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Abstract: We study the well-posedness of an optimal control problem described by semi-linear parabolic equation.
The control functions are represented by the coefficients A(u, v) and B(u, v) which appear in the nonlinear part of
the state problem and inside the source strength, respectively. These coefficients depend on the control function v.
Then, we obtain some necessary optimality conditions for this problem.
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Optimal control problems for systems with distributed
parameters are often encountered in various applica-
tions. These problems for parabolic equations are of
great practical importance, which occur in optimiza-
tion problems of thermal and plasma physics, diffu-
sion, filtering etc., and also in solving coefficient-wise
inverse problems for parabolic equations in variation-
al formulations [6].

problems depend, in general, on where the control
functions occur [1]. The problems can be divided into
two groups. The first group includes problems where

1 Introduction optimal control problems.

Abdelhamid, et. al. [16, 17, 18, 19, 20, 21] have
computed the gradient formulas in the optimization-
s problems for estimating the unknown parameters.
Furthermore, the authors studied the differentiability
results for the objective functions. In these problem-
s, we assumed that the coefficients of the control and
their generalized first order derivatives are essentially
bounded functions. Also, the well-posedness of the
problem, the existence and uniqueness are investigat-
ed. Finally, we prove the differentiability of the ob-
jective functional to obtain a formula for its gradient,
and establish the necessary optimality conditions.

The precise mathematical formulations of these

the control functions occur in free coefficients of the
state equations of boundary conditions. Currently,
these problems have received most attention. The sec-

ond group contains problems where the control func- 2  Mathematical formulation

tions occur in the state equation coefficients, including
coefficients of higher order derivatives. These prob-

the nonlinear part of the state problem and inside the
source strength, respectively. These coefficients de-

lems have been studied as a little. Let © = (0,1) be a bounded domain of E,, Qr =
In the present paper, we study a problem where {(z,t) - e Qt e (0,T)}, and V = {v : v =
the control functions are represented by the coeffi- (v1, 02, 0n) € b, [|v]|;, < R}, where R and T' are
cients A(u,v) and S(u(x,t;v),v) which appear in a fixed numbers, Qr = €2 > (0, T].

Let a control process be described in Q)7 by
the following initial boundary value problem for a

pend on the control function v. This will help us to parabolic equation with control coefficients \(u,v)

solve a large amount of problems in this field of the

and ((u,v) depending on the solution of the state
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u(x,t) and the control v.

ou 0 ou
a_%()‘(uv U)%) - f(xvta ﬁ(uvv))v (J?,t) € QTa
(2.1)
with initial and boundary conditions
u(z,0) = ¢(x),0 < x <,
A(”? U)ur|w=0 = ¢0(t), )\(U, ’U)u:l?‘a::l = wl(t)a
(2.2)

where ¢(z) € L2(0,T), 1o(t) and 1 () € L2(0,T)
for any 7' > 0 are given functions. The function-
s AMu,v) and (u,v) are continuous on (u,v) €
[r1,72] X lo and have continuous derivatives in u,
V(u,v) € [r1,re] X lo satisfy a Lipschitz condition.
Here vy, v1, pg, and p; are given numbers. Besides the
above conditions, we use the additional restrictions

vo < Mu,v) < vy, po < B(u,v) < pr. (2.3)

We consider a generalized solution of the problem
(2.1)-(2.3) from the energetic class, i.e., the function
u(x,t) € VQI’O(QT), where Q7 = (0,1) x (0,T) (see
[10D.

We define some spaces and inequalities we need
them later.

(a) V;"°(Qr) is a Banach space consisting of ele-
ments from W21 Y(Qr) having a finite norm

[u(,t)|Qp = ess sup |lu(z,t)l2,0.0+ue(, t)
0<t<T

and traces from Ly(0, ) on the sections of (0,1)
continuously varying in ¢ € [0, 7.

(b) The space which consisting of all the conver-
gence number series (1,(2, - ,(, -+ is the
Hilbert space [o with

Iy = Zﬁmi, <l = [<C,C>z2}%.
i1

(c) Cauchy’s inequality with € takes the form

€ 1
| ab |< §]a12+2—6]b|2,

which holds for all € > 0 and for arbitrary a and

b.
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(d) For the space La(D), Cauchy Bunyakoviskii in-
equality takes the form

| /Du”dx = (/D qux)%(/D v2de)3.

Here and in what follows, we use the notation

l
(e, Dllaon = ( /0 Wz, £)dz) 2,

(&, B)ll20r = ( / () ddt) /2.

Qr

Consider the following problem: for an arbitrary

€ (0,7T) and on the solution u(z,t) = u(x,t;v)

of problem (2.1)-(2.4) corresponding to all admissible
controls v € V, minimize the functional

!
Jv] = ao/ (u(z, ¢;v) — z(x))*dx
0
l
—|—a1/0 fx, T, B(u, U))dx—l—aHv—leQQ. (2.4)

where u(z, c;v) and z(x) are given functions and «,
a1 > 0and ag 4+ a1 # 0and o > 0. Hence, w € Iy is
given such that w = (w1, wa, ..., wy).

Definition 2.1: The problem of finding a function
u = u(z,t) € ‘/21’0(QT) from conditions (2.1)-(2.4)
given v € V is called reduced problem (see [3]).
Definition 2.2: A solution of the boundary value
problem (2.1)-(2.4) corresponding to a control v € V'
is defined as a function u = u(z,t;v) in V"%(Qr)
satisfying the integral identity

S e = Mgy + nf (2, t, B(u,v))]dadt

f n(0, t)o(t) fo (I, )1 (t)dt (2.5)

for all n(z,t) € W21’1(QT) equal to zero at t = T
Let V be a closed and bounded subset of /5. The func-
tion f(z,t,(u,v)) is given continuous function for
almost all (z,t) € Qr, bounded and measurable in
(.I', t) € Qr.

Under the above assumptions [6], the boundary
value problem (2.1)-(2.4) be exist and has a unique
solution in V,"*(Qr) for each v € V and ||u,|| < Co,
for all (z,t) € Qr and Cj is a certain constant.
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3 The existence and uniqueness
theorems

Optimal control problems of the coefficients of d-
ifferential equations do not always have solution [8].
Examples in [10] and elsewhere of problems of the
type (2.1)-(2.4) having no solution for &« = 0. A prob-
lem of minimization of a functional is said to be unsta-
ble, when a minimizing sequence does not converge
to an element minimizing the functional [6]. To prove
the existence we need the following theorem:
Theorem 3.1 Under the above assumptions for every
solution of the reduced problem (2.1)-(2.4) the follow-
ing estimate is valid:

”6UHV21’O(Q) < C[MOHMMHQLQ(QT)‘FM”(SfH%Q(QT)]l/Z

(3.6)
where C, po and p are positive constants indepen-
dent on the control function v.

Proof
Set du(z,t) = u(z,t,v + dv) — u(x,t;v),u =
u(z, t;v). From (2.5) it follows the function du(x,t)
satisfies the identity
I T
OA(u + 010u, v + dv) Ou On
—nd —ou
/0 /0 ot ou Oz Oz
du 617 1 00U
of(x,t,B) 0B (u + 620u, v + dv) B
95 M nou]dxdt = 0,
3.7

for all n = n(z,t) € Wy (Qr) and n(x,T) = 0.
Here 601,62 € (0, 1) are some positive numbers, and

5f = f(SL‘,t,,B(U,U + 6”)) - f(x’taﬁ(ua U))

A = Au+0u, v+0v), A = A(u, v+ 0v) — A(u, v),
du = u(x, t;v + 0v) — u(z, t;v),
Let us consider the function
[tlaT]

n(,

0 te
t) = { ftTﬁ(a:,T)dT te

where n(z,t) € W21’1
derivatives

[07 tl]
(Qr) and it has the generalized

N = —ﬁ(l', t)v

and
T
Nz = / ﬁx(x77)d7—‘
t
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Put du instead of 7(x,t) for (z,t)
n(z,T) = 0.
Following the method of [11], we obtain

ON(u + 010u, v + 0v) Ou ddu
2 )
/Q(éu(ac,tl)) dw+/t[ P 9% 92 ou

€ @ and

Ou ddu
+5)\£ o + A

+ O0u Odu
or Ox

|dxdt

oudu

B [8f(a:,t,ﬁ) 0B(u + O20u, v + dv)
/t B ou

+ dud fldzdt = 0 (3.8)

Hence, from the above assumptions and applying
Cauchy Bunyakoviskii inequality, we obtain

Jo(Ou(z, t1))2dz + vo fQ )2 st

Ci(Jo, (5 (Bu)2dmdt)'/2( (Jo, (Ou(z 1)2dxdt)'/?

+Cs( o, (OAZ4)2dzdt) /2 ( th(%)zdmdt)l/Q

+(Jo, (6.1)2dzdt) /2 ( [, (6u) dwdt)/?

+C3 [, (Ou)*dzadt, (3.9)

where C1, Cs, and C' are positive constants indepen-
dent of v.

Applying Cauchy’s inequality with ¢ and com-
bine similar terms, then multiply both sides by two,
we get

< C
||ou(zx, tl)”Lg(Q —|—y0’|35u||L2 @) < 11/||d§u||L2 o)

C 2 C 2 1)
S 16ul2, g, + SN2, 0 + S2NZIE, 0

+510£12,00 + 2 19ul17,0,)

+C310ullZ, 0, (3.10)

Combining the similar terms, we get

o0u 5 o0 5
[u(z, )17, +Vo|| ||L2Qt C4|| HLQQt

+ C5H5U||%2(Qt) + N0||5/\Ux||%2(Qt) + N1||5f||%2(Qt)7
3.11)
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where Cy = (S + §2), G5 = (G2 + 5 + C3),
Moz%,ulz

5. C4,C5, po, and pu1 are positive
constants not depending on dv.
Now, we replace H(SUHQLQ(Qt) = ty?(t), where

y(t) = max |3u(. 1) 1.0

[Su(z, 0)]12, gy = y(®)15u(, 0)]| (). and let

J(t) = polléXual? o, + 11013, 00

Then, we obtain

oou 5 00U 5
1u(a, )17, ) + V0|| IIL2 Q) < C4|| HLQ@)
+Csty” ( )+J( )-

(3.12)
This follows the two inequalities
L XTI L
155 a0 <%0 i), (3.13)
and
Y2 (t) < §(2). (3.14)

We take the square root of both sides of (3.12), (3.13),
and add together the resulting inequalities and ma-
jorize the right hand side in the following way [12]

()+H HL2 0 < (L1 3)2(1), (3.15)

then we obtain

||5UHV20»1(Q ) = Ofgax [|ou(z, t)||L2(Q)+H HL2 (Q1)>
(3.16)
and )
1/2
H5u||V20’1(Qt) < CjHe(t), 3.17)
where C' = (1 + v, Y 2) is positive constant not de-

pending on dv. Theorem 3.1 is proved.

Lemma 3.1: ([10]) Under the above assumptions, the
boundary value problem (2.1)-(2.2) has a unique so-
lution in V21’0(QT) for each v € V, and this solution
belongs to VV21 1(Qr) and admits the following esti-
mate

lull2,0r < Milllvoll2,0,7) + 19120, (3-18)

Here and in the following M;,i = 1,2,... are posi-
tive constants independent of the quantities to be es-
timated and admissible controls. It follows from the
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estimate (3.18) that the functional (2.4) is defined on
V' and takes finite values.

Note that the functional (2.4) is nonlinear, and it is d-
ifficult to analyze its convexity.

Corollary 3.1 Under the above assumptions [7], the
right part of estimate (3.6) converges to zero at
|ov||;, — 0, therefore

[uly00,) =0 a [6v)i, >0.  (3.19)

Hence from the theorem on trace [13] we get

16w(0, )| L0,y — O, [[6u(l, T o0,y — O

as||ovl, — 0.
(3.20)

Now we consider the functional Jy(v) of the form
!
Joe) = o [ (ula,c0) - 2(2)*da
0

l
-l-al/o f(z, T, B(u,v))dz. (3.21)

Lemma 3.2 The functional Jy(v) is continuous on V.
proof
Let 6v = (dvg, dv1,...,dv,) be an increment of
control on an element v € V such that v + dv € V.
For the increment of Jy(v) we have
dJo(v) = Jo(v + dv) — Jo(v) =

l
2a0/0 (u(z, c;v) — z(x))du(z, c;v)de

l
+a0/ (du(z, c;v)) dz+
0

/l Of (x,T, Bu + 035u, v + 030v))
o ou

ou(z, T, B)dx
(3.22)

Applying the Cauchy-Bunyakovskii inequality, we
obtain

16J0(0)[| < 2a0llu(t, ¢;v) = 2(2)]| Ly(op [16u(; & V)| Ly(0.2)

+ agllu(z, ¢ v)|3, 0.+

Of (z, T, B(u + 030u, v + 036v))

o |
(3.23)
An application of the Corollary 3.1 completes the

proof.
Lemma 3.3 (Weierstrass theorem) Let V; be a non
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empty compact subset of H and let f a real-valued
continuous function defined on V. Then f assumes
its maximum and minimum values on V{), i.e. there
exist points T € Vp and = € Vj such that.

f(@) = max{f(x): z € V}.
and

f(@) = min{f(x) : z € Vp}.

Theorem 3.2 For any o > 0, the problem (2.1)-(2.4)
has at least one solution.

proof The set of V' is closed and bounded in 5. Since
Jo(v) is continuous on V' by Lemma 3.2, so

Ja(v) = Jo(v) + allv - w.

Then from the Weierstrass theorem [15] it follows that
the problem (2.1)-(2.4) has at least one solution. This
completes the proof of Theorem 3.2.

According to the above discussions, we can easily ob-
tain a theorem concerning the uniqueness solution for
the considering optimal control problem (2.1)-(2.4).
Theorem 3.3 Let w € H be a given element, then
there exists a dense subset 1} of the space H such that
for any w € Vj with o > 0, the optimal control prob-
lem (2.1)-(2.4) has a unique solution.

proof (A corollary of the Goebel theorem [14]) As-
sume that H is a uniformly convex space and V is a
bounded and closed subset of H. A functional Jy(v)
is lower semicontinuous and bounded from below on
V,and o > 0 is a given number. Then there exists
a dense subset Vy C H such that for any w € Vj the
functional

(3.24)

Ja(v) =

Jo(v) + aljo = wlli,

Then the optimal control problem (2.1)-(2.4) has a u-
nique solution, and this completes the proof of the the-
orem.

4 The differentiability of the cost
functional and necessary optimal-
ity conditions

Now let us study the differentiability of the func-
tional and establish the necessary optimality condi-
tion in problem (2.1)-(2.4). We introduce the conju-
gate problem that implies the definition of functions
© = O(z,t,v) as the solution of the problem.

The lagrangian function L(z,t,u, v, ©) is defined by

L(x,t,u,v,0) = Ju(v)

/ / Ol — —m Mu,v) — f(z,t, B(u,v))|dzdt,

(4.25)
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where O(z,t) € V21’0 is the generalized solution of
the boundary value problem conjugated to 2.1-2.4 as

00 00 0u 00 _Of '
B Mg, (936 +A o @% = 2ap(u(z, c;v)—z(x)),
(4.206)
with initial and boundary conditions
O(z,t)|1=r = —alauf(x T, B(u,v)),
NOulemo =0, NOylym1 =0, (427)

where u = u(x,t,v) is the solution of the problem
(2.1)-(2.2). A solution of the boundary value prob-
lem (4.26)-(4.27) corresponding to the control v € V
is defined as a function © = O(z, ,v) in V3"*(Qr)
satisfying the integral identity

fo fo —On — u%? gz + X‘g—?n + @%n]dmdt
= —2a9 fol(u(:c, c;v) — z(x))ndx

for any function n € W21 (Qr) that is zero for t=0.
It follows from the results of the monograph [10] that,
for each v € V, the problem (4.26)-(4.27) has a u-
nique solution in VQI’O(QT). This solution belongs to

ng’l(QT), satisfies (4.27) for almost all (z,t) € Qr,
and admits the estimate

1© < Mafag||u(z, ¢;v) — 2(2)]l2,0,)

+041Hfu(x7 Ta B(ua U))HQ,(OJ)]'

By taking into account inequality (3.9) and the esti-
mates (3.8), we obtain the estimate

Ms[l|vollz,0,7) + 1¥1ll2,0,7)

4.29)

’ ) <

+ aollz(z)2,0,) + arll ful, T, B(u, v))l2,0.0)]-
(4.30)

The Gradient formula for the modified function:
The sufficient differentiability conditions of function
(3.22) and its gradient for formula will be obtained by
defining the Hamiltonian function [3] H (u,©,v) as
in the following theorem

Theorem 4.1: Suppose that the above assumptions
holds. Then, the gradient of the functional J(v) at an
arbitrary v € V defined by the first derivative of the
Hamltonian function is 220 = =9H(u-v.0)

oy v

proof. Suppose that v = (’Ul,’UQ, ceeyUp) € g, 6V
(ovy,0v9,...,0v,) 0v € lo, v + 51} € Iy du
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u(z, t;v + dv) — u(x, t;v). where

The increment of the functional J(v) is

f f 8f (z,T,8(u+030u,v+03v)) 98
0Jo

d0J(v) = J(v+dov) — J(v) = 9B du
l
= 20zo/ (u(z, c;v) — z(z))ou(z, c;v)dx wgg]éu(m’,ﬂ B)
0
l
+a1/ af('cga TwB) a—ﬂ(M(a:,T,B)dx _(8/\(u+91g’:,v+915v) - 8Aéz,v)>gq; %@5u( )
0 g Ou
l
T
—I—()q/ 8f(96, 7/8(’& +8%3(5U,U + 9357))) gﬁ (ZL‘ T ,8) (86u + 5U(IE t)))\(u + 915U,U + (9151))%%
0
'Of(«, T, B) 9
_ ik Eal Rkt Odu)s|dxdt 4.35
al/o 95 8u5u(x,T,,6’)dx +(©du)|dxdt, (4.35)
+2a({v — w; o)y, +a||5”Hl22where 0;,i = 1,2,... are positive numbers, Ro(dv)

+0¢0H(SUHQ 01) is estlmated as |R1(5v)| < Csl|dv|1,, and Cs is a con-
stant not depend on dv. Using the above assumptions,
(4.31) we have

where
oA = (Ap(u,v), 6v)1, + O([|6v][1,),

l
d0J(v) = 2040/ (u(z, c;v) — z(x))du(z, c;v)de
' 6f = (Fol,t, B(uv)), 80)i, + O([60]1).

+ 2a(v — w; 0v)y,
Then we obtain

'0f(2,T,8) 0B LT
+ Oél/o T%&L(%Tﬁ)dm + R (0v), dJ(v) = /0 /0 (folz,t,B(u,v))O
(4.32)
and — A (6, 0)ug O, 0v), + 20(v — w, 6v), + R3(dv),
R1 ((SU) =y fol[8f(a:,T,,8(u+80§§u,v+036v)) 275 (436)
- where
_9f(w.T.B) 95 gﬁ) SJou(z, T, B)dx
) ) R3(6v) = Ry (6v) 4+ Ra2(dv) + O(]|dv]|1,)-
+a0||5uH27(071) + allov|lj; . (4.33)

From the formula of R3(év), we have |R3(dv)| <
Cyl|6v]|1,, and Cy is a constant not depend on dv.
From (4.35)-(4.36) and using the function H (u, ©,v)
[7], we have

Using the obtained estimation (3.7), the inequality
|R1(0v)| < C%||6v]];, can be verified where C7 is a
constant not depend on dv.

If we put du(z,t) = n(x,t) in identity (4.28),
n(x,t) = ©(z,t) in (3.7) and add together we obtain OH (1,0, )

57(0) = (-2

l 7(5v>12+0(||5v”lz)7 (4.37)
2a0/ (u(z, c;v) — z(x))du(z, c;v)dx
° which shows the differentiability of the functional
J(v) and also gives the gradient formula of the func-
of (x,T, ) 05 tional J(v) as
- T)d
+ o /0 a5 0 ou(x, T)dx
0J(v) 0H (u,0,v)

1 T ov ov
_ / / 670 — hus©,dwdt + Ra(dv), (4.34)
0 JO

Hence, the theorem is proved.
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