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Abstract: We study the well-posedness of an optimal control problem described by semi-linear parabolic equation.
The control functions are represented by the coefficients λ(u, v) and β(u, v) which appear in the nonlinear part of
the state problem and inside the source strength, respectively. These coefficients depend on the control function v.
Then, we obtain some necessary optimality conditions for this problem.
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1

Introduction

optimal control problems.
Abdelhamid, et. al. [16, 17, 18, 19, 20, 21] have
computed the gradient formulas in the optimizations problems for estimating the unknown parameters.
Furthermore, the authors studied the differentiability
results for the objective functions. In these problems, we assumed that the coefficients of the control and
their generalized first order derivatives are essentially
bounded functions. Also, the well-posedness of the
problem, the existence and uniqueness are investigated. Finally, we prove the differentiability of the objective functional to obtain a formula for its gradient,
and establish the necessary optimality conditions.

Optimal control problems for systems with distributed
parameters are often encountered in various applications. These problems for parabolic equations are of
great practical importance, which occur in optimization problems of thermal and plasma physics, diffusion, filtering etc., and also in solving coefficient-wise
inverse problems for parabolic equations in variational formulations [6].
The precise mathematical formulations of these
problems depend, in general, on where the control
functions occur [1]. The problems can be divided into
two groups. The first group includes problems where
the control functions occur in free coefficients of the
state equations of boundary conditions. Currently,
these problems have received most attention. The second group contains problems where the control functions occur in the state equation coefficients, including
coefficients of higher order derivatives. These problems have been studied as a little.
In the present paper, we study a problem where
the control functions are represented by the coefficients λ(u, v) and β(u(x, t; v), v) which appear in
the nonlinear part of the state problem and inside the
source strength, respectively. These coefficients depend on the control function v. This will help us to
solve a large amount of problems in this field of the
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2

Mathematical formulation

Let Ω = (0, l) be a bounded domain of En , QT =
{(x, t) : x ∈ Ω, t ∈ (0, T )}, and V = {v : v =
(v1 , v2 , . . . , vn ) ∈ l2 , kvkl2 ≤ R}, where R and T are
a fixed numbers, QT = Ω × (0, T ].
Let a control process be described in QT by
the following initial boundary value problem for a
parabolic equation with control coefficients λ(u, v)
and β(u, v) depending on the solution of the state
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u(x, t) and the control v.

(d) For the space L2 (D), Cauchy Bunyakoviskii inequality takes the form

∂u ∂
∂u
− (λ(u, v) ) = f (x, t, β(u, v)), (x, t) ∈ QT ,
∂t ∂x
∂x
(2.1)
with initial and boundary conditions

Z

Z
uvdx |≤ (

|

Z
1
u dx) ( v 2 dx) 2 .
1
2

2

D

D

D

Here and in what follows, we use the notation

u(x, 0) = φ(x), 0 < x < l,

ku(x, t)k2,(0,l)

λ(u, v)ux |x=0 = ψ0 (t), λ(u, v)ux |x=l = ψ1 (t),
(2.2)

0

where φ(x) ∈ L2 (0, T ), ψ0 (t) and ψ1 (t) ∈ L2 (0, T )
for any T > 0 are given functions. The functions λ(u, v) and β(u, v) are continuous on (u, v) ∈
[r1 , r2 ] × l2 and have continuous derivatives in u,
∀(u, v) ∈ [r1 , r2 ] × l2 satisfy a Lipschitz condition.
Here ν0 , ν1 , ρ0 , and ρ1 are given numbers. Besides the
above conditions, we use the additional restrictions
ν0 ≤ λ(u, v) ≤ ν1 , ρ0 ≤ β(u, v) ≤ ρ1 .

Z l
= ( u2 (x, t)dx)1/2 ,

kux (x, t)k2,QT

Z
=(

u2x (x, t)dxdt)1/2 .

QT

Consider the following problem: for an arbitrary
c ∈ (0, T ) and on the solution u(x, t) = u(x, t; v)
of problem (2.1)-(2.4) corresponding to all admissible
controls v ∈ V , minimize the functional

(2.3)

Z l
J[v] = α0 (u(x, c; v) − z(x))2 dx
0
Z l
+α1
f (x, T, β(u, v))dx + αkv − ωk2l2 .

We consider a generalized solution of the problem
(2.1)-(2.3) from the energetic class, i.e., the function
u(x, t) ∈ V21,0 (QT ), where QT = (0, l) × (0, T ) (see
[10]).
We define some spaces and inequalities we need
them later.

(2.4)

0

where u(x, c; v) and z(x) are given functions and α0 ,
α1 ≥ 0 and α0 + α1 6= 0 and α ≥ 0. Hence, ω ∈ l2 is
(a) V21,0 (QT ) is a Banach space consisting of elegiven such that ω = (ω1 , ω2 , . . . , ωn ).
Definition 2.1: The problem of finding a function
ments from W21,0 (QT ) having a finite norm
u = u(x, t) ∈ V21,0 (QT ) from conditions (2.1)-(2.4)
|u(x, t)|QT = ess sup ku(x, t)k2,(0,l) +kux (x, t)k2,QT , given v ∈ V is called reduced problem (see [3]).
0<t<T
Definition 2.2: A solution of the boundary value
problem (2.1)-(2.4) corresponding to a control v ∈ V
and traces from L2 (0, l) on the sections of (0, l)
is defined as a function u = u(x, t; v) in V21,0 (QT )
continuously varying in t ∈ [0, T ].
satisfying the integral identity

(b) The space which consisting of all the convergence number series ζ1 , ζ2 , · · · , ζi , · · · is the
Hilbert space l2 with
hβ, ηil2 =

n
X

RlRT
0

=

RT
0

η(0, t)ψ0 (t)dt −

RT
0

η(l, t)ψ1 (t)dt (2.5)

for all η(x, t) ∈ W21,1 (QT ) equal to zero at t = T .
Let V be a closed and bounded subset of l2 . The function f (x, t, β(u, v)) is given continuous function for
almost all (x, t) ∈ QT , bounded and measurable in
(x, t) ∈ QT .
Under the above assumptions [6], the boundary
value problem (2.1)-(2.4) be exist and has a unique
solution in V21,0 (QT ) for each v ∈ V and kux k ≤ C0 ,
for all (x, t) ∈ QT and C0 is a certain constant.

i=1

(c) Cauchy’s inequality with  takes the form

2

| a |2 +

1
| b |2 ,
2

which holds for all  > 0 and for arbitrary a and
b.
E-ISSN: 2224-2880

[uηt − λux ηx + ηf (x, t, β(u, v))]dxdt

1

kζkl2 = [hζ, ζil2 ] 2 .

βi ηi ,

| ab |≤

0
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3

The existence and uniqueness
theorems

Put δu instead of η(x, t) for (x, t) ∈ Qt and
η(x, T ) = 0.
Following the method of [11], we obtain
Z
Z
∂λ(u + θ1 δu, v + δv) ∂u ∂δu
2
[
(δu(x, t1 )) dx +
δu
∂u
∂x ∂x
Qt
Ω

Optimal control problems of the coefficients of differential equations do not always have solution [8].
Examples in [10] and elsewhere of problems of the
type (2.1)-(2.4) having no solution for α = 0. A problem of minimization of a functional is said to be unstable, when a minimizing sequence does not converge
to an element minimizing the functional [6]. To prove
the existence we need the following theorem:
Theorem 3.1 Under the above assumptions for every
solution of the reduced problem (2.1)-(2.4) the following estimate is valid:

+ δλ
Z
−

R
R
2
1/2 (
2
1/2
≤ C1 ( Qt ( ∂δu
∂x ) dxdt)
Qt (δu(x, t)) dxdt)
+C2 (

2 dxdt)1/2 (

+ C2ν1 kδuk2L2 (Qt ) +

δu = u(x, t; v + δv) − u(x, t; v),

2
1/2
Qt (δu) dxdt)

R

2
Qt (δu) dxdt,

R

C2 ν
2
2 kδλux kL2 (Qt )

+ ν2 kδf k2L2 (Qt ) +

(3.9)

C1 ν ∂δu 2
2 k ∂x kL2 (Qt )

+

C2 ∂δu 2
2ν k ∂x kL2 (Qt )

1
2
2ν kδukL2 (Qt )

+C3 kδuk2L2 (Qt ) ,

t ∈ [t1 , T ]
t ∈ [0, t1 ]

(3.10)

Combining the similar terms, we get

and it has the generalized

kδu(x, t1 )k2L2 (Ω) + ν0 k

ηt = −η(x, t),

∂δu 2
∂δu 2
kL2 (Qt ) ≤ C4 k
k
∂x
∂x L2 (Qt )

+ C5 kδuk2L2 (Qt ) + µ0 kδλux k2L2 (Qt ) + µ1 kδf k2L2 (Qt ) ,
(3.11)

T

η x (x, τ )dτ.
t
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Qt (δf )

2
kδu(x, t1 )k2L2 (Ω) + ν0 k ∂δu
∂x kL2 (Qt ) ≤

0

ηx =

R

where C1 , C2 , and C3 are positive constants independent of δv.
Applying Cauchy’s inequality with ε and combine similar terms, then multiply both sides by two,
we get

λ = λ(u + δu, v + δv), δλ = λ(u, v + δv) − λ(u, v),

Z

R

+C3

δf = f (x, t, β(u, v + δv)) − f (x, t, β(u, v))

and

∂u 2
∂δu 2
1/2 (
1/2
Qt (δλ ∂x ) dxdt)
Qt ( ∂x ) dxdt)

R

+(

for all η = η(x, t) ∈ W21,1 (QT ) and η(x, T ) = 0.
Here θ1 , θ2 ∈ (0, 1) are some positive numbers, and

where η(x, t) ∈
derivatives

(3.8)

Hence, from the above assumptions and applying
Cauchy Bunyakoviskii inequality, we obtain
R
R ∂δu 2
2 dx + ν
(δu(x,
t
))
1
0
Ω
Qt ( ∂x ) dxdt

∂f (x, t, β) ∂β(u + θ2 δu, v + δv)
ηδu]dxdt = 0,
∂β
∂u
(3.7)

W21,1 (QT )

∂f (x, t, β) ∂β(u + θ2 δu, v + δv)
δuδu
∂β
∂u

+ δuδf ]dxdt = 0

∂u ∂η
0 ∂δu
+λ
ηx − ηδf
+ δλ
∂x ∂x
∂x

Let us consider the function

0
η(x, t) = R T
t η(x, τ )dτ

[
Qt

kδukV 1,0 (Ω) ≤ C[µ0 kδλux k2L2 (QT ) +µ1 kδf k2L2 (QT ) ]1/2 ,
2
(3.6)
where C, µ0 and µ1 are positive constants independent on the control function v.
Proof
Set δu(x, t) = u(x, t, v + δv) − u(x, t; v), u ≡
u(x, t; v). From (2.5) it follows the function δu(x, t)
satisfies the identity
Z lZ T
∂λ(u + θ1 δu, v + δv) ∂u ∂η
[−ηt δu +
δu
∂u
∂x ∂x
0 0

−

∂u ∂δu
0 ∂δu ∂δu
+λ
]dxdt
∂x ∂x
∂x ∂x
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1
where C4 = ( C21 ν + C2ν2 ), C5 = ( C2ν1 + 2ν
+ C3 ),
C2 ν
ν
µ0 = 2 , µ1 = 2 . C4 , C5 , µ0 , and µ1 are positive
constants not depending on δv.

estimate (3.18) that the functional (2.4) is defined on
V and takes finite values.
Note that the functional (2.4) is nonlinear, and it is difficult to analyze its convexity.
Corollary 3.1 Under the above assumptions [7], the
right part of estimate (3.6) converges to zero at
kδvkl2 → 0, therefore

Now, we replace kδuk2L2 (Qt ) = ty 2 (t), where
y(t) ≡ max kδu(x, t)kL2 (Ω) ,
0≤τ ≤t

kδukV 1,0 (QT ) → 0 a kδvkl2 → 0.

kδu(x, 0)k2L2 (Ω) = y(t)kδu(x, 0)kL2 (Ω) , and let

Hence from the theorem on trace [13] we get

j(t) = µ0 kδλux k2L2 (Qt ) + µ1 kδf k2L2 (Qt ) ,

kδu(0, t)kL2 (0,T ) → 0, kδu(l, T )kL2 (0,T ) → 0
askδvkl2 → 0.
(3.20)

Then, we obtain
kδu(x, t1 )k2L2 (Ω) + ν0 k

∂δu 2
∂δu 2
kL2 (Qt ) ≤ C4 k
k
∂x
∂x L2 (Qt )
+C5 ty 2 (t) + j(t).
(3.12)

Now we consider the functional J0 (v) of the form
Z l
J0 (v) = α0 (u(x, c; v) − z(x))2 dx
0
Z l
+α1
f (x, T, β(u, v))dx.
(3.21)

This follows the two inequalities
k

∂δu 2
k
≤ ν0−1 j(t),
∂x L2 (Qt )

0

(3.13)

Lemma 3.2 The functional J0 (v) is continuous on V .
proof
Let δv = (δv0 , δv1 , . . . , δvn ) be an increment of
control on an element v ∈ V such that v + δv ∈ V .
For the increment of J0 (v) we have

and
y 2 (t) ≤ j(t).

(3.14)

We take the square root of both sides of (3.12), (3.13),
and add together the resulting inequalities and majorize the right hand side in the following way [12]

δJ0 (v) = J0 (v + δv) − J0 (v) =
Z

y(t) + k

2α0

∂δu
−1/2
k
≤ (1 + ν0 )j 1/2 (t), (3.15)
∂x L2 (Qt )

0

then we obtain

l

(u(x, c; v) − z(x))δu(x, c; v)dx
Z l
+α0 (δu(x, c; v))2 dx+
0

kδukV 0,1 (Qt ) = max kδu(x, t)kL2 (Ω) +k
2

(3.19)

2

0≤t≤t1

Z

∂δu
k
,
∂x L2 (Qt )
(3.16)

α1
0

and
kδukV 0,1 (Qt ) ≤ Cj 1/2 (t),

l

∂f (x, T, β(u + θ3 δu, v + θ3 δv))
δu(x, T, β)dx
∂u
(3.22)

Applying the Cauchy-Bunyakovskii inequality, we
obtain

(3.17)

2

−1/2

where C = (1 + ν0 ) is positive constant not depending on δv. Theorem 3.1 is proved.
Lemma 3.1: ([10]) Under the above assumptions, the
boundary value problem (2.1)-(2.2) has a unique solution in V21,0 (QT ) for each v ∈ V , and this solution
belongs to W21,1 (QT ) and admits the following estimate

kδJ0 (v)k ≤ 2α0 ku(t, c; v) − z(x)kL2 (0,l) kδu(x, c; v)kL2 (0,x)
+ α0 kδu(x, c; v)k2L2 (0,l) +

α1 k

kuk2,QT ≤ M1 [kψ0 k2,(0,T ) + kψ1 k2,(0,T ) ]. (3.18)
Here and in the following Mi , i = 1, 2, . . . are positive constants independent of the quantities to be estimated and admissible controls. It follows from the
E-ISSN: 2224-2880

∂f (x, T, β(u + θ3 δu, v + θ3 δv))
kL2 (0,l) kδu(x, c; v)k2L2 (0,l) .
∂u
(3.23)

An application of the Corollary 3.1 completes the
proof.
Lemma 3.3 (Weierstrass theorem) Let V0 be a non
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where Θ(x, t) ∈ V21,0 is the generalized solution of
the boundary value problem conjugated to 2.1-2.4 as

empty compact subset of H and let f a real-valued
continuous function defined on V0 . Then f assumes
its maximum and minimum values on V0 , i.e. there
exist points x ∈ V0 and x
e ∈ V0 such that.

∂Θ
∂Θ ∂u 0 ∂Θ
∂f
−λu
+λ
+Θ
= 2α0 (u(x, c; v)−z(x)),
∂t
∂x ∂x
∂x
∂u
(4.26)
with initial and boundary conditions

f (x) = max{f (x) : x ∈ V0 }.
and
f (e
x) = min{f (x) : x ∈ V0 }.

∂
Θ(x, t)|t=T = −α1 ∂u
f (x, T, β(u, v)),

Theorem 3.2 For any α ≥ 0, the problem (2.1)-(2.4)
has at least one solution.
proof The set of V is closed and bounded in l2 . Since
J0 (v) is continuous on V by Lemma 3.2, so
Jα (v) = J0 (v) + αkv − ωk2l2 .

0

λ Θx |x=0 = 0,

(3.24)

0

∂f (x,T,β(u,v))
ηdx,
∂u

(4.28)

+ α0 kz(x)k2,(0,l) + α1 kfu (x, T, β(u, v))k2,(0,l) ].
(4.30)
The Gradient formula for the modified function:
The sufficient differentiability conditions of function
(3.22) and its gradient for formula will be obtained by
defining the Hamiltonian function [3] H(u, Θ, v) as
in the following theorem
Theorem 4.1: Suppose that the above assumptions
holds. Then, the gradient of the functional J(v) at an
arbitrary v ∈ V defined by the first derivative of the
−∂H(u,v,Θ)
Hamltonian function is ∂J(v)
.
∂v ≡
∂v
proof. Suppose that v = (v1 , v2 , . . . , vn ) ∈ l2 , δv =
(δv1 , δv2 , . . . , δvn ) δv ∈ l2 , v + δv ∈ l2 δu =

∂u
∂
−
(λ(u, v) − f (x, t, β(u, v))]dxdt,
∂t
∂x
(4.25)

E-ISSN: 2224-2880

0

kΘk2,QT ≤ M3 [kψ0 k2,(0,T ) + kψ1 k2,(0,T )

L(x, t, u, v, Θ) = Jα (v)
0

Rl

− z(x))ηdx

By taking into account inequality (3.9) and the estimates (3.8), we obtain the estimate

Now let us study the differentiability of the functional and establish the necessary optimality condition in problem (2.1)-(2.4). We introduce the conjugate problem that implies the definition of functions
Θ = Θ(x, t, v) as the solution of the problem.
The lagrangian function L(x, t, u, v, Θ) is defined by

Θ[

−α1

0 (u(x, c; v)

+α1 kfu (x, T, β(u, v))k2,(0,l) ]. (4.29)

The differentiability of the cost
functional and necessary optimality conditions

+

Rl

kΘk2,QT ≤ M2 [α0 ku(x, c; v) − z(x)k2,(0,l)

Then the optimal control problem (2.1)-(2.4) has a unique solution, and this completes the proof of the theorem.

T

= −2α0

for any function η ∈ W21,1 (QT ) that is zero for t=0.
It follows from the results of the monograph [10] that,
for each v ∈ V , the problem (4.26)-(4.27) has a unique solution in V21,0 (QT ). This solution belongs to
W21,1 (QT ), satisfies (4.27) for almost all (x, t) ∈ QT ,
and admits the estimate

Jα (v) = J0 (v) + αkv − ωkl2 .

Z lZ

(4.27)

where u = u(x, t, v) is the solution of the problem
(2.1)-(2.2). A solution of the boundary value problem (4.26)-(4.27) corresponding to the control v ∈ V
is defined as a function Θ = Θ(x, t, v) in V21,0 (QT )
satisfying the integral identity
RlRT
0 ∂Θ
∂f
∂Θ ∂u
0 0 [−Θηt − λu ∂x ∂x η + λ ∂x η + Θ ∂u η]dxdt

Then from the Weierstrass theorem [15] it follows that
the problem (2.1)-(2.4) has at least one solution. This
completes the proof of Theorem 3.2.
According to the above discussions, we can easily obtain a theorem concerning the uniqueness solution for
the considering optimal control problem (2.1)-(2.4).
Theorem 3.3 Let ω ∈ H be a given element, then
there exists a dense subset V0 of the space H such that
for any ω ∈ V0 with α > 0, the optimal control problem (2.1)-(2.4) has a unique solution.
proof (A corollary of the Goebel theorem [14]) Assume that H is a uniformly convex space and V is a
bounded and closed subset of H. A functional J0 (v)
is lower semicontinuous and bounded from below on
V , and α > 0 is a given number. Then there exists
a dense subset V0 ⊂ H such that for any ω ∈ V0 the
functional

4

0

λ Θx |x=1 = 0,
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u(x, t; v + δv) − u(x, t; v).
The increment of the functional J(v) is

where

δJ(v) = J(v + δv) − J(v) =
Z

R2 (δv) =

RlRT
0

0

3 δu,v+θ3 δv)) ∂β
[[ ∂f (x,T,β(u+θ
∂β
∂u

l

∂β
(u(x, c; v) − z(x))δu(x, c; v)dx
− ∂f (x,T,β)
∂β
∂u ]δu(x, T, β)
0
Z l
∂f (x, T, β) ∂β
δu,v+θ1 δv)
∂u ∂Θ
− ∂λ(u,v)
−( ∂λ(u+θ1∂u
+α1
δu(x, T, β)dx
∂u ) ∂x ∂x δu(x, t)
∂β
∂u
0
∂f (x, T, β(u + θ3 δu, v + θ3 δv)) ∂β
∂Θ
−( ∂δu
δu(x, T, β)dx
∂x + δu(x, t))λ(u + θ1 δu, v + θ1 δv) ∂x
∂β
∂u
Z l
∂f (x, T, β) ∂β
+(Θδu)t ]dxdt,
(4.35)
δu(x, T, β)dx
−α1
∂β
∂u
0
+2αhv − ω; δvil2 + αkδvk2l2 where θi , i = 1, 2, . . . are positive numbers, R2 (δv)
+α0 kδuk22,(0,l) ,is estimated as |R1 (δv)| ≤ C8 kδvkl2 , and C8 is a constant not depend on δv. Using the above assumptions,
(4.31)
we have

= 2α0

l

Z
+α1
0

where
δλ = hλv (u, v), δvil2 + O(kδvkl2 ),

l

Z

(u(x, c; v) − z(x))δu(x, c; v)dx

δJ(v) = 2α0
0

δf = hfv (x, t, β(u, v)), δvil2 + O(kδvkl2 ).

+ 2αhv − ω; δvil2
Then we obtain
Z

l

∂f (x, T, β) ∂β
δu(x, T, β)dx + R1 (δv),
∂β
∂u
(4.32)

+ α1
0

Z lZ
0

and
R1 (δv) =

3 δu,v+θ3 δv)) ∂β
α1 0 [ ∂f (x,T,β(u+θ
∂β
∂u

where

∂β
− ∂f (x,T,β)
∂β
∂u ]δu(x, T, β)dx

R3 (δv) = R1 (δv) + R2 (δv) + O(kδvkl2 ).

(4.33)

From the formula of R3 (δv), we have |R3 (δv)| ≤
C9 kδvkl2 , and C9 is a constant not depend on δv.
From (4.35)-(4.36) and using the function H(u, Θ, v)
[7], we have

Using the obtained estimation (3.7), the inequality
|R1 (δv)| ≤ C7 kδvkl2 can be verified where C7 is a
constant not depend on δv.
If we put δu(x, t) = η(x, t) in identity (4.28),
η(x, t) = Θ(x, t) in (3.7) and add together we obtain
Z l
2α0 (u(x, c; v) − z(x))δu(x, c; v)dx

δJ(v) = h−

0

l

Z
+ α1
0

Z lZ
0

∂H(u, Θ, v)
, δvil2 +O(kδvkl2 ), (4.37)
∂v

which shows the differentiability of the functional
J(v) and also gives the gradient formula of the functional J(v) as

∂f (x, T, β) ∂β
δu(x, T )dx
∂β
∂u

∂J(v)
∂H(u, Θ, v)
=−
.
∂v
∂v

T

[δf Θ − δλux Θx ]dxdt + R2 (δv), (4.34)

=

0

− λv (u, v)ux Θx , δvil2 + 2αhv − ω, δvil2 + R3 (δv),
(4.36)

Rl

+α0 kδuk22,(0,l) + αkδvk2l2 .

T

hfv (x, t, β(u, v))Θ

δJ(v) =

Hence, the theorem is proved.

0

E-ISSN: 2224-2880

63

Volume 17, 2018

Talaat Abdelhamid, Meknani Bassem,
Asmaa A. Amer, Ahmed Nagah

WSEAS TRANSACTIONS on MATHEMATICS

[13] R. K. Tagiev, On Optimal Control by Coefficients In An Elliptic Equation, Differential Equations, Vol.47( 6), pp. 877-886, (2011).

References:
[1] J. L. Lions, Optimal Control of Systems Governed by Partial Differential Equations, Berlin:
Springer- Verlag, 1971.

[14] M. Goebel, On existence of optimal control,
Math. Nuchr., 93, 1979, 67–73.

[2] D. A. Lashin, on the existence of optimal control
of temperature regimes, J. of Math. Sciences,
158(2), 2009.

[15] K. Glashoff and S. A. Gustafson, Linear Optimization and Approximation, Applied Mathematical Sciences, New York, 1983.

[3] M. H. Farag, T. A. Talaat and E. M. Kamal, WellPosedness of A Quasilinear Parabolic Optimal
Control Problem, IJPAM, (2012).

[16] D. Jiang and T. Abdelhamid, Simultaneous identification of Robin coefficient and heat flux in an
elliptic system, International Journal of Computer Mathematics, 94 (1), 1-12, 2017.

[4] M. H. Farag and T. A. Talaat, Combined Exterior Function - Conjugate Gradient Algorithm for
A class of Constrained Optimal Control Quasilinear parabolic Systems, ITHEA, 2013.

[17] T. Abdelhamid, X. Deng, and R. Chen, A new
method for simultaneously reconstructing the
space-time dependent Robin coefficient and heat
flux in a parabolic system, International Journal
of Numerical Analysis and Modeling, 14 (6), pp
893-915, 2017.

[5] N. M. Makhmudov, An Optimal Control Problem for The Schrodinger Equation With A RealValued Factor, Russian Mathematics, Vol.54,
No.11, pp.27-35, (2010).

[18] T. Abdelhamid, Simultaneous identification of
the spatio-temporal dependent heat transfer coefficient and spatially dependent heat flux using
a MCGM in a parabolic system, Journal of Computational and Applied Mathematics, 32, 164176, 2017.

[6] A. D. Iskenderov and R. K. Tagiev, Optimization problems with controls in coefficients
of parabolic equations, Differentsialnye Uravneniya, 19(8), 1983, 1324-1334.
[7] A. H. Khater, A.B. Shamardan, M.H. Farag and
A.H. Abdel-Hamid, Analytical and numerical
solutions os a quasilinear parabolic optimal control problem , Journal of Computational and Applied Mathematics, Vol. 95, 1998.

[19] T. Abdelhamid and O. Mumini Omisore, An efficient method for simultaneously reconstructing
Robin coefficient and heat flux in an elliptic equation using a MCGM, WSEAS Transactions
on Heat And Mass Transfer, 2017.

[8] M. H. Farag, On an Optimal Control problem
For a quasilinear parabolic equation, Applicationes Mathematicae, pp.239- 250, 2000. Journal of Computational Mathematics, V. 22(5),
2006, 635–640.

[20] T. Abdelhamid, A.H. Elsheikh, and D. Jiang, On
the simultaneous reconstruction of heat transfer
coefficient and heat flux in the heat conduction
problem, under review in Journal of Computational and Applied Mathematics, 2017.

[9] A. N. Tikhonov and N. Ya. Arsenin, Methods for
the solution of incorrectly posed problems, Nauka, Moscow, Russian, 1974.

[21] T. Abdelhamid, A.H. Elsheikh, A. Elazab, S.W.
Sharshir, and Ehab S. Selima, D. Jiang, Simultaneous reconstruction of the time-dependent
Robin coefficient and heat flux in heat conduction problems, Inverse Problems in Science and
Engineering, pp. 1-18, 2017.

[10] R. K. Tagiev, Optimal Control for the coefficient of a Quasilinear parabolic equation, automation and Remote Control, Vol. 70(11), pp.181411826, (2009).
[11] O. A. Ladyzhenskaya, V. A. Solonnikov and N.
N. Ural’tseva, Linear and quasilinear parabolic
equations, Nauka, Moscow, Russian,1976.
[12] O. A. Ladyzhenskaya, Boundary value problems
of mathematical physics , Nauka, Moscow, Russian, 1973.
E-ISSN: 2224-2880

64

Volume 17, 2018

