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Abstract: A class of equations

up — diva(u, Vu) = f(z,t), (z,t) € Sp = RN x (0,7),

is considered. These equations arise in the study of turbulent filtration of gas or liquid through porous media.
If the initial value is a o-finite measure, the existence and and no existence of the solutions of the equation are

researched.
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1 Introduction

Let S7 = RY x (0,T). Consider an equation of the
type

up — diva(u, Vu) = f(z,t), (z,t) € S,

where Vu = (g, ,Uzy), @ = (al,--+ ,a
f = f(x,t) is a bounded function on St, the func-

=

tions a'(u, ¢) are continuous on R x R and for any
u € R, ¢ € RY, @ satisfies

(1)

)

’

a(u, €) - ¢ = wolu|"TVEVIC — @ (u),  (2)

@, O < gl VEDICP 4 Do (u),  (3)

with the constants p € (1,2), m > 1, 1p > 0,
w1 > 0 and ®;(u) > 0. Equation (1) with the con-
ditions (2)-(3) are the particular cases of the so-called
doubly nonlinear parabolic equations (DNPE), which
arise particularly in the study of turbulent filtration of
gas or liquid through porous media. A typical exam-
ple is the polytropic filtration equation

ug = div(] Va™ P72 Vu™), (4)
which includes when m = 1, the well-known p-
diffusion equation, when p = 2, the well-known
porous medium equation. Whether m = 1 or
p = 2, if the initial value u(z,0) is suitably regu-
lar, the existence of the weak solutions had been pro-
foundly probed in Wu-Zhao [1], Gmira [2], Yuan-
Zhao [3], Zhao [4, 10, 15], Zhao-Yuan [5], Li-
Xia [11], DiBenedetto [12], Ivanov [13, 30-35],

E-ISSN: 2224-2880

384

DiBenedetto-Herrero [16], Zhao-Xu [19], Yuan [22],
Berins [23], Filo [24], Ishige [25], Aronson-Caffarelli
[26], Aronson-Peletier [27], Dahlberg-Kenig [28],
Vazquez [30-31], Zhan [6, 22, 36-38] and references
therein. Recently, the author [36] had prove the exis-
tence of the solution to (4) with

r eRY, (5)
where the initial value p is a nonnegative o-finite mea-
sure.

In particular, Ivanov [35] had proved that there
is an unique strong solution of the initial boundary
value problem of equation (1), and the strong solu-
tion is Holder continuous, provided that the following
conditions are true. . .

(0) The functions a‘(u, ¢),u"“a(u, ¢), are con-

(m=1)(p—1)

tinuous on R, x R, where o = —

(1)(Growth conditions) For any u € R, 5 e RV,

u(xv 0) = K,

i(u,C) - € > volu| ™ D=l

—pao(Ju ™I 4 1), (6)
@l(u, Q) < purul " DE=D P
(m=1)(p=1)
Hp(u)lul (7)

where p(u) > 1 is nondecreasing, vy > 0,19 > 0,
@1 > 0 are constants.

(2)(Monotonicity condition) There exists v; > 0
and a continuous vector function l;(u) € RY such that
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for any v € R,a,fg e RN,
[@(u, 1) — (v, &)] - (&1 — C2)

N o ooq_2

> v u| VNG — GP[IG - BP + |G — BlP) .

(8)

(3)(Local Lipschitz condition) For any u,v €
[e,M],e >0,M > ¢, and any { € RY,

@(u, ) = (v, Q)] < Alu—of(IP" + 1),

where A = A(e, M) > 0is constant.

Certainly, we must point out that many papers by
Dibenedetto, Gianazza, Vespri etc. had studied the
Harnack inequality and the regularity of the equation
with the type of (1), for examples, one can refer to
their reviewing article [39]. Very recently, Fornaro S.,
Sosio M. and Vespri V. had published a paper to get
the L . — Lj;. eatimates of the solutions to the equa-
tion with the type of (1).

In the paper, by the above conditions (0)-(3), we
shall research the existence of Cauchy problem of
equation (1) with the measure initial value (5) when
1<m< ﬁ. For simplicity, we assume that when
u > 1,

9)

p—1

plu) =u v,
while w < 1, pu(u) = 1.
We define that

(10)

Definition 1 A measurable nonnegative func-

tion u is said to be a weak solution of Cauchy

problem of equation (1) with the initial value (5), if u
satisfies

we C(0,T; L, (RY)) (11)

u™ € L(0,T; Wy (RY)) (12)

vu™ e LY (St), (13)

)

and for any t € (0,T), denoting Sy = RY x (0,1),

/RN u(z, t)p(x, t)dz
i //st (—ugr + a(u, Vu)V)dadt

:/RN <p(a:,0)du+//5tf(x,t)sodﬂcdt (14)

where p € C*(S;) and p = 0 if |z| is large enough.
Let us introduce a basic iteration lemma. One can
refer to [8, page 161, Lemma 3.1; or 1, page 141,
Lemma 1.6] for its proof.
Lemma 2 Let f(t) be a nonnegative bounded func-
tion defined in [ro,r1]. If forrg <t < s <y,
g(t) <0g(s) + (A(s —t)"“+B),  (15)
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where A, B, a, 0 are nonnegative constants, 0 < 6 <
1. Then forrg < p<r <ry,

g(p) < c(A(r —p)~* + B),

where c is a constant depending on o, 0.
By this lemma, using the standard Moser’s it-
eration method, we will prove the following theorems.

(16)

Theorem 3 Suppose f(x,t) <0, and

(m+1)N

2>p> ,
P mN +1

1
l<m<——,N>2.
p—1

(17)
Assume that (10), and the conditions (0),(1), (3) are
true. Then there is a weak solution u for equation (1)
with (5), which satisfies

sup / u(z, 7)dx < c/ \du| + cRM1 | (18)
0<7<t./Bp Baog
where
N 1 1
M = ——  [tp—(m+)(p-1) ti-m(-1)
=1z m(p—1) [ +

P 1
+tp—mp—1) 4 ¢p—(m+1)(p—1) ]

>3

sup |u(z,t)| < ¢(N,p, Ro)[t*% (/ uoda;>
Bur

rEBR
Mo
+R"2, R > Ry, (19)
where
Np
k[l —m(p—1)]

N 1
1% [tpf('nH»l)(p—l)

M, =

1 P
_i_tlfm(pfl) + tP*’m(Pfl):l’
k=p—N[l—m(p—1)], Ry > 1isa constant.

Theorem 4 Suppose f(x,t) <0,

(m+1)N 1
1 < -—2 1 _— 20
SPETONT L <m<p—1’ (20)
and
1< '{l—i—2 1 ( 1)} (21)
— < min - - —m(p —
m m P P ’

then there is not solution of Cauchy problem of equa-
tion (1) with the following initial value

u(z,0) = d(x), (22)

where ¢ is classical Dirac function.

We use some ideas of [15] and [32] in our paper.
By the way, if we only consider equation (4), condi-
tion (21) is unnecessary.
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2 Proof of Theorem 3

In order to prove the theorem, we quote a lemma.

Lemma 4! Ler Q1 = 0,1,2,---,) be the
sequences of the bounded open domains in Sr,
Qi+1 C Qq. Iffor¥q > 1, v € LY(Qo), and there are
constants oy > 0, X\, Cy > 0, K > 1 such that

// \v[o‘°+)‘KHldxdt
Qi1
. K
< <C'0C'{// |v\a°+)‘K'dxdt> ,
@

ess sup |v|

oo

K N o
< C’OKlCl//Q |v]| 20 TAKY dadt :
lo

where C; = CI', K| = > 1K), and

lo > 0 is any nonnegative integer.

then

The proof of Theorem 3 Let u be the solution
of the regularized equation of (1)

—div(d(u, Vu)) — elu = f(z,1), (23)
with nonnegative initial value
u(x,0) = ug € CO(RM). (24)

Then, @;(u, Vu) = d(u, Vu) + eVu satisfies the as-
sumptions of (0)-(3), from [35], we know that the
problem (23)-(24) has a unique strong solution u.. Let
e — 0. By a similar discussion as [5], we are able to
show that u. — wu is the solution of equation (1) with
initial value (24), u is Holder continuous and satisfies

‘4NMLQ¢@JMx
+//St(—ug0t + d(u, Vu)Vp)dxdt

= / o(z, 0)ug(z)dx + / f(x, t)pdxdt, (25)
RN St
Moreover, similar as in [32], it is easily to know that
u™ € L0, T; L*(RN)) n LP(0, T; WHP(RY)).
Now, let up, € C§°(RY) be nonnegative such that

lim uongpdm:/ pd .
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Assume that u,, is the solution of equation (1) with
initial value wug,, by the following lemma 6-lemma
10, {uy, } is uniformly bounded on every compact set
K C Sp. Hence by [13] or [34-35], {u,} is equicon-
tinuous on every compact set K € Sp. Then there
exists a subsequence such that u,, — wasn — oo
in C(K), Vu’ — Vu™in L} (0,T; LP(RY)), and
by a standard limiting process ( referring to [1],[5],
[6],[13], [34]), the properties (18), (19) of u are true,
then Theorem 3 is proved..

In what follows, we will give lemma 6-lemma 10
and the proofs to complete the proof of Theorem 3.
First of all, due to that u,, is Holder continuous, D =
{(z,t) € (0,t) X Bag : uy, > 1} and Dy = {(x,1t) €
(0,t) x Bag : 0 < uy, < 1} are well defined, then we
have the additive property of the integral domains, for
example, we have

t
// Pyl (=D 4 1) dgdr
0 JBagr

= [[ ety e
D1J Do

However, if 0 < u, < 1, the following estimates
is true clearly, so we only need to deal with the
domain D; instead of the whole domain (0, t) x Bap.
Without loss generality, in the proof of what follows,
we may assume that u,, > 1 in the whole domain
(0,t) x Bap instead of Ds. For simplism, we denote
u, as u if it is clear from the context.

Lemma 6 Suppose that (6) and (7) are true.
For any given Ry > 0, if R > Ry, then the nonnega-
tive solution of equation (1) with the initial value (24)
satisfies

sup |u(z,1)]

r€BR

(N D, RO

o ([ )

Proof As usual, let Br(zg) = {z : |z — zo| < R},
and if zg = 0, simply denoted as Bg. Let £ be the cut
function of Bag x (0,7") and o > 0 be a constant to
be chosen later. Choosing the testing function in (25)
as &Py, then one can obtain

t
// a(u, Vu)Vdzdr
0 JBagr
t
:// a(u, Vu)Msdxdr
0 JBagr
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t
=p / / a@(u, Vu)eP u® "Védadr
0 JBagr

¢
+ma// a(u, Vu)ePu™ ' Vudzdr.
0 JBagr

where M3 = (p&P~1u®mVE¢ + matPu®m = 1Vu).
According to the assumptions (6) and (7),

t
ma// a(u, Vu)ePu® 'Vudzdr
0 JBagr
t
Zmowo/ / Py m=D=) |7y Pdgdr
0 JBagr
t
—maug/ Py (W=D 4 1) dadr
0 JBagr

¢
> mauo/ Py 1+ =D =) |7y P drdr
0 JBagr

t
—2mau0// Py dxdr.
0 JBagr

t
p// a(u, Vu)eP 'V ededr
0 JBagr

t
gp,ul/ My|VE||VulP~ dedr
0 JBagr

t
+p / Pyt tom e\ dadr
0 JBagr

_ b1
=

t
/ / ™ Ve[V P ddr

t
+p// §p_1u1+am|V§|d:EdT
0 JBagr

t
< P / / =Ly o™ Ve | |V P dwdr
mpP 0 Baog

t
+p / / u" V| dadr.
0 JBagr

where M = &P~ 1yomt(m=1(p-1),

t
/ / EPu™ f(z, t)dxdr < 0.
0 JBagr

By the above calculations and (25), we get

1
am+1

t
/ / Py |y P dadr
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t
< pulml_p/ / P~ Ly |y P | VE | dadr
0 JBagr

t
+ p / épflé-tuma‘l*ldde
am+1 Jg Bon

t
+c// udrdr.
0 JBagr

Since
‘V(gum(‘%l“))’p

(L*l

'M5 + o™ Dy

P
= opP

2

-1

< 27 MyP 4 [T v,

where M5 = [V(fum(%l“)) - um(%l“)vg].
then

t
// POV | P dadr
0 JBagr

t a—1 p

:/ / fp‘(um) P Vum‘ dxdr

0 JBagr

P t
a—1+pJy JBys

t _
> pzlp[/ / V(™7 T Pdadr
a—1+p 0 JBog

t _
/ / |um(Tl+l)V§\p]dxd7'.
0 JBagr

By Young inequality,

(27)
£p—1umo¢ ’vum’p—l
< ePu™Om D) |V P + ¢(e)um™ O latP)
t

/ e~ tyme |\ wumP Ve |dadT

0 JBagr

t
< 5/ Py O |V P dadt
0 JBag

t
+c(e) / / WO | Ve Pdadt.  (28)
0 JBagr

By (26)-(28), since

t
z—:/ / Py |y P dadt
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can be compensated by

t
a/ POV |V P dadr,
0 JBagr

and noticing that 0 < £ < 1, m(p—1) < 1,

(am+1)p

& > gnia=e,

we have

(om+1)p
m(a—1+p) dx

sup

/ (é-um(aTTl—i-l))
0<t<T J Baor

o) e
<c / / \VEPu™ O 14P) gyt
0 JBsgr
T
+c/ / & u™ L dadt
0 JBagr
T
+c / / |VE[um  dadt
0 JBagr

/ / mOH_ld:Bdt
Bagr

Letv = &u™ 5t . By Sobolev inequality (re-
ferring to [7], page 62) we have

T
/ / vidxdt
0 JBasgr

(am+1)p Mg
/ v (a_1+p)dx>
Bar

(140017 1ot

(29)

<c < sup
o<t<T

T or
/ (/ VP dz) v dt, (30)
0 Baor
where ( . )
m(a—1+p
M= ——"-—2(1-96
6 (am+1)p ( )
ma—1+p) 1. p 1 mla—1+p) _
j= (a2t Lkt mlastap)
am +1 N p am + 1
Thus, if we choose
r:p(1+1 (am +1)p )577“:1,

Nm(a—1+p)" p
noticing that for any a > 0,0 > 0,

aNb < (a+ btV
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is always true, then from (29), (30)

T
/ £ m(a— 1+p)+(am+l>pd$d
0 Bogr
(am+1)p
< ¢( sup gmla—Ttm @ H g) &
0<t<T JBag
m(a 14+p)
P dxdt
Bar
(am+1)p 11
< ¢[ sup Emla=1+p) YTy
0<t<T JBar
m(a 1+P) P
/ / ) dxdt]1+zv
Bar

| / / IVEP ™= 1HP) gt
0 JBagr
T
+/ / |£t’uam+1d$dﬂ1+f
0 JBar

T
—i—c/ / (1 + |VEDu™ N dadr. (31)
0 JBag
Now for s € [3,1), let B, = 2R(s + %)
T T 1—s
1—225_5(8 T)’QRZ :BRZ X(ﬂaT)v
I =0, 1, 2,---. Suppose that & is the cut func-

tions on () g, which satisfy

G=1,inQp,,; & =0,inS7\Qg,
I+1 2[+1
< < < — .
|v§l’ = (1 _ S)R’ 0 = ’5lt| = (1 — S)T

Denote vy =1 + % and choose « such that

moa+1= 1))+’YZ7

Zﬂ—m@—

which implies

N

lom+ p _ ;(1—m(p—1))+7l“-

—1
m(a—1+p)+ N

Applying (31) to @ g,, one obtains,

J(/‘ wy 4= gy
Qr,

<[d((1-s)R)7P (/ 0 Mrdzdt
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41— sy ! / Midzdt]"
QR,

+c// (1 + |VE ) u™ T dadt
Qr,

<21 -s) IR / Mdxdt. (32)
QRl

where M7 = u» P (l=m@=1)+y
Hence, from (32), by the standard Moser’s itera-
tion, using Lemma 5, we have

_N+p _ N+p %
sup u < [c(l —s) 2 T p / Mgd.’Edt:|
Qs2r Q2r

1
k N4+
< (supu)' " (c ((1 —s)T)" b // udmdt) k
Q2r Q2r
D
k

..;;

1
e upu+ c((1—9)T - (// uda:dt)
Q2r

where Mg = u'» > =D+
Hence by lemma 2, we obtaln the conclusion.

Lemma 7 Suppose 1 < p < 2, m(p—1) < 1,
f(x,t) < 0, R > 1l,then the solution u of Cauchy
problem of equation (1) with the initial value (24)
satisfies

Sup/ u(x, 7)dz
o<r<t BR

N
< c/ u(z,0)dx + cRT=me=1 M. (33)
Baog

1 1 P
where Mg = [tp—(m+1)(p—1) 4+ ¢tT-m-1) —|—tp—m(p—1)],

Proof Let £ be the cut function on Bsp, and &

satisfy that £ = 1 on Bgag, |VE| < (1 — s)7R7L,
s € [4,1). For any ¢ > 0, we have

/ u(zx, t)dr < / uodx
Bgsor Bar

C t 1
+— / / Vum [Pt P Ldzdr
TR Jo Jo, V"

c t (m-1)(p—1)
e / / wo v & dadr
(1-s5)R Jy Bogr

t

4 / f(x, t)ePdadr, (34)
0 JBagr

where the constant ¢ depends on p1, m
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We choose testing function

ap
P— 1)

p = erirTym (1

in (25), where «, 3 are constants to be chosen later,
then

t
Bp 1—-op
// £pTP—1um( P—l)qul'dT
0 JBagr

t o
Bp. m(1--2E)+1
=M1o/ / Pro—tu, P dadr
0 JBsgr

B a
= M10/ gpt”%um(l_ﬁ)ﬂdm
Bagr

/ /BQR grr i1y m

22) 4+ 1)1, According to the

—Mw

2P Y1
" dadr,

where Mo = [m(1 — ¥
assumptions (6) and (7),

t
/ pr%um(lf )le( a(u, Vu)dxdr
0 JBagr

t Bp_ m(1—22),
_ _/ / 7V (P T) . G, Va)dedr
Bar

:w//'ﬂﬁlm
Baogr

B _apm
+M11// Tﬁﬁpu P111Vum-&'(u,Vu)dxd7‘
0 JBagr

Vf a(u, Vu)dzdr

= -1 +1
where M7, = (2£ —1).

t
Il S p/ Mlg‘VﬂMlgdCEdT
0 JBag

— AP / t / My |VE[|Vu™ P dudr
mP 0 JBagr

t
er/ / ety
0 JBagr

t
< / Mua(e|Vu™ P + c(e)u™| V<) dadr
Bar

~ DT Ve dadr

+M;is / /
Bar

where

_ap \, (m=1)(p—1)
1) T P dxdr.

(&3

1 Bp 1 op
My =¢P L5757

)
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Mz = (uum " DED |9y [P~! 4 ),

amp

Bp
M4 ngp Ty »- v My =

_pr
(1—-3s)R’

while I is equal to

t
Bp_ _apm .
M16/ / Tr=1&Py =T VU™ - @(u, Vu)dxdr
0 JBagr
t By
> Migro Tr=1EP My7|VulPdxdr
apm
—Mmlio rrTePy o T
Bar
o Bp_ _apm m
> —— Tr=1&Py =1 |Vu™|Pdxdr
mP 0 JBag

t B apm
a__ 1) / / R L P
b — 1 0 Bogr

Mlgdach

—2mypuo(

where Mg = m(% -1,
My = g S25+m=1Hm=1(p-1)

M18 = (um(pfl)ﬂ + 1).

By the above inequalities, we have

t
140) ap
— -1 / Mig|Vu™|Pdzdr
G —el [ [ dowun)

t
Br 4 1—2P Y41
+c// grro1 Ly D gy
0 JBar

Bp_ 1— 9P V11
=c §ptp—1um( gy
Bar

c(e) /t Bp _amp
4 A ngp,1 u L u™Pdxdr
[(1—s)RJP Bag

l—sR//BzR

+2mﬂo

w0 gy

apm
// Tp 1u =1 TP dr
Bar

t
_Brp_ _ap_
[ [ e
0 JBagr

Be_ _apm

where Mg = 7p-1&Pu »-1.
The later choice of o can guarantee that we can

choose small € > 0 such that

)f(x, t)dzxdr. (35)

Vo ap
1) =
T D> (36)
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then, noticing that 0 > f(z,t) € L>(St), R > 1, we
have

t apm
/ EPu »- e 1|Vu |Pdxdr
0 JBagr

Bp_ _ap
< C[/ tp—pl um( p—p1)+1d1;
Bagr

t Bp  _amp
—l—// Tty " Pdrdr
Bar
/ / P10 G (37)
Bar

At the same time, by Holder inequality

t
/ / [Vum Pt e dadr
0 JBagr

t
z// (V™ Pt P By ey mem e =B dydr
0 JBagr

—1

t 6 apm v
< (/ / =T |Vu™Pu™ »-1 da:dT)
0 B27‘
1
t P
</ / T_pﬁuo‘pmd:cd7> . (38)
0 J/Bag

By (37), (38),

t
// VPt P dadr
0 JBor

Bp_ 1— 9P V11
<c{ -1 524 gy
Bar

// Tﬁuf%umpdmch’

Bar

// 1M F dde}P
Bar

t v
(/ / Tpﬁuapmdxd7'> . (39)
0 JBagr

It is able to make more explicitly estimates to the
above inequality by considering the two cases what

follows.
(l)If—p >p—1, wechoosea—mp,ﬂ 1n

(39). Then
t
/ / [Vu™ [P P dwdr
0 JBag

t 1 1
<c{ / / 720Dy’ dxdr
0 JBagr
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1 1
+/ £26-1 "D gy
Bar

t
+// 72 Ly
0 JBagr
; 1
1 P
(// T_Zudxd7'>
0 JBagr

Since

t 1 1
/ / L T e D T
0 JBagr
t sy — 14 3 (m(1— ) +1)
_ 72-1) 2 m(p—1) MsodxdT
0 JBagr
t 1 m(liﬁ)+l
ut” 2dxdt
0 JBagr
t Til_m
</ M21d$d7'>
0 JBagr
t 1 m(l—ﬁ)-‘rl
< ut” 2dxdr
0 JBagr

1 —1
W(P*U)dedT}pT

(40)

IN

NQA-— M(p 1)) 2—(m+1)(p—1)
p—1 t 2(p—-1)
where
1 1
Moy = T*g(m(lfm)+1)um(1 (p 1))+1
s — 143 (m(1— =)+ D] —
My =7 2(p—1) 2 (p—1) p‘lr—m'
then

=T )+1da}dT}

t 1
[ e
0 JBagr
m(p—1)+p—2
(// uT 2dﬂsdr>
Baor

NQA-—m(p—1)) 2—(m+1)(p—1)
P t 2p

1
|:/ t72(p71)—1um(1
Bar

m(l_'m(plfl) )+1 1 p
<ec (/ udm) t2-D Moy
Bar

m(p—1)+p—2

P 1=m(p=1) \y L
<c udx R » tQ;n7
Bar
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where My, = RN(ﬁfm).

t 1 mp— —L 8
T2o-0 " P T dxdr
0 JBagr

t (mp—29) P2+
S |:/ MQle‘dt:|
0 JBagr
t (GEg+1-pm) =
X |:/ M23d$dT:|
0 JBagr

m(p—1)—
<c (/ / 2ud$d7'>
Br

R (1- merm)ti2 mip=1)

where

1
1 1 — 1
p—1 )umpf p—1 ) Pm—ipil

—5(pm—

Moo = (1

1

! )) p%f+l—pm

1 1
Mos = (72— 2P =51

we have

t
/ / |Vum [Pt P~ dxdr
0 JBagr
t S
< 200 ""P" v-1dxdr
0 JBagr

1 1
Bar

t

iy

0 JBagr

t ) -
(// T_Zudxd7'>

0 JBagr

m(p—1)+p—2
<{</ / uT 2d1:d7'>
Bagr

N(-m(p—1))
p

1 -1
o0 dedrt 5

2—(m+1)(p—1)
2p

m(p—1)+p—2

1-m(p—1)
+ ( / udx) ! R Ny
Bar

m(p—1)—+
</ / 2uda:d7')
Br

R 1 mp+m 2m(p1}
1
p

< / | = ’ 2uda:d7‘)
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2—m(p—1)
2

< cRN(-m(p-1)y

t . m(p—1)
</ / T2 udxd7>
0 JBagr

N(m mptl) | 2=(mt D(e=1)
P

< / / o QdedT>

m(p—1)+p—2

+c </ udm) !
Bar
t 1 :
(/ / T_ZdedT>
0 JBagr

By (34), (41),

(m+1)(p—1)

1-m(p—1) 1
P Nt2p

(41)

sup / u(zx, 7)dx
0<T<t BSZR

t
g/ u(a:,O)da:+c/ / \Vu™ P~ P dadr
Bop 0 Bagr

/ / udxdTr
Bar

2— m(p 1)

< cRNO-mp-1);

m(p—1)
<// T 2ud3:d7'>
Bar

N(m mp+1) 2—
p

( / / o mdm)

m(p—1)+p—2

P 1—m(p— I)N 1
+c / udx R »r t2r
Bar
t ) 5
<// T_2ud:rd7>

m(p—1)
< cRN(=mp=1)) < sup / udxd7'>
0<T<t BQR

(m+1)(p—1)

N(m—mp+1) 1 P
+cR p tr | sup / udzxdr
0<T<t BQR

m(p—1)
+/ u(x,0)dx + ct sup / U E
BQR o<r<t BQR

dxdr
1
c(e)[RNt T + Moy + tﬁRN]

(m+1)(zﬂ 1)

(m+1)(p—1)
p

4+ sup / udx
0<7<t JBag
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1 1 p
c(a)RN[tl—m@—l) 4 tp=mFDG-1) 4 tp-me-1 |

4+ sup / udzx.

0<7<t JBaypg

N[1-m(p—1)]
where Moy = Rp—(m+1)(p—1) ¢t p— (m+1>(p 0,

Q)If ;o <p—1,wechoose @ = p—1,3 = et

2
in (39). Then, using the fact R > 1,

t
// Vo™ PP dadr
0 JBagr

< t2ul
Bar

1

. 1

X (/ / ump(p_l)T_p(p21)dxdT> ’
0 JBagr

t
M25:// radxdr
0 JBagr

Lk

t p—2 pT
/ / oz MM dt
0 JBagr

(m+1—mp)(p—1)

(42)

mP=1 g 4 Mzs}%l

where

u" P ddr

Since

t
< [/ MogdxdT
0 JBagr

t
X |:/ M27Cl$d7':|
0 JBagr

<c</ / uT 2d:L‘d7'>
Bar

m(p—1)2

(m+1-—mp)(p—1)

M287

where

1
_ _m+l—mp Fi—
T

( > +m+1 'mp)

Moy =T

m(p=1)

@=123(m+1) mN(p-1)?2

Mog =t 2p R P

t
(L]
0 JBogr

t ) m(p—1)
<c (/ / u7_2d:z:d7'>
0 JBsgr
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mp—mp2—p>+p+2 _ N[1—mp(p—1)]
2p P

M
and

p—1

{/ tgul_m(p_l)dx] v
Bar

p(p=1) _ Nm(p—1)? m(p—1)]2=1
<ct 2 R P (/ ud,a:)[l m(p—1)] v,
Bsgr

we have

t
/ / [Vu™ P~ P dwdr
0 JBagr
m(p—1)
<c<// uT 2dxd7'>
Bar

m+2—mp N[1-m(p—1)]

t— 2 R P

+C </ / uT 2dxd7'>
Bagr

N[1-m(p—1)] m+4+3—mp—p
P t 2p

2—mp(p—1) N [17m(p71)]%
+ct 22  Rr (/ udm)
Bagr

t ) m(p—1)
</ / ur?da:d7> . (43)
0 JBagr

By (34), (43),

/ u(z,t)dx
Bsar

t
</ uodx—i-// (V™ |P~t P dadr
Bar Bar
—i—c//
Bar

< / u(z,0)dx
Bar

N{1—m(p=1)] m(p—1)
+ctR P sup / udx
0<7<t JByg

(m+1)(p—1)

N[1— m(p 1)] P
+ctPR sup udx
0<7<tJ Byg

LN [1—m(p—1)] B+ +m(p—1)
+ctr Rr < sup / udx)
0<7<tJBypn

(p=1)(m+1)
p

m(p—1)
~+ct sup uw P dxdr
o<r<t BQR
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g/ u(z,0)dr + ¢ sup/ udx
BQR 0<T<t BQR

N[1-m(p—1)]

+c(e )[tme + tr- (m+1>(p 1) Rp—(m+1)(p—1)

1 N D
+tT=m(p-1 RT=m(-1 4 tp-me-1 RV]

§/ u(z,0)dx 4+ € sup / udx
Bor 0<7<tJBop

+c(€)R 1—7n1?7p—1) [t l—m%p—l)

_|-tp—(7n+11)(p—1) —+ tp—mzzp—l) ] (44)
From (42), (44), noticing that R > 1, we have

sup / u(z, 7)dr < c/ u(z,0)dx
0<7<t JBp Baor

N 1 1 D
+cRT-mb-1) [tp*(mH)(p*l) + tT-m@Gp-1) 4 tp—m@p-1) ]

We know that (33) is true.
By Lemma 6, Lemma 7, it is easy to deduce the
following Lemma 8, Lemma 9.

Lemma 8 Lerl < p < 2 m(p—1) < 1 and
R > Ry > 1, f(x,t) < 0. Then the solution u of
Cauchy problem (1)-(2) satisfies

=z

b

k
sup |u(z,t)| < c¢(N,p, Ro)[t™ * </ u0d$>
r€BR Byr

Np

1
+ RFE=m(p=DI¢~ % [tp=(n+Dp-1)

2z

1
+ tT-mbp-1) 4 tpfm]fpfn ],

Lemma9 Let1 <p <2 m(p—1) < 1. There exists
a constant c such that

t
// \Vu™|P~t dadr
0 JBagr

< cRNU=m(p=1)) ( sup
B 0<T<t BQR

m(p—1)
udxdT)

(m+1)(p—1)

/ udwd¢) ’
T<t Bogr

(o
[1—m(p—1)] 2+ +m(p—1)
—i—ctpRP <Sup / uda:) .

o<r<t
(45)

N(m—mp+1) merl)

+cR

N(m+1)

Lemma 10 Let Nt

1
<p<21<m< 4.
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. . t
Then the solution u of Cauchy problem of equation m4 e g
(1) with the initial value (24) satisfies P ‘L JByp ! oo Valdedr
vu™ e LY (St). t
oc = 5ﬁ / ’r]p|vum|pd$d7'
It implies that T /Bar
t
+c(e uP|VnPdxdr
IVu™P=2Vu™ € Lloc (St). (46) ( )/ti /Bm [Vl
t m+ =1 p—1
Proof Let 7) be the smooth cut function in Bygx (1, t) +p ﬁl /B u v | Vnldedr
which satisfies = 1 on Bog x (4, ¢) and "
t
4 4 < 8% / nP|Vu™|Pdzdr
<=, 0<mp<—. 4 /B
c(e) [* m
Multiplying (1) by «™nP and integrating by parts, +R7 ﬁ / u"Pdxdr
L
t
.o m, p t
/q /B diva(u, Vu)u™nPdxdr +C/ / W s,
TR R 24 JBur
t
h
—ﬁ / a(u, Vu) Magdxdr whete
ty m(p—
+ 7 B2r M30 _ (Mlu(m—l)(p—l)‘vu’p—l T (1; 1)).
— m—1,p
m ﬂl /B R a(u, Vu)u™ = "Vudzrdr By the above inequalities, we have
a1 4
t t
> ml/o/ / nPu™ LMD | gy Pdrdr / / [Vu™|” dzdr
% Byr tIl Bz2r
t
—mﬂo/t / WP (PO 4 1) dadr ——1—1 / / u"Pdxdr
+ /Bar Bur
t
1—
>m "1 ﬂl / n’|Vu™ Pdzdr +c(— + —) / / W dzdr.  (47)
7 Y Bar 3] R Ju Bur
8
t
—muo/ / um,lnp(um(p,l)ﬂ +1)dadr, By Lemma 8, for R > 1,
tzl Bar
t w5 T 1) / / uPdxdr
> ml_pyo/ / nP|Vu" [Pdxdr Bar
4 JBur
4
t <c sup fulw,)"PRY,
—2myug / / u"Pdxdr, v€Bar
4 JB P
7 2R k
< ctRN [t_% uodx
where Mag = (mu™ 1nPVu + pnP~lu™Vn). = Ban 0
Using Young inequality, N )
. +R k(1—mp+m) ¢ 1-mp+m ]mp
p/ / u™nPad(u, Vu) - Vndzdr mp?
4 JBur 1—Nmp i
4 <ct k uodx
t Bur
< P~ Magdadr mNp? .
/{41 /;2}2 _'_Rk(lfmzl;rm) +Nt1—mzf+m . (48)
PH1 ! !
= / / u™ P V| |V P dadT / / u™dxdr
mp % Bar s J/Bar
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N
<cltTE </ uod:v>
Bsr

Np 1
+R k(1—mp+m) { 1—mp+m ]m+1tRN

N(m+1)
< [t i </ uodx>
Bur

N(m+1)p 14+m
+R k(1—mp+m) ¢ 1—mp+m+1:|RN.

p
k

p(m+1)
3

(49)

Substituting (48), (49) into (47), we get the
lemma.

3 Proof of Theorem 4

In this section, we will prove Theorem 4.

Lemma 11 If1 < p < (:nn;lﬁv m(p—1) < 1,

f(z,t) <0 and the constant o satisfies

1 2
— <a<max{l+—-—p,1—
m m

then the solution of Cauchy problem of equation (1)
with the initial value (22) has the following properties.
(1) For any given R > 0,

Vu™| dxdt < 51
//BRlJruma'u'x c, (51)

2

(50)

T
/ / u™ PR g dt < .
0 JBg

Proof: (1) By Definition 1, for any

(52)

P(z) € CP(RY),e € (0,7),

we have

u(z,T)
L
T m(a—1)
+/ /RN (1 + uma)?
T ume
= —p/s /RN W(i(u, Vu) - VP~ dzdt

u(x,e) gmo
d Pd
+/1RN/0 T gma sip(z)Pdx

T uma
+/; /RN Wf(‘r’t)d’(x)pdl‘dt
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T e B

u(ac,a)
RN 0

Noticing that

au™a—1)
/ /RN 1+ uma)?

T
> aml_pyo/ / M3y |Vu™ PP (z)dxdt
N

o
R

um(o—1)
(1+uma)2 .

mo

dsy(x)Pdx. (53)

1+ sme

a(u, Vu) - Vu™pPdxdt

mp=1)+1 + 1)M31dl’dt

where M3, =
T ume 1
— —a . P~ dxdt
p/g /]RN 1 +umaa(u, Vu) - VP~ dx

. T ume
> —pm —P'ul/o /RN WMde(L‘dt

T ume
— —u
p/(; /RN 1+ ume

where Msy = |V [P~ V| P~ L.

(m=1)(p—1)
T |V P dwdt

T uma
/o /RN 15 gma [Vu™ P V| P dadt

/ /]RN 1+uma e |Vu™ P ypPdxdt

m(p—1+a)
e

T mo
U (m=1)(p—1)
- u » V| P dzdt
] Vol

m(p+a—1)

<
o] Lo
uma—
-1 ——Pdxdt.
u [, (Huma)pw :

Ase — 0,

/ /u(m,s)
RN Jo

< /R e, <Yy ) — /R WP
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then, we have

sup
0<t<T

/ /RN At o) |Vu™P Pdxdt

ump—1+a)
[l
R
L Pdxdt
+/ [ aEmpere
e 1 m(p— 1)+1)
dxdt
/ /RN 1+umo‘) w v ]
m(p—1+a)

e[l
[ i
+ / / u™ o MYpPdxdt

0 RN

T
+ / / um L (P 1) gPdzdt].  (54)
0 RN

By (50), using Young inequality, we have

/]RN u(z, t)(x)Pd

VP dadt

— | V[P dadt

sup
0<t<T

m(p—1+a)
1
=t

using Young inequality again,

/R (e, () de

<c — V[P dwdt] )

P
oi?fT/ ula, thple)de
<c+6/ / upPdxdt

RN

VY

ey ey e
/ /RN (wl =D ) et

| ule (o

P
1-m(p—1)—a
> dzdt.

1) such that

<c+e€ sup
0<t<T

o [1 ., (serris

Now, choosing v < 1 — m(p —

p
m(p—1) —

where K is large enough such that

>K>N+1,
1-— «

m(p—l)—£>0.

1—
K
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Let X € CSO(BQR),X ‘BR: 1,h > 2 — m(p —
a,i) = X" By the above formula, we have

1) —

sup / u(z, t)YP(x)dx < c. (55)
0<t<T JRN
Combining (54) with (55), we get (51), i.e.
m(a 1)
/ / s [V dzdt < c.
BR 1 + Uma
Now, let
m(p—1—a)
w = p
By Sobolev inequality,
1
~
</ Q,Z)pwrd:v>
RN
<ol [ IVoup do)?
RN
(1-0)(p—1-a)
p P
(/ wr—1-a d:c) , (56)
Bar
where,

—1l—a 1,1 1 p—1—a, _
o= - (- - .
p Y p p

For v = w by (56), we have

T
/ YPw" dxdt
o JrN

< [ [ wwwra

(v=0)(p—1—a)
sup

p p
wr—l—-ady
0<t<T Bar

Hence, by (55), (51), we have

T
/ / wpum(p_1)+%_ad:ndt
0 JRN

T
c(1+ / / |Vap|P ™ P~ 1= dgdt).
0 RN

We can prove (52) in a similar way.

Lemma 12 If1 < p < %Elﬁv then the solu-

tion of Cauchy problem (1)-(22) satisfies

/ /S (ugi—(u, V) -VE+ f(z, )€l dadt = 0, (57)
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where £ € C°(RN x (=T, T)).
Proof Let
Yr(a,t) = mi(@, t) = (|2 )é (. 1),
where ¢ € C3°(RYN x (—=T,T)).m € c®(R);
n(s) = 1 when s > 2; ng ):Owhensgl.

s
Let ni(z) = n(k|z|?). By the definition of weak
solution,

T
/ / [w(&nk)e — a(u, Vu) - V(Eng)
o JrN
+f(z, t)éng)dxdt = 0.

To prove the lemma, it is enough to prove that

lim

i // a(u, Vu) - Vnp&dzdt= 0
k—o00 S

{z: k1 < |z]* < 2671,
clearly mesDy, < k2 Hence, by Holder inequality
and Lemma 11, we have

é/ / IVu™ Pt dadt
Dy,
< ([ [ d5er

T
/ (1+ uma)Q(pl)um(pl)(la)dxdt>
D

1
T »
( / / uT(p‘”(”“)dxdt>
o Jb,

m(p—1)(1+a)

(58)

Denoting D), =

p—1
m(a 1)

&
oy |Vu™ P dmdt)

m\»—t
B =

X
A/~
é:\

IN
o
5
[

T -1+ % —ep
1) (m(p=1)+x —)p
<c (/ / uT(p AR ad:vdt)
0 Dy,
1_p—Na—aNm(p—1)
k2 2eme—D+f—o) (59)
. . (m+DN .
where w1 = max{u, 1}. Since 1 < p <~ if
(m+1)N
< SaNg1 > We have

1 p—Na—aNm(p-1)
- . <0.
2 2p(mp-1)+§ —a)

Thus the right hand side of the inequality (59) tends
to the zero as k — oo. At the same time,

\// a(u, Vu)Vnp€dzdt|
St
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S// [ u(Mm= D@1 g7y 1
St

)T Vlededt,  (60)

its right hand side also tends to the zero as k — oo.
By (7), one knows that (58) is true.

If p = (2;11 , (58) is obtained by (41), (43).
Thus we get lemma 12.

The proof Theorem 4 Suppose to the contrary
that Cauchy problem of equation (1) with the initial
value (22) has a solution. Then by lemma 12, we have

/ /S [u& — d@(u, Vu) - VE+ f¢]dedt =0, (61)

where £ € C°(RN x (=T, T)).
Letny(t) =1— [T~ 2n
Jh € Cé (72]7” 2h’) yJn = Oa/ Jh (S) ds =1,

R

€(0,7), 2h<T —1.

Clearly, n, € C°(R). If t <7+ h, 0 < np, < 1;if
t<T, limhﬂonh(t) = 0.

For any Vx € C§°(RY) , we choose &
x(x)np(t) in (57), then

T
—/ / Jn(t — 7 — 2h)uxdzdt
o JrN

T
—/ / [@(u, Vu) - Vxnp — f€]dxdt = 0.
0 RN

Let h — 0. We have

Jn(s)ds, where

/RN u(z, 7)x(z)dx

- / ' / (@, V) - Vi — f€]duds,
0 RN

which implies that, for Vy € C§°(RY),

lim
T—0

u(z, 7)x(x)dz = 0.
RN
it contradicts (22). So, there is not the solution for the
Cauchy problem of equation (1) with the initial value
(22).
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