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Abstract: In this paper, by the transition probability flow graphs theory, we obtain the transition probability flow
graphs of the random variables distributed as G (p) and N By(r, p), the generalizations of usual geometric distri-
bution. We derive their probability generating functions, means, variances and their exact probability distributions,
in addition, we reveal the correlation between them. For success runs in n Bernoulli trials, we find the new concise

formulae for the probability distributions of L,, and Nék). Finally, proceed from the parameter n = 2, 3,4, we

derive the generalized geometric distribution denoted by G(p1, - - -

variate transition probability flow graphs methods.

, Pn) and discuss its properties base on multi-
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1 Introduction

Philippou [16] defined the geometric distribution of
order k and the negative binomial distribution of order
k, Philippou and Makri [17] defined the binomial dis-
tribution of order k. Muselli [15] derived some prob-
ability distributions formulae in Bernoulli trials. The
present paper is partly a continuation of their works.
All the distributions in section 2 and 3 can be defined
by success run, one of the important tools in the study
of Bernoulli trials. There are several definitions about
run (see, Han [11] and Schwager [18]), for example,
we can define a success run to be a specified sequence
of k consecutive success that may occur at some point
in the series of Bernoulli trials, where k is the length
of the run. In section 4, inspired by [3], [9] and [19],
we define a new generalization geometric distribution
in independent trials, and discuss its some probability
properties. In the present paper, we try to show the
transition probability flow graphs (TPFG) methods to
study the distributions.

TPFG theory is a forceful tool for discussing
some complicated discrete random variables. By de-
composing the Markov chain formed by the variation
of a nonnegative integer-valued random variable, as-
certaining the states and routes, and setting probabil-
ity functions to the routes, we get a flow graph of
the process being similar to the transition probability
graph of the chain. Based on the series-parallel opera-
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tion rules, we can get the probability generating func-
tion of the random variable from the flow graph. The
TPFG’s prototype is the signal flow graphs theory ap-
plied to systems engineering widely, which was given
by Mason [14]. Koyama [12] firstly introduced it into
the study of sampling system. With the development
of sampling inspection, Fan (1998) did lots of work
for TPFG such that it gradually became a complete
theory. We give a brief description for it as follows,
for detail, the readers are referred to Fan [4, 5, 6].

Let 7 be a nonnegative integer-valued random
variable with probability space (2, F, P), set B, =
{r = n}, foo B € F, the transition prob-
ability function of 7 is defined by G,(B;x) =

o0
> P(BBy)z",|z| < 1. When B = Q we get
n=0

the probability generating function of 7 as G, (x) =
o0

> P(r=n)z"™.

n=0

Consider a Markov chain that takes on count-
able number of possible values. The transition pro-
cess from state A into B denoted by R : A — B
is called a route, and its transition time named step
is a random variable. By the Markov property that
the steps of A — B and B — (' are independen-
t. The transition probability function of the route R

is defined by Gr(z) = > Pg(n)z", where Pr(n)
=0

n=
is the n—step transition probability of R. The route
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from A into C' by way of B denoted by R; - Ry is
called a series route if the routes R : A — B and
Ry : B — C are independent. The route denoted by
Ry + Ry is called a parallel route of R : A — B and
Ry : A — B if they are mutually exclusive. Then we
have

Lemma 1 Let Ggr,(x) and Gpr,(x) be respective-
ly the transition probability functions of R; and
Ry, then Gpr,.r,(vr) = Gpg,(z) - Gg,(z) and
GRi+Rs (m) =G, (x) + Gr, (37)

The route A — B(A # B) denoted by L is called
a straight route if no state is repeated in it. The route
denoted by C'is called a loop route on state A if A can
be repeated infinitely, and all the repeated routes are
independent identically distributed. For the straight
route and loop route, we have

Lemma 2 The series-parallel connection rules of s-
traight routes and loop routes are shown in Figure 1.

4 LOpLE ¢ A LW.LE C
L (x)

s b

C(x)

B

A L(x)+L(x)B

L(x)

i-cx) B

L(x) A

Figure 1: Connection rules for the straight and loop routes
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Let 71,79, ---,7, be n random variables, their
joint probability space is (€2, F, P), for A € F, the
joint transition probability function of (71, 7o, -,7y,)
is given by

G(l‘l,l’g,"‘,xn;A)

— — — . i1 i

— Z P(Tl —Zla"'aTn_/LnaA)xl '”‘rnna
11,0 0n

where |zp|] < 1,k = 1,---,n. When A =
Q, G(z1, -+, 2,;Q) is called the joint probabili-
ty generating function of (71,---,7,), denoted by

G(Ila e ,.’En).

Lemma3 Ler G(x1,x2,---,x,) be the joint
probability generating function of (71,72, "+, Tn),
then G(1,---,1,2,1,---,1) is the probabili-
ty gemerating function of ™, k = 1,2,---,n,

and G(x,x,---,x) is the probability generating
function of T = T + - - - + Ty, which does not depend
on the independence of T, T2, -+, Tp.
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Lemma 4 Let G, (x) be the probability generating
function of ), then

En =G (1),

Varn = Gp(1) + G (1) — G%Q(l).

2 The geometric distribution of or-
der k£

In this section, we shall generalize the usual geometric
distribution into the geometric distribution of order k
by TPFG methods, furthermore, we will discuss its
properties.

Let 1) be the number of trials until the occur-
rence of the success run with length £ in Bernoulli
trials with success probability p. We denote the prob-
ability distribution of ;) by Gk, (p) and call it the ge-
ometric distribution of order k with parameter p. Then
we have

Theorem 5 The mean and variance of f(k), denoted
by E¢ ) and Varyy, are given by

1 1 1
EB{py==-+—5+ -+,
S(k) p | p? ok
k—1 2k—2
q[z (15) 0475 (%;)pl]
=0 =k
Var§(k) = ka .

Proof: Let 7, be a state that the trial process is in
at the end of the foregoing n trials, where the num-
ber of trials n is also named transition time. then
{Tn,n = 1,2,---} is a Markov chain with state s-
pace S = {0,1,2,---,k}, where 0 is the beginning
state B, and k is the ending state . The even-
t {r, = s,s € S} denotes the occurrence of s con-
secutive successes at the end of the foregoing n trials.
Hence, {7, = k} = {1y = n}. From the beginning
to the ending, we can obtain the transition probability
flow graphs of {7,,,n = 1,2,---}, i.e., the TPFG of
Gr.(p) as shown in Figure 2.

E
®)

Figure 2: The TPFG of G, (p)

There are k parallel loop routes at state B
with respectively the transition probability functions
qz, qx(px), qx(px)?,- - -, qx(pr)*~1, and k series s-
traight routes from B to E with the same transition

Volume 15, 2016



WSEAS TRANSACTIONS on MATHEMATICS

probability function pz. Then we get the transition
probability functions of the loop route and the straight
route from B to E denoted respectively by C(z) and
L(z) as follows

gz[l — (px)"*]
1—pzx

I

k—1
Clz) = (qz)(pz) =
0

=
L(x) = (pz) - (pz) -~ (p2) =

By Figure 2 and Lemma 2, we get the probability
generating function of £ (the transition time of the

(pz)*.

route B — F)
L(x) prFat (1 — pa)
G = = . 1
éw (@) 1-C(x) 1—x+ gprakt! )
To derive the mean and variance of ), we differen-

tiate G¢, () and evaluate at z = 1, that is

11 1
7+7++7k’

p? p
[l —p* —(k‘+1)qp + qp? ]

¢*p**

G’g(m(l) =

G, (1) =

The results follow from Lemma 4. This com-
pletes the proof. O
Remark 6 1) When p = 1/2, E€y = 2(2F — 1) has
been obtained by Barry [2].

2) The equation (1) has also been obtained by

Feller [7], Philippou [16] and Aki [1].

After that, we expand the probability generating
function G¢, (z) into power series for deriving the
exact probability distribution of

)
kxk(l —px) Z(x _ qpkmk+1)n
=0

n—Om_O
where
L ()= (G)-
+j2: (‘i)(—qp"“)Jr(kOj) ket
+I§ (;) (—qp")? + (k Y‘?) (—ap")
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K3 j
+ (3>(—qp’“)3+< N )(—qp’“)2
=3
2k + 5 3k+j
+( +J>(_q k)+( +J>} Bk 4
1 0
kL[ 1 .
mk + m
#3030 (R T) o] e+
’ — m
j=l Lm=0
=3 oM,
n=0
where a%k) is given by
U |
aff) = ( K )(—qpk)J- 2
=0\ 7

It follows that
o0
Gf(k)(x) — (pkl‘ k+1 k+1 Z alf
n=0

_pkxk + Z (pkailk - 1aglk_)k_1) s
n=k+1

Thus, we obtain the following result:

Theorem 7 The probability distribution of the kth or-
der geometric variable &y, is

k (k)

k
P(ry=n)=p-a, ., — pkﬂai_)k_p (3)
where o) a(®) can be derived from e jon (2
n—k’ “n—k—1 quation (2)

anda%k) =0ifn<0.

Corollary 8 For k = 1, 1) is a random variable
distributed as usual geometric distribution.

Proof: By equations (2) and (3), we have

P (5(1) = n) =p (a( ) pafﬂ )
(25
_ n—jg—=1y,
p JZ% ( ) (—ap)’
(252]
n—j—2
—p? 2 < ; >(—qp)J
=pn_1 (n j_ 1) (—p)’

where we used equation (’?:11) + (mfl) = (7).
O

Corollary 8 has been proven.
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Remark 9 It follows from Corollary 8 that Gy(p) is
a generalized geometric distribution.

Let L,, be the length of the longest success run
in n Bernoulli trials with success probability p and
set Ry (k) = P(L, < k). The event {§(;) = n} is
equivalent to that the last k trials are all successful in
n trials, the (n — k)th trial is fail and all the lengths
of the success runs are less than & in the foregoing
(n — k — 1) trials. Therefore

P(égy =n) = " Ry_y—1 (k). 4)

By considering equations (2), (3) and (4), we have

Ro(k)=q 'p " Ppy=n+k+1)
(2] )
= ;) ; (—ap)
2] .
ik _
§ Z (n jj )(—qp")f. 5)

Then we have

Corollary 10 The distribution of the longest success
run L, in n Bernoulli trials is

P(Ly, = k) = Ry(k + 1) — Ry (k),

where Ry, (k + 1), R, (k) can be derived from (5).

Remark 11 Corollary 10 is more concise than the
same work of Fu [8] and Muselli [15].

3 The negative binomial distribution
of order &

In this section, we shall derive the probability gener-
ating function of the negative binomial distribution of
order k, and then discuss its relationship with some
other distributions.

Let (1 ) be arandom variable denoting the num-
ber of trials until the rth occurrence of the success run
with length £ in Bernoulli trials with success probabil-
ity p. We denote the probability distribution of & )
by N By(r,p) and call it the negative binomial distri-
bution of order k& with parameter vector (r, p).

Theorem 12 The mean and variance of §y, ;) are giv-
en by

,
Egr = p

<
Q
|
M
??‘
O»—\

Varf(;w) =

8 () st ()]

ka
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Proof:  Similar to the proof of Theorem 5, let
{Tn,n =1,2,- -} be a Markov chain with state space
S ={0,1,2,---,r}, where n is the number of trials.
The event {7,, = s, s € S} denotes the sth occurrence
of the success run with length k at the end of the fore-
going n trials. Hence, {7, = 7} = {{,) = n}.
Thus we have the transition probability flow graphs of
{Tn,n =1,2,---} as shown in Figure 3, where k = 2
for convenience.

Figure 3: The TPFG of N By (r, p)

We may employ Figure 3 and Lemma 2 to get the
probability generating function of &, ;)

phak — k)’
Gey ) (2) = 1—x + gpFak+l | - (6)

By Lemma 4, we can derive the mean and variance of
&(k,r)- The proof is complete. O

Remark 13 Following the equations (1) and (6), if
Xi(i = 1,---,r) are independently distributed as
Gr(p), then X1+ - -+ X, is distributed as N By (r, p).

Theorem 14 The probability distribution of &, ) is

T

Péan =m = (}) Colal . @)

=0
where
[+47] )
fin jzo(r—l,j,n—jk—j 'Y ®

anda(k N = if n<O.
Proof:

-

Gﬁ(k,r)( ) kaH?kr(l — pa:)r {1 — (3; _ qpkxk-&-l)}

where

[1 —(z— qpkkarl)}*T =1+ i <T+-7:_ 1> )

=1 J
k+1

3 ("N () e

. (r+k+;—1> <k:+j)
k+j 0

xk+j+...
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k+1

r+mk+j— mk + j Remark 16 The proof for Corollary 15 can verify the
" Z Z ( mk+j ) < l—m > correctness of equation (7).
: — M , following f
X(—qpk)l_m} o =Y ), oreover, following from
=0 n—1 n—r,r
P(n=mn)= (1=p)""p",
(k.r) r—1

where ap, * 7 is given by (8). Therefore
- the formula for the probability distribution of the neg-
Er xkr ) Z alf ative binomial variable 7, we have its probability gen-

G
o (1) =P —po) = erating function
= ( - (7") (k) ek > 1
= Z Z (—p) an_’Tl ) p Tphrtn (TL - > n=T T
=0 \i=p M ,; r—1 —p
+ i i: ") (=p)laln) | phrghrin ) (7L yrer
l n—l Z
n=r \[=0 n=r
kr+r— n—kr [e'S) 1+ k - r
_ r 1 (k) k " k_(_P
- 2 ( (z>(_p)“"—;’“—l>pw Z( r—1 >(q$) _<1—Qx> ’
n=kr =0 k=0
> (S (7 (k) the other hand
T
+ Y ( (l) (_pyan_m_l) P on the other hand,
n=kr+r \[=0 T
G (z) = pr —p T _ yZ4
From the above we can get the probability distribution S TN\ oy gpa?) T \1—gqa)
Off(;wn). O

which illustrates that N B (r, p) is a negative binomial
Corollary 15 N B (r,p) is a negative binomial dis- distribution.

tribution with parameter vector (r, p).

Corollary 17 NBy(1,p) =G .
Proof: From equations (7) and (8), we have y k(1p) +(p)

Corollary 18 N B (1,p) is the usual geometric dis-

r T 1 . .
P(¢q) =n) = Z (l) (— p)l ; 7;) o tribution.
=0

- (==t ) Theorem 19 Let Ny(bk) be the number of success run
_ r n—1l—-j—1 with length k in n Bernoulli trials with success prob-
=2 ()¢

1=0 ! j=0 r—1 ability p. The probability distribution of ngk) denoted

n—r—IJl—j v by By(n,p) is called the binomial distribution of or-

x j (=ap)’p der k with parameter vector (n, p). We have

J n—0l—j—1 k—1r+1 (Ert)
go( r—1 > P ZZ(rJrl) an o spk'r—s—s,

TL—T’—Z—Ojs j 5=0 =0
(" () ey e
J S where a, "\, can be derived from (8).
r ST r\ (n—1—j—1
= Z Z (l) ( 3 ) Proof: For £, 1) is distributed as N By (r+1, p), let
=0 j=0 s=0 . " Ck = {(k,r+1) = ntk—s|(k—s) successes} denote
% <n —r—1l- J) <]> (—p)stipr the event that ( + 1) success runs of length £ occur in
J s (n + k — s) trials and the posterior (k — s) successes
n—1\ " iy are deleted, where s = 0,1,---,k — 1. We shall find
- (r 1 ) Z (=p)’p that U~} C, means all the possible ways the  success
J=0 . B Ui trials. i NF) _
n—1 o runs occur in n Bernoulli trials, i.e., {Np ' = r} =
= <r _ 1) 1—p)""p". (€)) UL Cy. Hence we have
The result is proven. O P(N,(lk) =r) = P(U"ZCy)
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k—1

= P( U k1) =n+k — s|(k — s) successes})

sO
_Zp

By Theorem 14, we can get the probability distri-
bution of Ny, () O

ey =n+k—s).

Remark 20 A equivalent formula of Theorem 19 has
also been obtained by Godbole [10].

Corollary 21 For k = 1, Nfll) is distributed as the
usual binomial distribution.

Proof: By considering (9) and (10), we have
P (N7(L1) = 7”) =p! P41 =n+1)

- n+1l-1 n —(r r
1(T+1_1)(1_p)( F1)=(r+1) 1

(:L) (L—p)""p".

The proof of Corollary 21 is complete.

, Pn)

In sections 2 and 3, base on Bernoulli trials, we gen-
eralize the usual geometric distribution into G(p)
and N By(r,p), moreover, we show the correlation
between them. In this section, we shall discuss a
new generalized geometric distribution denoted by
G(p1,---,pn) in independent trials. And the corre-
sponding methods named multivariate transition prob-
ability flow graphs.

Suppose that each independent trial result is
one of the events Ay, Ao, --,A,, which are mu-
tually exclusive with respective success probability
DysD2, -+, Pn, such that 1 pr = 1. Obviously, the
independent trial is a generalization of Bernoulli tri-
al. Let & be the number of trials required until ev-
ery Ax,k = 1,2,---,n has exactly occurred, then
& =& +&+- - -+&, is called the generalized geomet-
ric variable with parameter vector (pi1,p2,---,Pn)s
denoted by G(p1,p2, - -, pn), Where £ is the occur-
rence number of Ay, k=1,2,---,n.

4 Some properties of G(p,, - - -

Theorem 22 Let £ be the generalized geometric ran-
dom variable with parameter vector (p1, p2), then

11
EE=—+— —1, (11)
P1 D2
Varg =Ly B2 PRy gy
D3 P D2 D1
P& =n)=pip2(py > +py ), n=2,3,---. (13)
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Proof: Starting from the state B, the process comes
to the next state as soon as a new event occurs in a tri-
al, otherwise, it keeps stopping in the original state.
Let E19 = E91 = FE denote the ending state, the
route B — F constitutes a Markov chain as shown
in Figure 4, where [y = ¢ = p1x1, ls = ca = paxo
denote the transition probability functions of routes in
B — FE respectively.

E, l@ L gl @ L, E,

Figure 4: The TPFG of G(p1,p2)

Hence, by Lemma 1, we get the joint probability
generating function of ({1, &2), that is the occurrence
number of A1 and As, as follows

P1p2T1X2 | p1P2T1T2
l—pizy  1—pozy
Let 2 z9 = x in (14), by Lemma 3, the joint
generating function of £ = £; + & is given by

G§1,§2(x17$2) = (14)

p1paz’
1 —pox’

p1p2z”
1 —pix

Ge(x) = (15)

Using Lemma 4, we can derive the mean and variance
of £ from formula (15).

Furthermore, expanding G¢ () into power series,
we obtain

24 )"

Z pip2(p

Thus, from (16), we have the probability distribution
of £ as follows
n—2

P(¢ =n) = pipa(p} 2 + Pl

Theorem 22 has been proved.

(16)

)771 2737...

O

Theorem 23 Let & = & + & + &3 be the general-
ized geometric random variable with parameter vec-

tor (p1,p2,p3), then

1
Z — = > +1, (17
153 Pi <isj<a PitD;
pz +pj)
Var(¢) = Z -3y —
1<i<3 pz 1<i<j<3 (pl +pj)?
1 — (pip2 + p1p3 + p2p3)
- , (18)
(p1 + p2)(p1 + p3) (P2 + p3)
E(&) =pr- E(§),k=1,2,3, 19)
P(E=n+3)=pipopz )y >
r=01<i<j<3
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Proof: Inthe TPFG of the trial process (see Figure 5),
B is the beginning state, Ej93 = --- = F391 = E'is
the ending state. There are 3! = 6 parallel routes, with
the transition probability functions: Iy = cp = prTk,
cij = pivi +pjxj.k, 1,5 =1,2,3,1# j.

By

Figure 5: The TPFG of G(p1, p2,p3)

Let g123 be the transition probability function of
the route B — FE' 23, then it follows from Lemma 2
that

_ P1P2pP3T1T2T3
928 = U= pran) (L — pras — poaa)
Similarly for B — FEi32,---,B — F391, we have
their transition probability functions
_ P1p2pP3T1T2T3
15 = (1 —=p1z1)(1 = pro1 — p3as)’
_ P1p2P3T1T2T3
9213 = (1 = paxo)(1 — powa — pr21)’
- P1p2pP3T1T2T3
9o = (1 — paxa)(1 — pawa — p3a3)’
G312 = P1p2P3T1T2T3 7
(1 = p3x3)(1 — p3xs — p171)
_ P1p2p3T1T2T3
P2 T (1 paws) (1 — psas — pawa)’

By Lemma 1, we obtain the joint probability gen-
erating function of (&1, &2,&3) as

Ge, 60 .65(T1, T2, 23) =
9123 + 9132 + 9213 + 9231 + 9312 + g321(21)

Let xt1 = 9 = 3 = x in (21), by Lemma 3,
we have the probability generating function of £ =
&1+ & + &3 as follows

Ge(z) = Gey 6,85 (2,2, T),

and by Lemma 4, we can derive the mean and variance
of £ as equations (17) and (18).
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Let zo = x3 = 1 in (21), then we get the proba-
bility generating function of &;

Ge, (21) = Gy gy 65(71, 1, 1),

similarly,
Gey(22) = Gey 6 65 (1, 22, 1),

Gey(23) = Gey 65.65(1, 1, 33).

Hence, by E¢, = G, (1),k = 1,2,3, we can
derive the mean of &.
Similar to formula (16), we have

Ge(x) = pipaps Y (Z p1(p1 +p2)n_r> z"t?

n=0 \r=0

o n
+p1paps Y (Z Ph(p1+p3)" "

n=0 \r=0

(o) n
+p1paps Y (Z Ph(p2 + pl)”’"> g"t?

n=0 \r=0

o0 n
+p1paps Y (Z Ph(p2 + p3)”’“> "t

n=0 \r=0
> xn+3

o0 n
+p1paps Y (Z p(ps +p1)" "
) $n+3.

n=0 \r=0
oo n
+p1paps Y (Z Ph(ps +p2)" "
From formula (22), we get the probability distri-
bution of £ as follows

(22)
n=0 \r=0

P(E=n+3)=pipp3 )y, Y,

r=01<i<j<3

The proof is complete. g

Theorem 24 If & = & + & + & + &4 is distributed
as G(p1, p2, 3, pa), then we have

EE = Y (1) >
r=1 1<li<la<-<l,<4
1
; (23)

yun +plz + - +pl,~

4

Gi(1) = 2y (-1t >
r=1 1<hi<lo<-<lr<4
(po, + D1+ +p1,)
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Proof: Following the operation of G(p1,p2, ps, p4),
we get the TPFG as shown in Figure 6.

Figure 6: The TPFG of G(p1, p2,p3, p4)

Where B is the beginning state, Fio34 = -+ =
FE4301 = F is the ending state. There are 4! = 24 par-
allel routes, with the transition probability functions:

lk = Ck :pkxkak = 1’27374-a

Cij = Di%; +p]l'ja7fa] = 1727374>i #]a
Cijk = DiTi+DjTj+PrTy, 1,5,k =1,2,3,4,i # j # k.

We put the 24 routes into 4 sets by 1, lo, 3,4,
for instance, {B — FEj934,B — FEj23,B —
Ei324, B — Ei342, B — E1423, B — Ej432} is one
of the 4 sets. We get its joint transition probability
function as follows

g1(z1, 22,23, 24) =
P1P2P3P4X1X2X3T4

(1—p1z1)(1—p121—p2z2)(1—p121—p2r2—Pp323)
+ D1P2p4P3T1T2T4T3

(I—p1z1)(1—p121—p2x2)(1—p121—Pp2r2—paz4)
+

(

(

1-p1z1
D1P3P4P2T1TIT4T2

)¢ P1p3p2p4T1X3T2T4
)(
- 1-p1z1)(1—p171—p323)(1—p171 —p3T3—PaT4)
)(
)(

1—p1z1—p3z3)(l1—p121—psr3—p222)
1

P1P4p2p3T1X4T2T3
1—p121—pazs)(l—p171—paxa—p2x2)

P1PAP3P2LI T4TI T2
1—p121—paxa)(1—p171—paza—p3r3) "

1-p171

T (1—p1a1
In addition, we can get
92(21, 2, 23, T4),

g3(z1, 2, 3, 1),

ga(x1, 2, 3, 24),
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that is, the joint transition probability functions of the
other 3 sets, where we omit their expressions similarly
to g1(x1, x2, 23, 24).

Hence, by Lemma 1, we have the joint probability
generating function of (1, &2, &3, &4)

4
Gy o eaa (01, 2,03, 24) = > gr(w1, T2, 23, 24).
k=1

By Lemma 4, we get the probability generating func-
tion of £ in the following

4
Ge(x) = ng(x,x,x,m).
k=1

By computing the first and second derivative of G'¢(x)
at x = 1, we get equations (23) and (24).
Note that

G& (xl) = G§1»§27€37§4 (1‘1, L1, 1)’ M)

G§4 ($4) = G§17§2,53,§4(17 L1, $4)

and
E¢, = Glfk(]')vk =1,2,3,4,

we shall get (25). This completes the proof. O

When the parameter n = 5, there are 5! routes
in the TPFG of G(p1,p2,p3,p4,ps) from beginning
to ending. It’s difficult to get the TPFG and the cor-
responding probability generating function. We find
that the computational complexity increases rapidly in
parameter n. In fact, even if n = 4 as stated above,
the description of TPFG and the presentation for the
probability generating function are very complicated.
Nevertheless, the work for n = 4 is necessary, since
it is hard to summarize G(p1,p2,---,pn) only from
n = 2, 3. By generalizing the results in Theorems 22,
23 and 24, we shall get

Theorem 25 [f the random variable § = Z;L:1 §jis
distributed as G(p1,- -+, pn), then

Ef _ Z(*l)r_l
r=1 1<li<la << <n
, (26)
Pl TP, + D
G// 1 _ 2 - _1 r—1
() = 23 (-1

r=1 1<lhi<lo<-<lr<n
1— e
(pl1+pl2+ +p;r)7 (27)
(pll +p12 + - +plr)
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Remark 26 1) There are (2™ — 1) terms in the right-
hand side of formula (26), each term is a mean of
some random variable. All the terms can be divid-
ed into n classes: {1 1 <1 <n}h{

h <l < n} {pzl+p12+pz

1 _
L e
2) Following equations (26) and (27), we can get
the variance of . Especially, if € is distributed as

G(%, %, . %) then its variance is

z+p121§
l1<l2<l3_

n
r=1 r=1
3) By combining equation (26) with the result pre-
sented in Gao’s work [9], we obtain a combinatorial
identity
2”: )’” () z": 1

r=1

5 Conclusions

In order to discuss the probability properties of some
success runs in Bernoulli trials, we introduce the tran-
sition probability flow graphs methods. In sections
2 and 3, following the TPFG methods we derive the
generating functions of the geometric distribution of
order k and the negative binomial distribution of order
k. Then we get the means, variances and probabili-
ty distributions, the exact probability distributions of
them, furthermore, we show the relation of G (p) and
N By (p). In section 4, we define the generalized ge-
ometric distribution G(p1, - - -, pn), discuss its mean,
variance, probability distribution and some other char-
acteristics by multivariate transition probability flow
graphs theory. Moreover, we believe that TPFG meth-
ods should also be applied to other fields, for example,
see [13], [20] and [21].
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