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Abstract: - In this paper we develop mathematical models for three an two dimensional stationary hyperbolic
heat equations with inner source power and we construct their analytical solutions. We solved three-
dimensional problem for two contacted rectangles with inner heat sources and full non-homogeneous boundary
conditions. The application for such mathematical model can be very different. Exact solutions is in the form of
the Fredholm integral equation on the continuous plane between both rectangles. We use Green function for the

both rectangles.
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1 Introduction
Real processes take place in natural or technical
systems with complicated structure. Very often such
systems consist of separate layers with different
thickness and different physical properties. It means
that on the surfaces between two adjacent layers we
have jump in coefficients of differential equations
mathematically describing correspondent physical
process. A great number of different engineering
branches are concerned with rapid heat energy
transitions. In the construction of various types of
efficient heat transfer equipment to the so-called
prime surface are supplemented with additional
surfaces, e.g., a rectangular fin. Such heat transfer
equipment is related to refrigerators, radiators,
engines and microelectronics, etc. The traditional
mathematical description of heat flow between a
source and a sink very often is bounded by the so-
called Murray-Gardner’s hypotheses [1] - [3].
Usually its mathematical modeling is realized by one
dimensional steady-state assumptions [3].
We investigate such type of systems with fins more
than 20 years. In our previous papers in the years 80-
ties and later we elaborate conservative averaging
method [4] — [11]. This method is applicable for
very different mathematical models of all types of
differential equations: parabolic [12] — [22], [24],
elliptic [22] and hyperbolic types [23], [27] — [36].
We investigate the parabolic type equations for
underground fluid movements in the multilayered
systems [12] —[15].
We have constructed two and three dimensional
analytical approximate [12] — [15] and exact [21]
solutions.
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In this paper we obtain exact analytical three and
two dimensional solutions by the original method of
Green function method for non-canonical domain.
Here we look for two connected rectangles. We can
use Green function method for two rectangles, use
conjugations conditions between both rectangles. It
is possible to use this method is possible use for
more canonical domains. For example we use this
method for system with two fins [17], [22]. We
develop our investigation of [38] in additional
solution of three dimensional problem.

2 Statement of the 3-D problem
It is widely known that Green function method
allows solving the boundary problem for the
non-homogeneous  equation and  non-
homogeneous boundary conditions. We ignore
the 1-D problem statement and use 3-D
statement with energy equality. Important is
that Green function method is applicable for
canonical domain. System with fin consists for

the wall: {x €[0,6],ye[0,b],z € [O,C]} and the
ﬁn:{XE[ﬁ,a],ye[O,bl],ze[O,C]}in the non-

dimensional arguments. This 3-D formulation
can be used in very different applications. The
main equation for the wall and boundary
conditions we assume in non-homogeneous
form:

OV, (X, Y,2) N V(X Y,2) N V(X% ,2) _
ox’ oy’ oz’
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Similarly as in the main equation for the fin and
boundary conditions we assume in non-
homogeneous form:
oV (X, Y,2) N oV (X, Y,2) . oV (X,Y,2)

ox’ oy’ oz’
=-Q(x,y,2),{xe[5,a],y€[0,b],z€[0,c]},
oV

&""?’1\/ =q1(y,z),x:a,

ye[o.].z<[o.c].
oV

oy =-0,(x,2),y=0.xe[s,a],  (2)

oV

—+7V =0,(x.2),y=h,xe[s,a],
oy

ov

=7V =4, (xy).2=0,
xe[d,a],ye[0,b],

oV

E—F}/SV =q5(xay)9Z:C9

xe[s.a].y<[0.b].
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In the statements for the wall and the fin we
have only 5 boundary conditions. But we have
two conjugations conditions between the wall
and the fin are in the form:

Voo =V

X=6-0

x=5+0 "
vV, Y, 3)
Oy—— =0, —— .
OX X=6-0 OX X=0+0

The main idea is to transform both conjugations
conditions as third type boundary conditions
(BC). The BC for the wall we formulate similar
with to the BC for x=0:

=F(y.2). 4)

oV,
(_0 + ﬂovo j
ox X=6—0

As we see BC (4) is not known, it has function
of the temperature of the wall and its first

derivative. We assume that function F(y,z) is

known and we get the solve solution for the
wall with the Green function.

3 Solution for the wall and fin
with method of the Green

function
We know the Green function for the rectangular
domain, but we don’t have boundary for the X=0':

oV,
ZY% .8V -F —
( 6X +ﬁ0 ij_§_0 (yoz)

a, oV
=—|—+p8V
ao(ax P j

Of course, the function F(y,z)is unknown.

)

(04
aﬁézﬂo ¢
a

X=0+0 1

But now we can write the exact solution of
problem (1) by Green function in the form:

VO(X’ y,Z) = q)O(X’ y,Z)+

b c

[dn[F(2.6)G, (x.y.2.6.n.5)ds. (6)
0 0

@, (X y,2)=

dn[Q,(£.7.6)G, (X ¥,2,.m.6 )dg +
0

o
i

oo (7,6) Gy (X, ¥,2,0,7,5 ) dg +

o
Py

0o (£.6)Gy (X, Y,2,£,0,7)dg +

Sl Q) O T O,
o
S

Sl O O O O T
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+jd§jq02(§’g)60(x’ Yazag,b,g)dg

+jd§jq03 (5,7])G0 (X, y,z,g,n,o)dn

S5 b

+[d&[a, (£7)G
0 0

The Green function has such form [37]:

Gy (X, ¥, 2,E,77,5) = Zzz%o(x)%o(@

SEST ol

o (X% y,2,&,m,c)dn.

B0 (V)P0 (1) X0 (Z)Zso (g)
||¢m0||2 ||g.50||2 (/Jrfo + 2’2 + Vz )

0 (X) = c05 (X )+§sm<ﬂno ).

n

2 _ ﬂo +Z2 [ ﬁo j
;ur?O 2 /unO

200
b0 (y) = c0s(Agy) +-Lsin (4, ). (9)
||¢n0|| 22 2 +ﬂ1 ﬂlz _(1 ﬂzl jﬂ
YR O ST
B,

+2sin(v,)2),
s0

ﬁ4 V50+ﬁ3 ﬂ3 +_[ +ﬂ_232J
SO 50+ﬂ4 2V 2 VSO

The elgenvalues Aimos Mno»Uso are positive roots

Zso (2)=cos(vy,z)

7l =

of the transcendental equations:

28, _tg(wa) B+p, _tg(4b)

2 . 2 - ) . - D)

H 180 H ﬂlﬂZ (10)
B+ B _t9(ve)

v? _133134 14

For the fin we need the combination

F, (Y, z) from the conjugation conditions (3):

oV

[ax 1 X=0+0 ’

ao(avo ] _a

- __7V Ve =V (11)
OX ¥ 50 ¥ 10{0

ye(O,b),Ze(O,C).

We transform the left side boundary condition
from equation (4):
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Fo(y,2)==2Y,(xY,2)

1

X=8
c

b
% [dn[F(n.0)T(6,y,2.6.1.6)), s,
0

1 0

,7)= M—ﬂ D, (%, y,2), (12)

Y (xy S22,
Ly (X, Y,2,6,m,6)=
oG, (X,Y,2,¢,m7,
|: 0( = é: n g)_ﬂGGO(X’y’Z’g,n,g)}
£=5

Now we can go to the fin. Exact solution of the
fin we can write in the following form:

V(X,y,2)=®(x,y,2)-
—fdan 7,6)G(x.y,2,8,17,¢ )d,
00

D(x,y,2)=
ngjdan(g,n,g)G(x,y,z,§,n,g)dg

(13)

b c
+[dn[a,(7.6)G(x.y.2,an.5) dg
0 0

+Id§Iq2(§:g)G(X’ ¥:2,6,0.6)dg

+[de[a,(£,6)5 (%Y, 2,6.,¢)dn
a b1
+[dg[a, (£:1)6 (% y,2,6.n,0)dn

a by
+[de[a,(£,m)G (%, y,2.&n,c)dn.
5 0
The Green function has such form [37]:

G(X,Y,2,E,77,¢) = Zzz%(”);zgﬁn(f)

G YAL: )2 2(6) ()
Tl Il (2 + 22 +v2)

= cos ( u, (X—5))+Asm( 1, (x=5)),

y
ol =2+

a—§[1+ 7 J,
Moo 2 Ho

(14)
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o, (y)—cos(i y)+;t—sm(ﬂ y),
2 _ ﬁs j’rﬁ"‘ﬁz ﬂ3 1+ ﬂz
22 A2+ B 2&2 AN

m

¢

2:(2)= cos(vsz)+ﬁsin(vsz),
VS

pvitBi B o B2
v vi+ Bl 2wl 2 v:

The eigenvalues A, u,,0, are positive roots of

%I -

S

the transcendental equations:

25, _t9[m(@-9)] ﬂ2+ﬂ3 _tg(2b)
,uz_ﬂl2 H ﬂzﬂS A ’
B+ B _t9(xc)
Zz_ﬂ4ﬂ5_ X .

We transform the equation (13) with respect
to F(y,2):

- 250
a, OX

a by C
ﬁj.d;[dﬂj‘Fo(é:aﬂ’g)r(é"y’z’g’n’g)L;:adg’
% o0
I'(XY.2,6,1,6)= (15)

0
[&G(X’ yazaganag)_l—ﬁGG(X’ y’z’g’n’g):l

+ B, (X, y,z)}

X=0

&=s

4 Exact integral solution for the wall
and the fin

In this section we describe the connection of the

wall and the fin. We designate:

) EG(X, y,Z,fJ],g)

T(%y.2,&m.6)= +B,G(x, Y~Zs§»’7~§)<':o(y»z):%Yo(x’ y’z)‘x:s_
1

b ¢
a, B o0(x,y,2)
w JfFOne)To(xy.2.8me )s_g0e FOxy.0)= —O{Twﬁb(w,ﬁ}

2 b] c
;O(J)dﬂ(fl Fo ()T (8, y,Z,e&n,g)\é:& de. F(&m.6)=

ﬁ[w%m(x,w)}
()

bc
5 L L (s (o6 5)

x=s %0

‘g:a‘ dey

b ¢
':0(’7141):%?[Yo(xvy~z)‘ng +%I’(f)d’fl(f)F(":1~’71*§1)r0(5' y’z’f”]l’gl)‘é::gdgl:l'

The formulas (11) and (15) give such representation

fOI' FO(yv Z): F(y9 Z) :
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a, OX

oy

X=0

a by c
A [defdn[Fy(n.6)T(8.y.2.6,m.6) ., ds.(17)
aO S5 0 0
Now we give representation for the F (77, g) :

F(r.0)- < U0 oy

by c

ﬁ_‘.dm_'. F, (771sg1)r(5’ y,Z,f,UI,§1)|§:5 ds;,

2 (xy.2))

0

b c
%JdmfF(m,g.)Fo(& y,z,f,m,gl)Ié_&dg}-
00 0
It can be written in short form:

d
F(n.5) =ﬁ{%+ﬂé®(& y,z)}

0
—IdmIF m.6)T(3, y,z,f,m,gl)lfz(y dg,,

00

X=0

F(7.6) =

X=0

F(m,gl)=

c

b
IdUZI F (7727g2)r0 (53 y5 Z5§’n27g2 )Lt:é,dgz-
0 0
(18)
First equation of (18) is Fredholm second type
integral equation:
oD (X, Y,z )
F
(n.6)= a, { OX

avtesa)

x=5
by c b c

ﬁjdnljdﬁ_[dnzj F (nzagz)x

Oy % 0 0 0

1—‘() (55 ya Zs§5n2’g2)|§=5 F(57 ya Za§a771,g1)|§=5 dgl

To solve this integral equation we can solve
integral equation (16) and equation (17). Than
is easy to solve stationary equations (6), (13).

S5 Statement of the 2-D problem
The main equation for the wall and boundary
conditions we assume in non-homogeneous
form:
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OV (%, Y) | OV, (%,Y)

aX ay _QO(X y)
{Xe[0,5],ye[0,b]},
N, L
g ﬂOVO X:O_ qOO(y)sye[O’b]a
i—ﬂV =—0y;(X),x€[0,5] (19)
oy 3Vo » 03 > >0 |5
%+ﬁ4vo yb:q04(x),XE[0,5].

Similarly as in the main equation for the fin,
and boundary conditions we assume in non-
homogeneous form:

OV (X, Y) N OV (X, Y)

P ayz == _Q(X’ y)a
{xe[s.a],ye[0,b]},
88_\;_,31\/_ -q,(y).x=0,ye[0,b],  (20)
DAY =g, (x).y=0.xc[s.]
%ﬂ%’N g;(x),y=b,xe[d,a].

We have two conjugations conditions between
the wall and the fin are in the form:

V0|x:6—0 :V|x:6+0 >
- @)
’ aX x=0-0 1 aX x=5+0.

The BC for the wall we formulate similar with
to the BC for :

vV,
[E + ﬂovo ] o
) (22)

o
:_(5_ ﬁe j oﬂ():ﬁo_o
X X=0+0 a
Solution of the fin we can write in the form:
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by
Vo ¥) = @ (%,y)+ [ F (1) G,y (%, y,8,7)dn,
0

b

(x,y) = [d&[Q(£.7) G, (x.y.£.m)dn

0

+Iq00 (77)60 (X, y,O,?])dn
+J.q03(§)Go(Xa y,é,O)d§+

+[ 00, (£)Gy (%, ¥,£,b)dé.

The Green function has such form, similar with
formula (8):

Go(X,Y,6,1) =

()10 (&) o (Yo (1)
ZZ Dno no mo m(;
n=1 m=l1 ||¢n0|| ||¢m0|| (:Uno 2’ )

By

3

Pro (X) = €08 ( £4,0X) +-=sin ( ,0X),

no

Z_ﬁo 1+:Bo]

Pro (y) = C()S(ﬂVmOY)‘F 5,

4 +ﬂ3 ﬂ?, il 1 183
”¢”°” 242 zz + 32 2/12 2[ A2 j

m 7m0

sin(A,0Y),

The eigenvalues a re positive roots of the
transcendental equations:
tg (1b)

26, _9[us] B+p
=g ou A=Bp 2
The Green function for the fin is:

S~ @, (X)), (8, ()8, (17)
G( yé:ﬂ): O, 2n 2m2 m2
22 P (2 +22)

b

Pn (X)=

cos (4, (X—5))+ﬁ

Hy

sin(,un (X—5)),
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ﬁ’__ ﬁ’l

4 (y):cos(lmy)+%s1n(ﬂmy),

ﬂs ﬂ’ +ﬂz 183 1+ ﬂz
||¢ ” - 2 92 Tt 2
QL2+ BE240 2 A
The eigenvalues a re positive roots of the
transcendental equations:

BB _W[w] B+ _19(2D)
o - BB H A - B.ps A
We transform the equation (13) with respect to

F(y):

F(y)= 0[%%@0&}

a, f

ol j R (&mT(8.y.&.n),_, dn.
L(x,y,6,n)=

[%G (Xa y:ﬁ:n)"’ﬂéG (X’ y’éj’n)}

Solution for the fin:
V(X,y)=®(xy)+

=5

by
LR, (1.6)G (x.y.6.7) dy.
& %

a b]

®(x.y)=[ds[Q(&.7)G(x.y.£m)dn +

J.q1(77)G(X, y,a,n)dIH_

0

+[ 0, ()G (% y,&,0)dé+

+J‘q3 (éj)G(X, yag’n)dg

X Y, Z>§ 7, ) é:
The combination for the fin:

_a, | 00(xY)
F(y)—% ™ +ﬂ6®(x,y)}

a, ¢
-——F
0‘02[ 0(77

+j a,($

X=8

b
)de[T(8,y.£.m),., dn.
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F(n)=—"
0

200, )

by
ﬂ.[ F (nl)r(§, y’g’nl)lﬁ:é‘ ar
2

X=8

Fo (771 ) = l:%Yo (Xa y)

0 X=0

b
SR )T, (5.7, dn]},
CXO 0

The connection for both combination:

O ]

by
ala()_ljFO (nl)r(5: yazaginl)| d771, (771)
0

X=8

o, ;
{a_OYO(X’y) . +!F(771)Fo (5, y,éga771)|§=5d771}-
F(n)=®(3.y)~—*[F(n)T(8.y.£.1)]_, 4.

F(n)=[F )T (8.9, 4 Fo(3) =

_ﬂj F(17)T, (5, y,f,n)L% dn}.

6 Conclusions

We solved three-dimensional and two-dimensional
problems for two contacted rectangles with inner
heat sources and full non-homogeneous boundary
conditions. The applications for such mathematical
models can be very different. Exact solution is in the
form of the Fredholm integral equation ont he
continuous plane between both rectangles.
generalize Green function method for connected
canonical rectangles. We generalize Green function
method for connected canonical rectangles.
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