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Abstract: By means of the method of upper and lower solutions together with the Schauder fixed point theorem,
the conditions for the existence of at least one positive solution are established for some higher-order singular
infinite-point fractional differential equation with p-Laplacian. The nonlinear term may be singular with respect to

both the time and space variables.
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1 Introduction

We investigate the existence of positive solutions for
the following fractional differential equations con-
taning p-Laplacian operator (PFDE, for short) and
infinite-point boundary value conditions

Dy (op(Dg u(t))) + f(t,u(t)) =0,
0<t<l,
w(0) =u/(0) = -+ = u""2(0) =0,

Dg,u(0) =0, ul)(1) = fl aju(&;),
=

ey

where Df,, Dg . is the standard Riemann-Liouville
derivative, @,(s) = [s|P"%s,p > 1, f € C((0,1) x
J,J), J = (0,400), RT = [0,+00),h € L'[0,1] is
nonnegative. f(¢,u) may be singular at ¢ = 0, 1 and
u=0,1 € [l,n—2]is afixed integer,n — 1 < a <
n,n >3,0< B <1a >0,0<é <6<

<G <G << =12,...),A—

S ;6071 > 0,A = (a— D)(a—2) - (a— ).
j=1

In recent years, many excellent results of fraction-
al differential equations have been widely reported
for their numerous applications such as in electrody-
namics of complex medium, control, electromagnetic,
polymer rheology, and so on, see [1-3] for an exten-
sive collection of such results. In [4-6], by means of
fixed point theorem and theory of fixed point index to-
gether with eigenvalue with respect to the relevant lin-
ear operator, the existence and multiplicity of positive
solutions, pseudo-solutions are obtained for m-point
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boundary value problem of fractional differential e-
quations

Dgyu(t) +q() f(tu®) =0, 0<t <1 (A
subject to the following boundary conditions
u(0) = -+ = u"2(0) = 0,u(1) = Y asu(&)
i=1
(B1)

Similar results are extended to more general bound-
ary value problems in [7]. Motivated by [8], by in-
troducing height functions of the nonlinear term on
some bounded sets, we considered local existence and
multiplicity of positive solutions for BVP (A) with
infinite-point boundary value conditions in [9]. On
the other hand, there have been some papers dealing
with the fractional differential equations involving p-
Laplacian operator [10-16]. The purpose of this paper
is to study the existence of at least one solution for
PFDE (1) by means of the upper and lower solutions
and the Schauder fixed point theorem.

Compared to [5-7], this paper admits the follow-
ing three new features. Firstly, the facts p-Laplacian
operator is involved in differential operator and infi-
nite points is contained in boundary value problems
make the problem considered more general. Second-
ly, nonlinear term permits singularities with respect to
both the time and space variables.
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2 Preliminaries and several lemmas

Let E be the Banach space of continuous function-
su : [0,1] — R equipped with the norm |ju|| =
maxo<¢<1 |u(t)|. Here, we list some definitions and
useful lemmas from fractional calculus theory.

Definition 1 (/3]) The Riemann-Liouville fractional
integral of order a > 0 of a function y : (0,00) — R
is given by

890 = s | (= 52y (s)ds

(e%

provided the right-hand side is pointwise defined on
(0, 00).

Definition 2 (/3]) The Riemann-Liouville fractional
derivative of order o > 0 of a continuous function
y: (0,00) — R is given by

1 dyn [t y(s)
- (= A |
T(n—a) (dt) /0 (t — s)a—nti”
where n = [a] + 1, [a] denotes the integer part of the

number o, provided that the right-hand side is point-
wise defined on (0, 00).

D(O)‘er(t) =

Now, we consider the linear fractional differential
equation
D u(t) +y(t) =0,0<t <1,
u(0) = u/(0) = - - = u"(0) = 0,

. o< (2)
u(1) = '21 aju(&;).
‘7:

Lemma 3 (/9]) Given y € C|0,1], then the unique
solution of the problem
Dg u(t) +y(t) =0,0<t <1,
u(0) = u/(0) = --- = u™2(0) =0,

. 0 3)
u(l)(l) = Zl @ju(fj),
J:
can be expressed by
1
ut) = [ Glt.9)y(s)ds,
0
where
1 p(s) (1 — 5)° 1
1 —p(O)(t - 8)0[717
G(t,s) = 0<s<t <1, ()
p(0)T'(a) tailp(s)(l . S)aflfi’
0<t<s <,

_ g—s\*! i ;
where p(s) = A — aj< 1—5) (1 —s)". Obvi-
s<&j
ously, G(t, s) is continuous on [0, 1] x [0, 1].
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Lemma 4 [7] The function G(t, s) defined by (4) has
the following properties:

(1) p(O)T()G(t,5) > mys(l —s)*17ita=l v ¢,
s € [0,1];

(2) PO (@)G(t, ) < M + p(O)n] (1 - )21

to~l Vit s €[0,1]; |

(3) p(O)T ()G (t,s) < [My + p(0)n]s(1 — 5)* 177,

V t’ s € [07 1];

(4) G(t,s) >0, Vt,s € (0,1)

where M, = sup M’ml — inf M
0<s<1 0<s<1

are positive numbers.

Proof. The proof of (1) and (3) is almost as the same
as that in [7] and (4) is obvious. To get (2), check the
proof of Lemma 2.4 in [7]. For 0 < s <t < 1, we
get that

p(OT(a)G(t,s) = p(s)(1—s)* 17!
—p(0)(t — 5)*
= [p(s) = p(O))(1 — s)* 7772

+p(0)[(1 — s)* 17
—(t—s)*7]
Mys(1 — s)* gt
+p(0)(1 — 5)* et
==+ -9+
(1—;)24‘“""(1—;)" g
Mys(1 — s)* gt
+p(0)(1 — 5)* 1714225
< Mis(1—s)e et

+p(0)(1 — 5)¥ 1 2p
< [My + p(0)n](1 — s)>~ i1,

IN

IA

For 0 <t < s <1, we have that

p(s)(1 —s)* 17t

= [p(s) = p(0)](1 — &) 77t
+p(0)(1 — s) it

< [My+p(0)n](1 —

pO)T(a)G (2, 5)

S)a—l—ita—l.

Let ¢ > 1 satisfy ]lg + % = 1. Then, 4,0;1(5) =
©q(s). To study the PFDE (1), we first consider the
associated linear PFDE

DJ, (ep(Dgyut) +y(H) =0, 0 <t <1,
u(0) = ul(o) == u(n—2)(0) =0, (5)
Dgyu(0) = 0, u®(1) = 2 (&),

J:

fory € L'[0,1] and y > 0.
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Lemma 5 The unique solution for the associated lin-
ear PFDE (5) can be written by

1 yeg-1 1
(%) 1/0 G(t,s)
-cpgl(/os(s — T)B_ly(T)dT)dS.

Proof. Let w = D, u,v = @p(w). Then, the initial
value problem

B —
{ UD(%JSv:(t())+ y(t) =0, t € (0,1), ©

u(t) =

has the solution v(t) = cit#~1 — IPy(t), t € [0,1].
Noticing that v(0) = 0,0 < 8 < 1, we have that
¢1 = 0. As a consequence,

v(t) = —IPy(t), t € [0,1]. (7

Considering that Df, v = w,w = gp;l(v), we have
from (7) that

Dg,u(t) = ¢, ( Iﬁ< (), 0<t<1,
u(0) = u'(0 ) =u""2(0) =0,

u®(1) = Z nju(&;)-
j=1

®)

By Lemma 3, the solution of (8) can be expressed by

1 _ 1
<%>q 1/0 G(t,s)
-cppl(/os(s — T)ﬁily(T)dT)dS.

Definition 6 A continuous function V(t) is called a
lower solution of the PFDE (1) if it satisfies

—Djj, (¢p(Dg (¢ )) < f(t w< ),
U(0) > 0,9(0) > 0,- 2)(0) >

3, 0(0) 20, ¥O(1) = iZ <5j>.

u(t) =

0<t<1

Definition 7 A continuous function ®(t) is called a
upper solution of the PFDE (1) if it satisfies

_Dg-i-(SDP
®(0) <0,
D3, 0(0)

(DG®(1))) = f(t,2(1), 0 <t <1,
'(0) <0,-- <I>(”*2) (0) <0,
<0, ®0(1) < E a; (&5).
Let

F =

{u e C([0,1], R),u(0) = u'(0) = - - -

W)= asu(e)
j=1

= u(”_2)(0) =0,u0
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Lemma 8 Let v € F such that
[0,1]. Then u(t) > 0,t € [0,1].

Proof. Let —D{, u(t) = h(t). Noticing that u € F,
by Lemma 3, we know that

- / LGt $)h(s)ds
0

It follows from Lemma 4 and h(t) > 0 that u(t) >
0,t €[0,1].

—Dg,ut) > 0,t €

Lemma 9 (Leray-Schauder fixed point theorem) Let
T be a continuous and compact mapping of a Banach
space F into itself, such that the set

{r € E:x =0Tz, for some 0 <o <1} )

is bounded. Then T has a fixed point.

3 Main results

0l — mi  wF . Mitp(O)n
Denote e(t) = t*~ L. m = o M = p(lTle((a))'

We list below some assumptions used in this paper.

1 s
Mo 0 < [ ([ = 0 e
dr)ds < +o00.
(Hy) f € C((0,1) x J,R"), for any fixed
t € (0,1), f(t,u) is non-increasing in wu, for any
€ (0,1), there exist A > 0 such that for all (t,u) €
(0,1] x J,

f(t,cu) < e M f(tu). (10)
From (10), it is easy to see that if ¢ € [1, +00), then
f(t,cu) > ¢ f(tu). (11
Let
P={zxeCl0,1] : z(t) >0, te0,1]}.

Obviously, P is a normal cone in the Banach space F.
Now, define a subset D in E as follows

D = {u € P : there exist two positive
numbers [, < 1 < L,,
such that l,,e(t) < u(t)

< Lye(t), t € 0,1]}.

(12)

Obviously, D is nonempty since e(t) € P. Now define
an operator A as follows:

7>q_1 /01 G(t,s)
-wpl(/os(s — )Pt

f(r,u(r)dr)ds, t € [0,1],

(Au)(t) = (13)
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Theorem 10 Assume that (Hy) and (Hy)hold. Then
the PFDE (1) has at least one positive solution w* €
D, and there exist constants 0 < k < 1l and K > 1
such that ke(t) < w*(t) < Ke(t), t €[0,1].

Proof.
defined.

In fact, for any v € D, there exist two positive
numbers L, > 1 > [, such that

Firstly, we show that A : D — D is well

Lue(t) < u(t) < Lye(t), te]0,1]. (14)

We have from (Hp), (H;), Lemma 4, (10), (11), (14)

that
1 \g—1 [1
(F(ﬁ))s 1/0 G(t,s)
4,0];1(/ (S—T)B_lf(T,u(T))(h')dS
() e
- \(B)
Lo ([ s = st tue(mar)a
¢ (o
gﬁ) S
{% )go,:l( | s = etrar)a
< +o0,
and

1 \g-1 [1
(55 1/0 G(t,s)
o5 /0 ) f(ryu(r))dr ) ds

1 \a- —1—i
(Fiﬂ)) 1 LM D / (1—s)2 1"
o ([ 6= meman)ds o

By (Hp), it is clear that

/01 s(1 — s) 17

g0p1</05(8 — T)Bilf(T, e(7’))d7’>ds
< [Fo' ([t =17 fretrar)as

< 4o0.

Thus, we have proved that A : D — D is well de-
fined.
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By Lemma 5, we know that Au(t) satisfy the fol-
lowing equation

—Dy, (0

Now, we are in position to find a pair of upper and
lower solutions for PFDE (1). Let

w(t) = (F(lm)q_l/olc(t,s)

e ([ 5= re(rar) s,
t €[0,1].
By Lemma 4, we get that

w) = (i) m [t (-0
f(r, e(T))dT)ds -e(t), te€][0,1].

As a consequence, there exists a constant kg > 1 such
that

kouo(t) > e(t),Vt S [0, 1]. (16)

It following from (Hy), (H;) and (16) that A is de-
creasing on u, thus for k > kg, we have

1 ye-1 [P
<W) ' /0 Gt 5)

;1 ( Jo (s = Tl)ﬁ_lf(T, kuo(T))dT) ds
1 q—1
< (W) /O Gt )
e ( /0 (s — 7P (7, Kouo(r))dr ) ds

1 yg-1 f1
S(@) 1/0 G(t, s)

o (3 (s = 7P 1 f(re(r))ar )ds < +oo,

(F(lﬂ q 17/ SDp /5—7')6—1

f(r, e(T))dT) ds < 4o0.

tep = (iz)" 9 [ ([l -
f(, 6(7))d7’)d5 1 1. Take

max{ko, [(F(lﬂ)ylm/ol 901;1(/08

(s = 7)1 f(r, p)dr)ds| ﬁ}

and

Uuo (t) §

k=

Volume 17, 2018



WSEAS TRANSACTIONS on MATHEMATICS

Then, we have

+oo> Fs(lﬁ) ” 1/ G(t,s)
o' ([ s=n
f(’i' k* UO<T))dT>dS

> (k%) Ma=D) (F(lﬁ))“mtal

[t (f=r an

f(7,ug(r))dr)ds

> (k*>—A<q—1>(F(16))“mta—l

Lo ([ s = st ppar)as
>t veeo,1].

Let
B(t) = Krup(t), U(t) = (AD)(t). (18

Then, it follows from (16) and (17) that

o(t) = k:*(lﬂ(lﬁ))q_l /01 G(t,s) (19)
129 1( Os(s — )P f (i, 6(7'))d7)ds
> ol
U(t) = (F(lﬁ))q_l /01 G(t,s) (20)
o ([ 6= sk unlrar)as
> ¢t

In addition, by (15) and (18), we know that

(0) = d'(0)=--- = <1>(H>(0) =0,
D§,®(0) =0, & an (&),
U(0)=d'(0)=--- =0 2>(0) 0,
Dg, W (0) =0, ¥® Z n; ¥
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f(ryup(r dT)dS
=®(t), Vtelo,1].

Considering the fact that f is non-increasing in u, we
get from (1 8)—(21) that

0+ (p(DEL T (1))
Do+(s0p(Do+(A‘I>) )
0 (p(Dg (A2)(1)))
ft, @) + f(t, @)

v

( :

D&(wp(Dé’;‘P(t )) + f(t, (1))
t

= Do, (ep( D A1) + f(1,B(1) (o3
= —f(t, 1) + f(t,0(1))
< —fLeT) + feh) =0,

By (22) and (23), we know that &, U € P are desired
upper and lower solutions of the PFDE (1), respective-

ly.
Define a function F' as follows

fltu®), ¥() <u< @), 24
f(t,2(t)), (t) < u.
This together with (H;) shows that F': (0,1)x RT —
R™ is continuous.

In the following, we shall show that the fractional
boundary value problem

Dy (op(Dg,ult))) + F(t,ult)) = 0,

{ f (@), u<V(t),
F(t,u) =

0<t<l,
u(0) =/ (0) =--- =u™2(0)=0, (25
D u(0) =0, u®(1) = -21 aju(é;)
]:
has a positive solution.
Let
1 g1 1
Tu)(t) = / G(t,s) (26)
( r(@ 0

( (s —7)°
0

F(r, (T))df)ds, teo,1].
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Then T : E — FE and a fixed point of the operator T’
is a solution of the PFDE (25). By (20), (21), the def-
inition of F' and the fact that f(¢, ) is non-increasing
in u, we have that

ft,®(t) < F(t,u(t)) < f(t,¥(t)), Vz € E, (27)
and
Ft, ®(t) < F(t,u(t) < f(t,1°71), Vo € E. (28)

By Lemma 4 and (28), for v € E, we have

w0 = (z5)" |

(29)

which means that T is uniformly bounded. Consider-
ing the uniform continuity of G(t, s) on [0, 1] x [0, 1],
it can be easily seen that T' : & — FE is completely
continuous. In addition, we have from (29) that (9)
holds. Thus, Schauder fixed point theorem guarantees
that 7" has at least one fixed point w.

Now, we are in position to show that

() <wlt) < ®(t), telo1]. (30)

Since w is a fixed point of 7', we have by (25) that

w(0) = w'(0) =-- = w<”*2>(0) =0, (1)
Dgyw(0) =0, w( Z}% w(&)),
®(0) =d'(0)=---=d"D0)=0, (32)
D, ®(0) =0 (1) = @)
j=1
Let 2(t) = ¢p(DGy (1)) — p(Dgyw(t)). Then
D0+Z< ) = Dg+(<Pp(D0+ ()

D0+(<Pp(Do+w( )
—f(t, 1) + F(t, w(t))
0, te]l0,1],
D0+(<Pp(D0+ (0)))

—Dg, (gp(Dgw(0))) = 0,

A
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By (6) and (8), we know that
z(t) <0,
which means that

ep(Dg@(t)) — ¢p(Dgrw(t)) < 0.

We get from the fact that ¢, is monotone increasing

ep(Do1®(1) < (D w(t)),
ie.,
—op(Dgy (2 —w))(t) = 0.
It follows from Lemma 8, (32) and (33) that

B(t) — w(t) > 0.

Thus, we have proved that w(t) < ®(¢) on [0, 1].
Similarly, we can get that w(t) > W(¢) on [0,1].
As a consequence, (30) holds. So, F(t,w(t)) =
f(t,w(t)), t € [0,1]. Hence, w(t) is a positive so-
lution of the PFDE (1). Noticing that ®, ¥ € D,
by (30), we can easily know that there exist constants
0 <k <1land K > 1 such that

ke(t) < w*(t) < Ke(t), t € [0,1].

4 An example
Example Consider the following singular PFDE
1 7
D, (p3(Dgyu))(t) + 5
0<t<1, u(0)=
7
Dg, u(0) =0, (1

In this situation, f(t,u) = it 12u S0 = 1p=
bp o= 3et) = 5,0 = J05 = &
DR TII

tion, we have

2967 — IR
2.109 < A. By simple computa-

12
1,1 rs 1
= / (*/ (S—T)_%T_TIM'_%dT)zds
0, ‘2Jo

Therefore, (H;) holds. It is easy to see that (Hs) is
satisfied for A = é. By Theorem 10, PFDE (33) has
at least one positive solution w* such that there ex-
ist constants 0 < k£ < 1 and K > 1 with ke(t) <
w*(t) < Ke(t), te]0,1].
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