
writtenas D, = {X, <s<Xx+&< X 1 ¢, y|£a}.

By this way we have showed that, how one can be

determine the values of the coefficients in the
methods (8) and (9). And also have shown how the

value V(X )can be calculated by using the values
v(x, )(1=12,..K).

Now let us consider to construction the concrete
methods and its application to solving model
problem:

Example 1.L et us consider to solving of the
following problem:

y'=24exp(x) - A -2 y(s)ds, y(0)=1,
0

Exact solution for which is equal to y(X) = exp(AX) .
In assumption the known of the values Y,,Y,,V,,V,

to solving the above mentioned problem have
applied the following algorithm:

Step 1. Calculate
Yia = Yi +2hf +2hv, 5
Vi = Vi FNEK (X5 X205 Vien) 4K (X0 X Vi) +
+ 4K 1> X0 Vi) + KX %5 ¥i) = 2K 06, %, ¥i)) /125
Step 2. Calculate
Yieo = Yiu +h(5 i, + 85, = £)/12;
Step 3. Calculate
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Vi =Vi t h(K(Xi+27 Xii2> yi+2) + 2K(Xi+2’ Xis1s Yin )+

1
F2K (KXo Vi) + 2K (K X Vi) + 3K (XX, )

- K(Xi,p» X, ¥i) = K(X, X, i)/ 35

1
Remark that this algorithm has the order of accuracy

p=3.
Table 1.
Variable Error for the step size
X h=0,1 | h=0,05 | h=0,01
0.2 5.1E-6 9.09E-7 8.8E-9
0.4 1.6E-5 2.34E-6 1.9E-8
0.6 3.04E-5 3.9E-6 3.2E-8
0.8 4.6E-5 5.86E-6 4.6E-8
1.0 6.3E-5 7.9E-6 6.3E-8

4 Conclusion

Here we investigated the necessary conditions
imposed on the coefficients of the methods (8) and
(9), and also determined the necessary conditions
for the convergence of the proposed method. Here
prove the possibility application of the same method
to solving the problem (2) and to calculate the
values of the function of V(X). By the same token

receive some any approximately equivalence
between the initial value problem for the ODEs and
for the Integro-Differential Equations of Volterra
type. For the application of the multistep methods to
solving Volterra Integro-Differential Equations,
here have define the dependence of its construction
from the region of the definition of the function
K(X,S,Y).This approach allows us to apply a wide

arsenal of methods for solving of the integro-
differential equations which have used in solve of
the ODE . The results of the example show the
advantages of this investigation.
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