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1 Introduction

A coupled system of viscoelastic wave equations in
any space dimension is given by

(19720 = () (Be = [ 1(¢ = 5) Dgu(s)ds)

= av,

([v'[720")" = ¢() (Dav = [ g2t = 5)Ap0(s)ds)

= Qu.

Here x € R™,a # 0,t > 0,q > 2,n > 2 and the
scalar functions ¢;(s),7 = 1,2 are assumed to satisfy
(Al).
Our problem (1) is supplemented with the next initial
data.

u(0,z) = up(x) € H(IR™),
u' (0,2) = uy(x) € LI(R™), (2)

v (0,2) = vo(x) € H(IR™),
v (0,2) = vi(x) € LI(IR™). 3)

We introduce the weighted spaces in Definition 1,
where (¢(x))~! = p(z) satisfies

p:R" = RY, p(z) e C¥7(R") )
with ¥ € (0,1) and p € L5(IR™) N L*°(IR™), where
2

§ = Tn—gn+3g’

There are many results about the existence by standard
Galerkin method, (see [9], [10], [15], [16], [19], [21]),
it is well known that, for any initial data ug,vy €
H(IR") and uy,v1 € LE(IR"), the problem (1)-(3)
has a unique weak solution

(u,v) € C([0,00), H(IR")) x C([0, 00), H(IR"),
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(', 0") € C([0,00), LE(IR™)) x C([0, 00), LF(IR™)),

under hypotheses (A1) — (A2). For completeness, if
uo,v9 € D(IR™) N H(IR™) and uy, v € H(IR™), we
state without proof, the regularity result as

(u,v) € C([0,00), D(R™) N H(IR™)) x

)

C([0,00), D(R") NH(IR™)),

(', v") € C([0,00), H(IR™)) x C(]0,00), H(IR™)).

This kind of problem with viscoelasticity was first
introduced in [8], where a many qualitative results are
obtained (see in this direction [1], [2], [6], [10], [11],
[12], [13], [16], [18], [20],[21], [22],[23] [24]).

2 Definitions of Function Spaces and
Assumption

We first, state without proof some useful results. Let
us make use of the following assumption

(A1) The functions g; : R™ — IR are of class C!
satisfying:

1-gi=1;>0, g(0)=go >0, &)
where g; = [;° gi(t)dt.
(A2) There exists a positive function H €
C*(IR") such that
Gt + H(gi(t) <0,6 =0, HO)=0 (6

and H is defined below.
A- With t{ > 0 such that fori = 1, 2:
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1) Vt > t1: We have

lim g;(s) =0,

S——+00

which gives that

Jim (—gi(s)

cannot be positive, so

lim (— gg(s)) = 0.

s—+400

Then g;(¢1) > 0 and
max{g1(s), g2(s), —g1(s), —g5(s)}

< min{r, H(r), Ho(r)},
where Ho(t) = H(D(t)) provided that D is a positive
C* function, with D(0) = 0, for which Hy is strictly

increasing and strictly convex C? function on (0, 7]
and

+o0o
| s Ho(=gi(s))ds < +oc.

2) Vt € [0, t1]: As g; are nonincreasing, ¢;(0) > 0 and
gi(t1) > 0 then g;(t) > 0 and

gi(0) > gi(t) > gi(t1) > 0.
Then

e<H(q(t)) < f

¢ < H(ga(t)) < f'

for some positive constants e, f,e’ and f’. Conse-
quently,

gi(t) < —H(g;(t)) < —kgi(t), k>0
gives
gi(t) + kgi(t) <0,k >0 (7)

B- Let H{ be the convex conjugate of H in the sense
of Young (see [3], pages 61-64), then

H;(s) = s(Hg) ™' (s) — Ho[(Hp) ™ (s)], s € (0, Hy(r))

and satisfies the following Young’s inequality

AB < H(A) + Ho(B), A€ (0,H)(r)),B e (0,7].

E-ISSN: 2224-2880
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Definition 1 ([10], [18]) The function spaces of our
problem and their norm is defined as follows:

H(R") = {u e L2/ (=2 (R") ; V,u € (L2(IR”))"} :
3)

1/2
with the norm |[u||yyrn) = (fan ]Vu|2d9:) .

D(R") = {u € L "D (R") : A,u € LA(R")}

)
We define the norm

1/2
oy = ([ 18ufdz) ™,

where D(IR™) can be embedded continuously in
L2n/(n=2) (IR™), i.e there exists k > O such that

[ull pon/n-2) < Kllullp. (10)

and the space Lf,(IR”) to be the closure of C3°(IR™)
functions with respect to the inner product

(F-Wizmey = [ pfhdz. )

For1 < p < oo, if f is a measurable function on IR™,
we define

1/p
g = ([ olsinaa) " a2

The space L%(]R") is a separable Hilbert space.

Lemma 2 ([7]) Let h, w € C'(IR) be any two func-
tions and 0 € [0, 1], then we have

t
/ht—s ds
0

4
T 2dt

1
~5 (t — s)|w(t) — w(s)|*ds

2;( oo

+%/h’(t — s)|w(t) — w(s)]zds — fh(t)|w(t)\2.
0

[
fre

and

(t—s)(w(t) —w(s))ds

sz/ﬂmaﬂlww)

t
( $)*|w(t) - (S)IQdS)
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The modified energy associate to (u,v) at time ¢ is
given as

_1)

(11 g gy + 101 g
+a/ puvdm—i—f(l—/ gl(s)ds>|]VzuH2
R» 2 0

1—/92

N U||2

1 1
+§(91 o Vmu) + 5(92 @) va) (13)
We easily deduce for ¢ > 0, that

B(t) = (1= clalllpll;,2)

(¢—1)
gy + 1
1 t 9

5 (1= | n(s)ds) IVl
1 t 9

45 (1= [ aals)ds) V.3
1 1

+5(91 o Vzu) + 5(92 o Vyv) (14)

for o small enough and by using Lemma 3.
The first derivative of the energy functional for all ¢t >
0 is given by

1 1
E'(t) < 5(gh o Vau)(t) + 5 (gh 0 Var)(t), (15)
Noting by
t 2
(gioVah)(t) = / gi(t—7) [ Vh(t) = Voh(r) |2 dr,
(16)

for ¢ (t) € H(IR™),t > 0,i =1,2.

3 Main results and Proofs

Lemma 3 [13] Let p satisfy (4), then for any u €
H(IR™)
lull Lzrny < llolls ey IVeull2grny (A7)

2n

with s = m,

Our main result reads as follows.

E-ISSN: 2224-2880
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Theorem 4 Let (ug,vo) € (H(IR™))?, (u1,v1) €
(Lg(]R”))Q. Then there exists a positive constants
a, b, c,d such that the energy of solution of problem
(1)-(3) satisfies,

E(t) < dH{'(bt +¢), forall t>0,
where (A1) — (A2) hold
1 1
Hi(t) = /t et (18)
To prove Theorem 4, let us define
L(t) = &E(t) + ¢ (t) + &2¢2(t) 19)

for &1,&9 > 1. Let

:/ p(z) [u\u 9720 4 |92 ’} du,
R™

(20)
and

Pa(t) ey

[ ol [ e = 9)wte) — uts)dsd

= [ ol | Cga(t — 5)(0(t) — v(s))dsd.

Lemma 5 Suppose that (Al) and (A2) hold. Then, the
functional 11 satisfies, along the solution of (1)-(3)

GO < 0 gy + 101
+ (coallplZne = 1) [ Voull3 + 1 V.0113]
1-—1
v g 0w + (g0 vu),

where | = min{ly,l2}.

Proof. From (20), integrating over IR", we have

v () = /]R pla)lu1d
e
+/1Rn plz)|v'|%dx + /W p(x)v
= Jun

—u/t g1(t — s)Agu(s, x)ds — ap(x)uv)dw
0

|u 972 ’) dz
/
v'|q_2v'> dx

o) | 4+ ulgu
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1 t 2
+— / (/ g2(t — 8)|Vgu(s) — va(t)\ds> dx
+/ 2)|V |7+ vAzv 40 Jr» \Jo

lz
< o||Veul3 +

(92 0 Vo) (1)
/ g2(t — 8)Azv(s, x)ds — a,o(:n)uv) dz
0 By (A1) and the fact that [} g(s)ds < [3° g(s)ds

_ / D)1 — VouVau 94(E) < 1%
t
—I—Vmu/ g1(t — 8)Vyu(s, z)ds — ozp(x)uv)dx +1Jv’ ||Lq Ry T (0 — 1)||Vaull3
0
[ (o1~ VaoTao Ho— W Volf—20 [ pla)uvds
t 1-— ll 1-— l
+V$v/0 g2(t — s)Vyu(s, x)ds — ap(x)uv) dx + 1 (910 Vou) + T(92 o Vav)
Using Holder’s, Young’s inequalities and Lemma 3 to
= [ (o = (Fow)? et

+qu/0t g1(t = s)(Vau(s) — qu(t))ds)dx /]Rn lp(@)uvldz

b [ (ol - (.0 = [ 160@) " 2u)pla) 20l do
e /Ot aalt — 3)(Vav(s) — Vzv(t))ds>d:c < (/me p(:r)\u|2da:>1/2 (/IR” p(x)‘UPdl‘)l/Q
4 (Vzu)z /tg1(s)dsdx < a/ p(x |U’ dr + — pp / ]v| dx

R” 0

1
< Ipl2.e [a/]Rn |qu]2dx—l—£/mn |vxv|2d4.

Then, we obtain for | = min{ly,l2},c, > 0

t
+ (va)2/ g2(s)dsdz — 2a p(x)uvdz
Rn 0 R7l

Thanks to Young’s inequality and Lemma 2 and for

0 = 1/2, we get for small enough positive constant & i) < ||Lq R") + [|v’ ”Lq R")
t — 1) (IVaull? + [ Vav] 2
qu/ g1(t — 8)(Vyu(s) — Vyu(t))dsdx + (CUOéHpHan ) UIVzullz + [[Vavll3
0
2 (1-1)
< ol|Vaullz + ((91 0 Vzu) + (g2 0 Vzv)) .

4o

1 ¢ 2 Lemma 6 Suppose that (Al) and (A2) hold. Then,
+@ / (/ g1(t — s)|Vgu(s) — qu(t)|d5> dx  the functional 1y satisfies, along the solution of (1)-
R 0

(3), for any o € (0,1)

1
o a|[pll7n n T % zVl|2
_ (1+ allplZ o ) [IVorll3 + [Vav]3]

gaHVmuH%ﬂL 1o 910 Veu)(t) Ph(t)

IN

and + o (1+allpl2./2) [(91 0 Vo) + (92 0 V)]

t
va/o g2(t — s)(Vgu(s) — Vyu(t))dsdz

eollplhs [(gh o Vo) + (g5 0 V)]

t
+ <0—/0 g(s)d5> [l ||%/q21m + v ||qL/q21R" )

< 0||Vzll3
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where

/Otg(S)ds < min {/Ot g1(s)ds, /Ot gg(s)ds} (22)

Proof. Exploiting Egs. (1) to get

=l

/0 Cou(t — $)(u(t) — u(s))dsdz

|q2/><

[ ol

[ 6100 = )08 = s stz — [ ) g
= o o) (1) /Ot ga(t — 5)(v(t) — v(s))dsda
= o I /Ot galt = 5)(v(t) — v(s))dsda

~ [ a1l g

= [ Vau [[onte = 5)(Tautt
[ ([ it = 919t s =

([ = 9)(uutt) -

- [ @ [ gt — 5)(u(t) — u(s))dsdz
R 0

Vau(s))dsdx
Vmu(s))ds) dx

~ [ 1) e

va [ gt [ aat - 9)w(t) — u(s)dsd
A
([t st @ds)

( /t g2t — 8)(Vau(t) — va(s))ds) dx

20(8))dsdx

/ p(x |v]q2’/g2t s) ))dsdx
~ [ a1ty
E-ISSN: 2224-2880 434
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va [ ptau [ onle = 5)(wlt) = ols)dsd

w0 = (1= [ an(s)ds) =

t
/ qu/ g1(t — 8)(Vyu(t) — Vyu(s))dsdx
R"» 0

+ - (/t g1(t — 8)(Vyu(t) — qu(s))ds>2 dx

/p IUI”'/glt 5)

[ 1) [y gy + o1 0 V) 1)
+ (1 —/0 92(8)d8> X
/ Vo /0 " oalt — $)(Vau(t) —
2

+ (/Ot g2(t — s)(Vyu(t) — va(s))ds> dz

R”

))dsdzx

Vzo(s))dsdx

= [ ol [ ghte = s)(wl) o)
— [ 251y gy + ez 0 V)
va [ pa)(v / (e = 9)ult) — uls)s

+U/92t s)

ds) dx

Thanks to Holder’s and Young’s inequalities and with
Lemma 3, we estimate

[ o@pe [ o= 9)wte) — u(s)dsda

< ([ i)«

(/]Rn P(x)‘/ot g1t —s)(u(t) — (S))d8’2)1/2
< oflvllZzmn)
| [0 = )(utt) oy -
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< 0101 2 oy | V013 + 19112020y (1 © V) (¢

and

o /Ot ot — ) (v(t) — v(s))ds

< 110l 2 gy 1V a3

+ollll7 /2 gy (92 © V) (£)-

and for the exponents 1 ,q

- [ o]

a2, /0 "ot — $)(u(t) — u(s))dsdz

(¢=1)/q
< ([ pllar)
IRn

([ o) [

< UHU HL‘I (IR™)

el [ =gl = 9)wtt) — u(s))ds

< o4 gy

E-ISSN: 2224-2880
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q
LI(IR™)

— Co ||P||%s(1Rn) (9/1 © va)Q/Q (t).
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+c(,H/ —g5(t — s)(v(t) — v(s))ds !

L (IR™)

< UHU HLq (R") CGHPHLs(Rn)(g2/ o vmv)q/z(t)-

Thanks to Young’s and Poincare’s inequalities and us-
ing Lemma 2 for § = 1/2, we obtain

(1) < o (L+allpl o)) (IV2ull3 + 1 V20113)
teo (14 allpll o ) (91 0 Vo) + (g2 0 V)

_CUHpH%S(IRn) ((9/1 ° vxu)q/Q + (9/2 o vmv)q/2>
! a/2

(o= [ onoas) 1015
! a/2

(7= [ 9a(6)ds) 101y

For £1,&2 > 1, we have

ALL(t) < E(t) < B2 L(t) (23)

which holds for two positive constants 3; and 5.

Lemma 7 For &1,& > 1, we have

L(t) ~ E(t). (24)

Proof. We have by (19)

[L(t) = &LE(t)]

< [th1 ()| + E2lva(t)]

< | oty
]];{n

s [ @l [ o= s) (a0 - u(s)ds

+§2/n

dzx

dx —|—/ Yolo'|77 %

dx

dz.

P12 [ ot = 5)(0(6) = o))

Using Holder’s and Young’s inequalities w1th —.q,
since ¢ > 2, we have

dzx

/1Rn ’p($)“|u/|q_2u’
< (/]Rn p(x)\u|qu> 1/q </]R" P($)|“/|qd1;> (¢-1)/q
- ; </]R" p($)|U|qu> " q;I </]R P(:L‘)!U'IQdSC)

<l % gy + €lloll ey | V3
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and

/}Rn ’P(w)v\v’\q*%/
(/]Rn P(z)\uyqu> 1/q </]Rn p(x)]v’qdm) (¢-1)/q
o) 552 () e

< g gy + el ey | 7015

L (o ) <
p(@)s [ gu(t - 5)(u(®) - u(s))ds ) |do
0
(/ . |qd$)(ql)/q><
(/anp ‘/ g1(t — s)(

Sq;l
q

dzx

IN

IN

and

g \ 4
s))ds‘ dx)

|| HL‘? R™)

+ /0 gt — )t

< Ty

- u(s))ds‘ !

Lj(IR™)

and

(pla) T w772 )
(@) [t = 9)0(0) — w(s))ds ) i
< ( /IR ) p(m)\v’\qdﬂc> M

o@)| [ oalt - $)(w(t) -
(el ]

< T Mg e

1H/0tgz(t—s)(v(t)

q—
<
< T e +

q 1/q
8))d5‘ dm)

q
Li(R™)

- U(s))ds‘

E-ISSN: 2224-2880 436

1
&Hpnqs(mn) (gl o vmu)q/2(t)

1
ol gy (92 V) /2(0).
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Then, since ¢ > 2, we have

IL(t) = &E()] < e(E(t) + EY(t))

< e(B(t) + E()EWD (1)
< e(B(t) + E()EW)71(0)

< cE(t).
Therefore, we can choose &1 so that

L(t) ~ E(t). (25)

Proof of Theorem 4 By (15), Lemma 5 and Lemma
6, we have

L'(t) = &LE'(t) 4+ 1 (t) + &u5(t)

@

< (3 = cobalpllfr) %

(g1 0 Vau)?2 + (g5 0 V,40) /2|

+Mjy [(92 o V:qu) + (92 o v:}cv)]

=My [l |8 + 10114

— M [[|Vaull3 + 11V 3]
where

4ge (1+allpl,2) + (1 =1)
0= ( Ao )7

My = (52 (/Ot g(s)ds — a) - 1) ,

My = (=60 (1+allplFz) + (= coallplF))

and ¢ was given in A.
We now choose o so small that §; > 2¢, Hp||%s(mn)§2.

Whence o is fixed, we can choose 1, &5 large enough
so that My, Ms > 0, which yield, for all ¢ > ¢;

+ (92 0 Vov)] — cE(2)

L) < Mol(gioVau)

Let us introduce a new functional F'(t) = L(t) +
cE(t). Then by (26), we get for some positive con-
stant cand ¢ > ¢

F'(t)=L'(t) + cE'(t) 27

Volume 16, 2017
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< —cE(t)
e / ) /t " ou(t — $)[Vau(t) — Vou(s)[2dsdz

t
te [ [ galt = 9)[Fa0(t) = To(s) Pdsd,
R Jtg

By (7) and (15), we have for all £ > ¢;

/ . /Otl g1t = 8)|Vau(t) — Vyu(s)|*dsde

* /IR" /otl 92(t = 8)|Vao(t) = Vyu(s)Pdsdz

<t (L[ ot = )19u) - auto)Pdsz

. / Gh(t — )| V() — Vao(s)Pdsde)

< —cE'(t).

At this point, we define

1(t) = [ Ho(—g(s))(g1 o Vo) (1)ds

t1

[ Ho(—gh()) (g2 0 Vo) ()ds.

t1

(28)

Since [, Ho(—g!(s))g(s)ds < +00,i = 1,2, from
(15) we have

/ g1(8)|Vou(t) — Vou(t — s)|*drds
]:Rn

+ [ Hol-gh(s)) »

/ 92(8)|Vov(t) — Vau(t — s)|*dxds
R»

< ttHo<—g’1<s>>gl<s> x

/ |Vou(t)]? + | Veou(t — s)2dxds
Rn

2 [ Ho(—gh(5)gals) x

/ Vo0(8)]? + [Vav(t — 5)[2dzds
Rn

E-ISSN: 2224-2880
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< cEO)[ [ Ho(=i(s))gn(s)ds

t1

+ [ Hol=gh(s))ga(s)ds].

t1

We have I(t) < 1 (see[16], Eq. (3.11)). We now
define the functional A(t) related to I(¢) as

(29)

t

A(t) Ho(~g/(s))g1(s) x

t1
/ 91(5)|Vau(t) — Vault — s)2dds
Rn
t

- Ho(—g5(5))g5(s) %

/ 92(8)|Vpv(t) — Veu(t — s)|*dxds.
]:Rn

(30)

By (A1)-(A2), we get

Ho(—gi(s))gi(s) < Ho(H (gi(s)))gi(s)

= D(gi(s))gi(s) < ko.
for some positive constant kg. Then, for all £ > ¢;

A(t)

t
< —ko / di(s) / Vau(t) — Vou(t — s)2dads
11 R

t
—ko/ gé(s)/ |Vou(t) — Veo(t — s)|2dds
t1 R™

t
< —ko/ gi(s)/ \Vou(t)]? + |Veu(t — s)2dxds
t1 R

<-cbO)| [ s+ [ gh(s)as]

t1

< cE(0)max {g1(t1),92(t1)}

< min{r, H(r), Ho(r)}.

By the definition of Hy, and for z € (0,7],6 € [0,1]
we have

Using (29), (31)leads to

@ [ 10 HH (gl ()] *

t1

A(t)

Volume 16, 2017
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to define the functional

Fi(t) = H] (@Eg) F(t) + cB(t), a<r0<c,

| 91@)Vau(t) = V(e - 5) Pdods where Fy () ~ E(f) and
t , E't). ., [ E(t
+ [, TOHH; ! (~g5(5)) Ho(—5(5))ga(5) Fi(t) = Efo)) Hy (foi) F(t)
/]R“ 92(8)|Vzu(t) — Vau(t — 5)|2dmds} +H), (CLE((S))> F'(t) + cE'(t)
> of [ B0 ChE GG < B0 (o5 )
/]R" 91(8)|Vpu(t) — Vou(t — s)|*dzds +cHj, (ag((é))) Hy Y1) + cE'(b).
[ () Hy (= gh()| Ho(— g5 (5)) g4 () Let H; be given in A with A = H{ (aggy ), B =

Hy H(A(t)), we get

/an 92(8)|Vv(t) — Vot — s)|2dxds} E(t)

Fi(t) < —cE(t)H] (a> +cH? (Hé (a

t 0)
> Ho(I7H0) | T0HG (=g D=1 (DG (S) oy 4 emrr)

t1

91(8)|Vau(t) — Vyu(t — s)\zdxds , ( E(t) Et) .., ([ E(t)
/]Rn < —cE(t)H, (aE(O)) + caE(O)HO (aE(O))
+I7N(E) [ I(t) Hy (= ga(s)) Ho(—g5(5))95(5) _CE'(t) + cE'(1).

t1
Choosing a, ¢, ¢, such that for all ¢t > ¢; we have

E@) ., [ E)
ey <aE<0>>

/ 92(8)| Vv (t) — Vau(t — s)]deds)
R»
Fi(t)

IN

t

> Ho( / 91(8)|Vau(t) — Vou(t — s)2dzds
tl ]RTL

t

+ / / 92(8)|Vs0(t) = Voot — 5)Pduds)
t JIR® where Hy(t) = tH{(cot). Using the strict convexity

of Hy on (0, 7], we find that HY,, Hy are strict positives

hich impli
which implies on (0, 1], and then

t $)|Veu(t) — Vyu(t — s 2dzds _ k1 F(t)
J, Jpo @I = Vautt =) RO =B00O g, e o
4 /t / 2(8)|Va(t) — Vu(t - 5)drds and

R'(t) < —TkoH2(R(t)), ko € (0,+00),t > t;.

< Hy (A1) . .
Integrating and a choosing 7 such that,

Then R(t) < H{ (bt +¢), b€ (0,400),t > t1,
—1
F'(t) < —cE(t)+cHy (A(t), forall >t where H,(t) = [ Hy !(s)ds. From (32), for az > 0,
. ) ) we have
Now, we will be following the steps in ([16]) and us-
ing the fact that E'(¢) < 0,0 < H},0 < HY on (0,7] E(t) < dH{ (bt + c).
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E(t)
E(0)
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Since H; is a strictly decreasing (0, 1] and by the
properties of Hs, we have

%gr(l) Hi(t) = +o0.

Therefore

E(t) <dH'(bt+c¢), Vt>D0.
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