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1 Introduction

In this paper, we are concerned with the
oscillation of solutions of the second-order
nonlinear neutral delay differential equation

(row(x@)lZ ©19 17 ) +
f (t,x(a(t))) =0, (1)

where t €l =[ty,™),ty>0,2z(t) =x(t) —
p(®)x(t(t)), and a« > 0 is the ratio of two odd
integers. Throughout the paper, we assume the
following:

ds

(A1) 7,p € CAR), (1) > 0,and [ 77~ =

(Ay)T(t),a(t) € CU,R),t(t) < t,o(t) <

t,o (t) > 0, and lim;_o, T(t) = lim;_, 0(t) = oo;
(43) ¥ € CY(R,R),(x) > 0, and there exists a
positive constant K such that y(x) < K~ for all
x #0;

(A44) f(t,x) e CU xR,R), and there exists a
function q(t) € C(1,[0,00)) such that
f(t,x)sgnx = q(t)|x|* forx = 0 and t > t,.

By a solution of equation (1), we mean a
continuous function x defined on an interval [t,, o)
such that r(O)y()|z |*~1z is continuously
differentiable and x satisfies (1) for t € [t,, ).
Throughout the paper, we consider only solutions
which satisfy sup{|x(t)|:t =T >t} >0. As
usual, a solution of (1) is called oscillatory if it is
neither eventually positive nor eventually negative;
otherwise, it is called non-oscillatory. Equation (1)
is termed oscillatory if all its cotinuable solutions
oscillate. In recent years, there has been increasing
interest in studying oscillation of solutions of
different classes of differential equations due to the
fact that they have numerous applications in natural
sciences, physics, biology, economy and
engineering. There is a lot of interest in obtaining
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sufficient conditions for the oscillation or non-
oscillation of solutions of various types of
differential equations, (see [1-24]). In particular,
much works have been done on the following
particular cases of (1): Wong et al. [22] studied the
second order differential equation

(x@®) =px(t-1)) +q@Of(x(t-0))=0, (2
and established necessary and sufficient oscillation

conditions in the case, 0 <p <1, and q(t) = 0.
Yildiz et al. [23] studied the nonlinear equations

(x@® £r@©f (x(t - D)) +pOg(x(t - 0)) -

a)g(x(t - &) =s®), €)
under the conditions 1= 0,0 =26 =0, 0 <p(t) <
oo, and q(t) = 0. Mohamed et al. [17] studied the

asympototic behavior of the nonlinear neutral
differential equation

(x(®) + 8p(Ox(z(®)) +a®f (x(e(®)) =0,

(4)
when 6 = +1,q(t) > 0, and p(t) > 0. Han et al.
[11] studied the quasilinear neutral delay differential
equation

(r(t) |(x@® - px(z(®))

’|a—1

(x(t) -

pOx(x®)) ) +a®f (@) =0,
when 0 <p(t) <p <1, and lim,, p(t) =p; <
1. More recently Li et al. [16] and Arul et al. [1]
studied a class of second order nonlinear delay
differential equations with non-positive neutral
coefficients of the type

1

(r(t) ((x - P(t)x(‘r(t))),)a) +
af (x(o®)) =0, o

under the conditions 0<p(t)<p<1, and
q(t) = 0. They established sufficient conditions
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guarantee that every solution oscillates or tends to
zero. For other related contribution when z(t) =
x(t) —p(©)x(z(¢)) in the case of higher order
equations, we mention the work of Baculikova et
al. [2] and DZurina et al. [5] who investigated the
asymptotic properties of solutions of the couple
third order neutral differential equations

(r® ([« +p@x(z®)] )") +
q(®)x*(a(1)) =0, (7)
when 0<p(t)<p<1, ft‘?rl%‘s@:oo

Meanwhile Soliman et al. [20] studied couple of
third order neutral differential equations of the type

[r© (0 £ n Ox(w ) )] +

and

s f (6x(g0)) =0, ®)
under the conditions —u <p;(t) <1 for all
. © ds

i=12,....,n,u€ (0,1),and fto ey = Also

Rath et al. [18] studied the nonlinear neutral delay
differential equation

(x(®) — p®O)x(t = )™ + aq(OG(y(t - 0)) =

f@®, (9)
under the conditions p(t) = 1 orp(t) < 0,a = +1,
and q(t) > 0.

The aim of this paper is to improve and extend
some of the results given in [9, 13, 14, 16, 19].
Using a generalized Riccati substitution, and
integral averaging techniques, we establish new
oscillation criteria for the general Eq. (1). One may
note that Eq. (1) is different from those discussed in
[15], and [19].

2 Main Results
For simplicity, we define

Q(t) = q(t) (1 + p(d(t)))a () =
min{q(t), q(z(0)},
R(t) =
-1
(J-lo(t)r_l/a (s)ds) (flt r1/a (s)ds) ,and (10)

§@©) = e f) r7V(s)ds

where t; > t, is sufficiently large.

Lemma 1 Let the conditions (A4;)-(A4) be satisfied,
and 0 < p(t) < 1. Suppose that « > 0, and x is a
positive solution of 1. Then

Z'(®) > 0,(rOY(x®)Z (©)1° 72 (¥)) <0 and
either

(Cy) z(t) > 0, or (Cy) z(t) <O, for t > t;, where
t; = t, is sufficiently large.

Proof. The proof is similar to that given in [16] and
S0 it is omitted.
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Theorem 2 Let the conditions (A;)-(44) hold, and
0 < p(t) < 1. Suppose that there exists a positive
function p € C1(I,R) such that, for all sufficiently
large t; > to, we have

J7[pa(e e ae = o 1y

where &(a(t)) be as defined in (10), and p) (t) =
max{0, p' (t)}, then every solution x(t) of (1) either
oscillates or satisfies lim,_,, x(t) = 0.

Proof. Suppose that there exists a t; = t, such that
x(t) > O,x(‘r(t)) > 0, and x(a(t)) >0 fort>t;.
It follows from (1) that

(rovE®)IlZ ®1 17 ®) <

—q(t)x”* (O‘(t)) <0. (12)
Therefore by Lemma 1, we have either (C;) or (C3).
Suppose that the case (C;) holds. Then from the
definition of z, we get

x(t) = z(t) + p(t)x(r(t)) > z(t). (13)
Using (12) and the fact that o (t) < ¢, it follows that

ryY(x®) (' ©®)" <
r(a(®))y (x(a(t))) (Z, (a(t)))

Thus

a

(14)

(oveo)E o))
¢ (T (x))(2 ()
z(t) = z(tr) + [, /@ () 1/a(x(s))

KYz ()Y (x(£)E(),

Now define

ds >

(15)

w(g:p(t)“ﬂ"’gggg) ©) sy,

Then w(t) > 0fort > t;

and
W (6) < (O rrs = p(Da(©),

Then by integrating from ¢, to t, we get

X )
| [p@)q(s)——p (@),
ty K¢ (U(S))
This contradicts (11). Now if z satisfies (C,), then
by [16, Lemma 2.2] lim,,. x(t) = 0. Thus the
proof is completed.

Theorem 3 Let a > 1. Assume that the conditions
(A1)-(A4) hold, and 0 < p(t) < 1. Suppose that for
all large t; >ty there exists a positive function
p € C1(I,R) such that

o L) (o)
J [p(t)q(t) - 4aK£p<t)c:’ Bt)i(“‘f(i(t))] e

where ¢(a(t)) be as defined in (10), and p) (t) =
max{0,p ()}, then every solution x(t) of (1) is
either oscillatory or satisfies lim,_,., x(t) = 0.
Proof. The proof follows the lines of Theorem 2 on
view of the technique of [16], and so it is omitted.

(16)

s < (l)(tz)
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The following result not only extends those of
[91, [13], [14], and [19] but also it differs from them
in using the notation z(t) = x(t) — p()x(z(¢)).
Theorem 4 Assume that the conditions (41)-(44)
hold. Suppose that « > 1, and p(t) is an odd
function for all t>t¢t, such that 0 < p(¢t) <1.
Suppose further that there exists a positive function
p € C1(I,R) such that

(02 ) (o)
o 1 py(s r(o(s
f p(s)Q(s) - K((I+1)a+1 pa(s)(o_r(s))a

o0, (18)
where Q(t) be as defined in (10), and p:,_(t) =
max{0,p (t)}. Then every solution x(t) of (1) is
either oscillatory or satisfies lim,_,., x(t) = 0.
Proof. Without loss of generality, we assume that
there exists a t; > t, such that x(¢) > 0,x(z(¢)) >
0, and x(o(¢)) > 0 for t > t;. Then from (1), we
have (12). Now we conclude from Lemma 1, that z
satisfies one of the two cases (C;) and (C,). Suppose
first that case (C;) holds. Then by the definition of
z, we have

x(t) = z(t) + p(t)x(r(t)) >

z(t) + p(t)z(r(t)) =z(t) — p(—t)z(r(t)) >
2(t) = p(=t)z(t) = (1 + p(1))z(D).

This with (12) leads to

(row(E®)( ©)7) +Q®z(c®) <0t 2
to- (20)
Now define w as in Theorem 2. Then w(t) > 0, and
in view of [19], we arrive

w (t)
B (p2®) ' r(o®)
< p(t)Q(t) + K(a + 1)a+1 pa (t)(o_r (t))a .
This by integrating from ¢, to t, leads to
0 < w(t)
< w(ty)

- f t [p(s)(z(s)

0
I SR CXO) M CIO)] I

K(a + 1)2t! e (s)(a'(s))a
Letting t — oo in the above inequality, we get a
contradiction with (18).
Now if z satisfies (C,), then by Lemma 2.2 [16], we
have lim,_,., x(t) = 0. This completes the proof.

Now we consider the continuous Kamenev-Philos

function H: D — [0, o0) which satisfies
0] H(t,t) =0 for t > t, and H(t,s) > 0 for

(t' S) € D01

ds =

(19)
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(i)

H has a nonpositive continuous partial
derivative Z—Z with respect to the second
variable satisfying

0
= [H(t:5)v:(5)]

+ 2H(t, s)v,(s)p(s) <1

aKo (s)&¢1 (0(5))1"(5))
r(a(s))
= h(t,s) H(t,s)v,(s).

for a locally integrable function h € L;,. (D, R), and
a function v, € C1(I, (0, )).

The following result improves a criterion of Erbe
etal. [9].
Theorem 5 Assume that the conditions (41)-(44)
hold, p(t) is an odd function such that 0 < p(t) <
1, and there exists H: D — [0, o) such that (i), (ii)
be satsfied. Further assume that for all sufficiently
large T, T > ¢,

, 1
lim,_,c, Sup D f; [H(t, S)v ()P (s) —
r(()®©)h2(L.5) ] — (1)

4aKo' (s)Ea—1 (a (s))
where

d(t) = exp (—2 ft (;b(s)ds),
and
Yo (t) = ,
2@ {e® - (rO©) +
ako' (O (a(®))(r (D))"
o)) } (23)
Then every solution x(t) of Eg. (1) is either
oscillatory for all & > 1or satisfies lim,_,., x(t) = 0.
Proof. Without loss of generality, suppose that
x(t) > 0forall t > tg.
Then we have (12). From Lemma 1, z satisfies one
of the two cases (C;) and (C,). By considering each
of the two cases separately, and going through as in
[9], we arrive (20).
Now define

(22)

u(t) = ¢()r(t) (o) +o@) | (24)
This with (20) leads to

uz(8) < =2, () + (2) {—Q(t) +
(rop) - L AL OO g

On the other hand, we obtain
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Z(o®) _
Z(a(t)) -
I S

r(a(t))l/}(x(o(t)))

(0@ (x(e@))(z (¢®))” [ 2(()) \*
z%(a (1)) (Z,(U(t))) =

(O (x(@®)(z' (t))a £ 1(o (1))
>
Q) o) K, fort = ty, (26)

This with (15) and (25), leads to
ust—wwwxo+ww¥0®+

(r®e®) —

’ a 2
ako' (0)E (o (0)r2 () P(x®)(z'®) }
(o (1)) z%(a (1)) ’
Multiplying both sides by H(t, s)v,(s) and
integrating from T to t, we have, forallt > T > ¢,
t
[ sy asds
T
< H(t, T)v,(T)uy(T)

B Jt \/aKH(t, s)va(s)o’ (s)Ex1(a(s))
T

(27)

r(a(s))d)(s) u2(s)

N l r(a(s))@(s)

2 |aKa' (s)E¢1(a(s))
lf‘f r(a(s))®(s)

r aKa' (s)§¢1(a(s))

2
h(t, s)] ds

2 h?(t,s)ds.

Hence
Jy |Hee spwato s (5) -

1 r(o(s))®(s)

3 ocl(cr'((s)g“")_1 (a(s)) hZ (t’ S)] ds <

H(t, T)v(T)u,(T) —

ft \/aKH (t,s)v, (s)a’(s)f"‘_l(a(s))
T (o (s))dJ(s)

2
1 r(a (s))dJ (s)
5\/051(0’ BREICO) h(t, S)] ds. (28)

Consequently, we have, fort > T
Jy [Hee pwato s (s) -

l r(a (s))CD(s) 2 ]

4aKo' ()é21(a(s)) h (t' S)_ ds <

H(t, T)v,(T)uz (T)I. (29)
Hence

uy(s) +

1 1
lim SUp 4t T)-fr H(t,5)v2 ()Y, (s)

3 1 r(a(s))q)(s)
4aKo' (s)¢*1(o(s))
< v (T uz (7).

h?(t, s)] ds

E-ISSN: 2224-2880

M. M. A. EI-Sheikh, R. A. Sallam, E. |. EI-Saedy

Which contradicts (21). Therefore Equation (1) is
oscillatory. Now if z satisfies (C,), then by [16],
lim,_,. x(t) = 0, and so the proof is completed.
Now we are going to consider the case 0 <
p(t) < pg < . We start by the following result
which depends and extends Theorem 4 of [14]
Theorem 6 Let 0 <a <1,and 0 <p(t) <pg <
00,7 € CY(I,R), 7 (t) = Tg, and Toag=o00T.
Assume further that the conditions (4;)-(4,4) hold. If
there exists a function p € C*(1, (0, «)) such that

I, [p(t)Q(t)R“ (t. 1) - % (ro+

—”g;g(iﬁ”))] dt = o, (30)

for all sufficiently large t; and for some t, = t; =
to, Where Q(t), and R(t{,t) are as defined in (10),
then (1) is oscillatory.

Proof. Let x(t) be an eventually positive non-
oscillatory solution of (1); Then there exists a
t1 =t such that x(¢t) >0, x(z(t)) >0, and
x(a(t)) > 0, for all ¢ > ¢;, and we get (12). Using

. o ds

the condition fto e =
exists a t, = t; such that z (t) > 0, for all t > ¢,,
the inequality (12) leads to

(rew(®)(E ®)7) < -q®x(a(®) <o0.

(31)
Thus by the assumption 7' (t) = 7, > 0, there exists
atz = t, suchthat, forall t > t3

%@@@w@@@»@ﬁwﬁs

—p§q(x(0))x (a(z(®)))- (32)
Combining (31) and (32), using the condition
Too =0ootand[4, Lemma 2], we conclude that

(rowE®)(Z ©)°)

+ % (r(r(t))lp (x(r(t))) (z’ (T(t)))a)

< —[9@x% (o) + p§a(z(®)x* (x(o (1)) )|
< —min{q (t), q(r(t))} [x“ (O‘(t))

—pgx® (T(O’(t))) + 2pg x* (T(U(t)))]

< —min{q(t), q(r(t))} [x“ (O‘(t))

—pgx® (T(O‘(t)))] <—=Q(®)z%(a(D)).
Although z here is different from that used by Li et
al. [14], however the remaining part of the proof can
go similar to their proof.
The following result depends and extends
Theorem 2 of [13] and so the proof is omitted.

= oo, we conclude that there
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Theorem 7 Assume that the conditions (A41)-(44)
hold, and f W( ; < oo, Suppose that p(t) is an

odd function with 0 < p(t) < oo. Suppose further
that there exists a function p;(t) € C1(I,R) such
that, for some > 1 , there exist continuous functions
H,h:D — R such that M, (i) be satisfied with

—H(t s) = —h(t, s)(H(t s))a+1 (33)
we have

_ 1t
lim,_,., sup e, fto [H(t, SHP1(s) —

00 pov i 5) s -
@+ K(o' ()" ()| ds = e, (34)
where
vi(t) =

1/a
exp[ (@a+1) [ o'(s )(K:((?é)sl)gs)) ds], (35)

and

a+1

AGERAGIIGEXAG) (w) ‘o

(r(a(t)))l/a+1

(r®p ®) | (36)

Then equation (1) is oscillatory for all « > 1.

3 Examples
Example 8: Consider the D.E.

-1 —
<1+x2(t) |z’ |“ 1z (t)) +tx*(t)=0,t=>1, (37)
where a > 0 is the ratio of two odd integers. Here
(t) =2r(®) =t%7(t) =t - L,P(x) =
1+ —.f (t x(a(t))) =tx%(t). It is clear that

=1,q@) =to@)=t, and ¢&(o(t)) = tint.
Choosing p(t) = 1, therefore

j [p(t)q(t) —M] dt = J tdt = oo.
K&« (a(t))

Then by Theorem 2, Eq. (37) is oscillatory.

Example 9: Consider the D. E.

<l+x2 7 (t)) +tx(t) =0,t > 1. (38)
Here a=10<2<1r(t) =tp(t) =3,7(t) =
t- L) = — (tx(o(®)) = tx(at).

Thus K =1,q(t) =t,0(t) = At,o (t) =1, and

o ds . 1
§(t) = tint, [;” 7z = o. Choosing  p(t) =+,
therefore
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(0 (®)’r(c(®)
4aKp(t)o (£)é*1(o(t))

| . [p(eq(t) -
f dt = oo,

Then by Theorem 3, Eq. (38) is oscillatory.

Remark 10 We may note that the results of [16] do
not work for the two equations (37) and (38). So our
criteria (11) and (17) are new.

Example 11: Consider the D. E.

<1+ o) |z’ (0)|z (t)) +t3x3(At) = 0,t > 1. (39)
Here a—20<A<1r(t)—t2,p(t)—

: ‘r(t) =t—1,9() =—, and f (¢, x(a(t)))
3x3(At). So K = 1 q(t) =t3,0(t) = /1t o (t) =

— +3
A Q(t) t (1 +-+ (mz) and fl
Letp(t) = t—g. Therefore

[ [ms)o(s)

Tl/a(s)

1 (p;(s))““r(a(s»] .
K(a + 1)*+1 pa (S)(U’(S))“
2 1
—Ins — —]

ZJOO[HZ (Ai)z]ds_[ 2 22

Then by Theorem 4, Eq. (39) is oscillatory.

Remark 12 One may note that the criterion of [19]

do not apply for Eqg. (39). So our criterion (18)

improves that given in [19].

Example 13: Consider the D. E.

<1+ 70 % (t)> + () =0t =1, (40)

where 9 > 0,7 > 0. Hence a =1,r(t) =+t,0 <
3 3 9

p(t) = SSPho= E.Q(t) =0 K= Lr(t)=t—

T,0(t) =t, T t)=1=1, and
Choosing p(t) =1. Note that

min{q(t),q(1())} = =, R(Lt) =
a(®) -1/a t —1/a -1 _
(7 rve(syds) (f v~/ (s)ds) =1, then

f [p(t)Q(t)R“(t*,t)

(p: (D)
" K@+ D (0) (r“)

+ —pg;ﬁ(lt)))] dt = Jt OO [%] dt

0o}

i
= |— = 00,
4 n t**

Then by Theorem 6, Eq. (40) is oscillatory.

[ee)

ToOoO =00°T.

o) =

a+1
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Remark 14 We claim that the results of [14] may
do not work for Eq. (40).
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