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Abstract:In this article we have elaborated the numerical schemes of reduction methods for approxime
solution of system of singular integro-differential equations when the kernel has a weak singularity. Tk
equations are defined on the arbitrary smooth closed contour of complex plane. We suggest the numer
schemes of the reduction method over the system of Faber-Laurent polynomials for the approxime
solution of weakly singular integro- differential equations defined on smooth closed contours in th
complex plane. We use the cut-off technique kernel to reduce the weakly singular integro- differenti.
equation to the continuous one. Our approach is based on the Krykunov theory and Zolotarevski resu
We have obtained the theoretical background for these methods in classical Lebesgue spaces.
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1 Introduction ties. That is why the necessity exists to elaborate
approximate methods for solving SIDE with the
Singular integro-differential equations (SIDE) corresponding theoretical background. The first
model many problems in physics, elasticity the- regults in this direction have been obtained for
ory, aerodynamics, mechanics, etc. [1]-[9]. SIDE on a standard contour: segment or unity cir-

The problem of approximate solution of sys- cle. [10]-[18] Transition to another contour, dif-
tems of SIDE was studied in many scientific arti- ferent from the standard one, implies many dif-
cles [10]-[18]. ficulties. It should be noted that the conformal

At the same time the reduction method ap- mapping of SIDE from the arbitrary contour to
plied to the approximative solution of systems of the standard one using some reflection function
SIDE is not studied enough, particularly the case does not solve the problem, but only it makes
when the equations are defined on a close contour more difficult: a nucleus with a weak singular-
of the complex plain different from the standard ity appears, so the method of mechanical quadra-
one(unit circlet’y). tures cannot be applied.

It is known that the exact solution for SIDE We would like to mention only the scien-
can only be found in particular cases and even tific articles [24]-[25] which study the reduction
in these cases the exact solution is expressedmethod applied to the Singular Integral Equa-
by multiple singular integrals, their calculation tions(SIE), defined on the smooth closed con-
presents many theoretical and practical difficul- tour (different from a standard one), where the
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theoretical background of reduction method has ®(z) will have the decomposition:
been obtained in Holder spaces. In case when
the SIE are defined on the unit circle the re-
duction method was studied in monograph [26] and the inverse function = ¢(w) = yw + 7o +
and scientific papers [27]-[28] where the the- oy w| > 1, wherey = 1 > 0.

oretical background of SIE has been obtained The function F(z) in the area of the point

in Lebesgue spaces,(I'y) and Holder spaces  zero will have the decomposing:
Hz(T'o)(Ty is unit circle). The case of SIDE of

« «
O(z) =az+ag+ — + — + .,
z z

reduction methods has been studied in [29]. The- F(z) =Bz + fo+ Brz+ foz” + .
oretical background has been obtained in Holder and the inverse function will have a decomposing
Spaces. that is obtained in the same way.

Theoretical background of the collocation Suppose in the future that= 1,5 = 1. As

for approximate solution of SIDE in Hoder is proved in the monograph [30], this supposition
spaces and Lebesgue spaces was proved in [22]-doesn’t limit the general case.
[23]. The equations are given on a closed contour With &,(2)(k = 0,1,2,...) mark the poly-
satisfying some conditions of smoothness. The nomial that represents the totality of members
stability of collocation methods was obtained in  with non-negative power of in the Laurent de-
[20]. The numerical results can be found in [21]. composition of the functiori®(z)]*, and with
In the present work the numerical schemes F(1/z)(k = 1,2,...)— the polynomial that rep-
of reduction methods for approximative solution resents the totality of members with negative
of systems of weakly SIDE have been obtained power ofz in Laurent expansion of the function
on the Faber-Laurent polynomial system, gen- [F(z)]*. Polynomials®;(z)(k = 0,1,2,...,)
erated by an arbitrary smooth closed contour. and Fi(1/z)(k = 1,2,...,) are called Faber
The theoretical background has been obtained in polynomials for the contouf’ for the powers of
Lebesgue spaces. zandl/z,z € I', respectively. LetS, be the
operator that takes each continuous funcgr
on I to thenth partial sum of its Faber-Laurent

2 Definitions of Function  Polynomials (see [30]):

Spaces and Notations 9(t) = kZ gk Pi(t) + kZ g-rFu(1/1), (1)
=0 =1

Let I' be a smooth closed contour bounding a whereg,(k = 0, +1, .. .) is calculated from:
simply connected domaiw* that contains the 1
pointz = 0, and letD~ = C'\ D* UT. 9= 5 / g(¢(r))r™*dr, (k= 0,1,2,...), (2)

Let functionw = ®(z) apply conformably Irl=p
D~ in the domainw| > 1 so that 1
P(c0) = oo,zli_gloz_l(b(z) =a > 0,andz = 9k = 5 / glp(r)r " dr, (k=1,2,...). (3)
¢(w) is the inverse function of functio@(z). ImI=p

And letw = F(z) apply conformablyD* in Mark with S,, the operator that puts in cor-
the domainw| > 1, so that respondence to each functigfy) defined on/’
F(0) = OO’?_% 2F(z) = 8> 0,andz = o(w) partial sum of order, of Faber-Laurent series:
is the inverse function. n n

In the area of the infinite point the function (Sng)(t) = kzzggkq)k(t) + ];g_ka(l/t). (4)
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We assume that the function= ¢(w) has
a second derivative, satisfying on unit circle the
Holder condition with some parameter(0 <

v < 1); the class of such contours is denoted by

C(2;v).[19]

In the complex spac.,(I')],,(1 < p < o0)
of vector functions (v.f.)
(g1(t), -+ gm(1));

g(t) =

g;(t) € Ly(T), j = 1,m summarized orl’ on
powerp, 1 < p < oo and with the norm

m 1 D
gl = > gl lgelly = (7/|9k|p(7)|d7|) ,
k=1 A

wherel is the length of",

We denote by(ng)]m, 0 < B <1, the Ba-
nach space oh,—dimensional vector functions,
satisfying onl" the Holder condition with degree

B.
The norm is defined asvg(t) =
{91(8), -, gm(1)}
llglls = >_(llgllc + H{gx, B)),
1
l9lle = max|g(t)],
H(g,B) = sup{|t —t"'| P|g(t' —g(t"|}, ¢ 1" €T.

t/ ;ét//

Definition 1 A factorization of non-singular ma-
trix G(t) relative to the contout’ is a represen-
tation of G(¢) in the form
G(t)=GTAM)G™

where G* are matrix functions analytic and
non-singular in D*, satisfying detG* # 0,
respectively, A(t) = diag{t™, t", ... t""},
and k1, ks, ..., K, are integer. The numbers
K1, Ko,..., Kk, are called left partial indexes

[36]
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3 Problem formulation

In the complex spacé.,(I')],, we consider the
singular integro-differential equations (SIDE)

(Ma =) S [A ()20 ()4 B (1)~ / ) gy

—o T—1

1 K, (t,7)
r|t—r|r

= f(t>7 tel, (5)

where0 < v, < 1, A,(t), B,(t) are given ma-
trix functions(m.f.), f(¢) is given v.f. which
belong to[Hs(I")],n;and K. (¢, 7) (r = 0,q) is
m f. which belong taH(T")],,, by both variables.
O)(t) = 2(t) is the required v.f.3) (1) = <20
(7‘ = 1,q); (¢ is a natural number) which belong
t0 [H5(I)].0.
Using the Riesz operato® = (I + 5),
@ = I — P, (wherel is the identity operator, and
S is the singular operator (with Cauchy kernel)),
we rewrite the system of Eq. (5) in the following
form convenient for consideration:

93(’”)(7')0[7']

2mi

q

(Mz =) Y [A()(P27)(t) +

r=0

B, (t)(Qa")(t)+

1 K.(t,T) O (Vi
r|t—rT|7 (7)dr]
= f(t), terT,

whereA, (t) = A,(t) + B.(t), B.(t)
B.(t), r=0,...,q

We need that the function? (¢) belongs to
[Hs(I")],,,. From this condition follows that

x(k) € [HB(F)]ma

omi
(6)
= Ar (t> -

k=0,...,q— 1

We search for the solution of equation (5) in the
class of functions, satisfying the condition

—./x(f)f—'f—ldf —0, k=0g¢—1
271 J
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We introduce the denotation "the problem
(5)-(7)” for the SIDE (5) together with the con-
ditions (7).

In order to reduce the schemes of reduction
methods we introduce a new integro- differential
equation from the initial equation. The kernel
with the weak singular peculiarities is substituted
by continue kernel. Consequently we solve the
approximative equation:

(M) =)(Moz) (t)+5 Z/ K, (t, 7)) (7)dr
= f(t), tel. (8)
|I;T<t7|:) when [t — 7| > p;
_ — 7|
wherekK, ,(t,7) = K (t,7)
when |t — 7| < p;
pﬁ/r
(9)

p is a arbitrary positive numbef/, is a charac-
teristic part of S which corresponds system (5).
And so the equation (5) is changed on the new
equation (8).

4 Auxiliary results

We formulate one result from [31],[32] establish-
ing the equivalence (in sense of solvability) of

problem (5)-(7) and system of SIE. We use this
)

result for proving Theorem 7. VFdi

dtd
q
ard d(Qig;)() can be represented by integrals of

Cauchy type with the same densitft) :

d?(Px)(t) 1 v(T)

e _%m!r—#h teFT,
d?(Qx)(t) ot v(T) B
T_%I/T—th’ et

(10)

Using the integral representation (10) we reduce
the problem (5)-(7) to the equivalent (in sense of
solvability) system of SIE

[

D(t)

¥/

v(7)

—dr
T—1 +

(Yo =)C(t)v(t) +
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dr = f(t), tel, (11)

% |T —t

for unknown v.fu

/\

t) where

(12)

/mth

where M;(t,7), N;(t,7) j = 0,..., are Holder
m.f. An obvious form for these functlons is given
in [32]. By virtue of the proprieties of the M.F.
Mj(t> 7-)7 Nj(tv 7_)7 Kj(tv 7_)7 Aj(t)> Bj(t)> J
0,...,qthefunctionh(t, ) is a continuous func-
tion in both variables.

tl? )dtl ) (13)

Lemma 2 The system of SIE (11) and problem
(5)-(7) are equivalent in the sense of solvability.
That is, for each solution v.fu(t) of system of
SIE (11) there is a solution of problem (5)-(7),
determined by formulae

(=1)*

(PO = 5y / v(D)l(r — 1)1 x
log (1 — ;) + qz::l a1 R dr
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(=D*
2mi(q — 1)!

(Qu)(t) = / o(r)r (= 1) x

q—2
log (1 — %) + 3" Bt M dr, (14)
k=1
k=1 (—1)ICY
wheref, = 3 ()7?‘1,1{; =1,...,q—1,
=0 k=
~ -1 (—=1)i¢’
Br = qZ (.)7‘1_1, k=1...,q—2and
=kl J—k

CJ_, are the binomial coefficients.) On the other

hand, for each solution v.fz(¢) of the problem
(5)-(7) there is a solution v.f:(¢)

d?(Q)(t)
dea

d?(Pz)(t)

tq
ae

u(t) =

to the system of SIE (11).

the problem (5)-(7) from (14) and vice versa.

In formulas (14) bylog (1 — ¢/7) we understand
the branch which vanishes as= 0 and by
log (1 — 7/t) the branch which vanishes as=

0.
o ()

Define[Ww,, |, as

o (9)

Wy Jm = {g € [Lp(T)]m : = [Lp(T)]m

% /Q(T)T

k=0,...

“ldr =0,

o (9)
The norm in[qu |
ity

is determined by the equal-

gl = [1g'V1]2,m.

We denote by[L, ], the image of the space
[L,],, with respect to the map +¢~?() equipped
with the norm of{L,],,. We formulate Lemma 3

Furthermore, for
linearly-independent solutions of (11), there are
corresponding linearly-independent solutions of

Feras M. Al Faqih, lurie Caraus, Nikos E. Mastorakis

o (@)
Lemma 3 The differential operatotD? : [qu

Jm = [Lpglm, (D)(t) = ¢'9(t) is continu-
ously invertible and its inverse operat@ 7 :

o (9)
Ly qlm — [qu |m is determined by the equality

(D719)(1) = (N*)(1) + (N9 (1),
(N*g)(t) = 727”((; 1jq1) y
[ (Po)n)(7 — 0 og(1 — Dyar,

(V)0 = 5

[ Qo)) (7 =ty og(1 = .
I
From Lemma 3 it follows

o (9)
Lemma 4 The operator B [qu lm  —
[Ly)m, B = (P +t?Q)D1 is invertible and
B™'=D(P+t71Q).

4.1 Estimates for weakly singular in-
tegral operators

Lemmab5 Leth(t,7) € C(I' x I'), and ¢ (t) €
L,T),1 < p < oo. Then the functiorf{ (t) =

1 h(t,T)
|7 —t]

2 W (7)dr, satisfies the inequality
T
r

1 1
H Sdll @b 7_+_:17
[ H|[p 1%l P

/ () () Pdr

The proof can be found in [34].

1/p
(15)

Ollp =

Lemma 6 Let the assumptions of Lemma 5 be
satisfied; then|x,|l, < dop=/9||¢)||,, where

1 h(t,T) 1
p %F/ l|7__t|-y - hp(t>7-)‘| ?/)(T)dﬂ ]_) +

S

and Lemma 4 from [33]. We use these lemmasto ¢

prove the convergence theorems.
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1By d;,ds, . . ., we denote the constants.
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5 Convergence Theorem

We seek an approximate solution of problem (5)-
(7) in the form of a polynomial

Tnp(t) =11 o, Pi(t)+
k=0

n 1

Z a—k,ka(;% te F? (16)
with unknown numerical vf. o, = k =
—n,...,n. The numerical v.f. oy, , are found
from the condition:

SpMz,,— f] =0,

Snfv

for the unknown v.f. z,, ,(¢) of the form (16).
Note that Eq. (17) is a system of(2n + 1) lin-
ear algebraic equations(SLAE) with(2n + 1)
unknownsyy, , k = —n, ..., n.

Note that the functions of this system is de-
termined by the Faber- Laurent coefficients of the
M.f A.(t) andB,.(t) :

s | K

Sn[ My, = (7)

o, T)P(T)dT, k=0, ...

1 1
— F/ Ko plt, 7V Fi(2) .

k=1,....,n,r=0,...,q

In what follows, we give a theoretical back-
ground of the reduction method, i.e., derive con-
ditions providing the solvability (starting from
some indices) of (5) and the convergence of the
approximate solutions (‘16) to the exact solution

Theorem 7 Let the following conditions be sat-
isfied:

1. mf.  A(t), B.(t) and K,,(¢t,7), r =
0,...,q, belong to the spack (a)]n;

2. det[A,(t)|det[B,(t)] # 0;
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3. the left partial indexes!,(t)tB,(t) of m.f.
are equal to zero;

5 mf[K.(t,7)] (r=0,...,q) € [Hg]m (T x
), 0<p <1, functlonf(t) e [C(T)]m,
e C(2;v);

6) the operatorM : [I/f/;q)]m — [Ly(T)]m is
linear and invertible;

Then starting from indices > n; and p small

enough the SLAE (17) of reduction method is
uniquely solvable. The approximate solutions
x,,(t) given by formula (16) converge in the

o (9)
norm of space[qu |m to the exact solution
(z(t)) of problem (5)-(7) in sense of:

lim (18)

pto0

Tnpllpg = 0-
Proof Using the conditions of Theorem 7 we
have that the operata¥/ : [I/f/p,q] — [Lpy(D)]m

is invertible. We estimate the perturbation /af
depending om. Using Lemma 6 and the relation
M, = M, + K, we obtain

13 = M| = O(p1 =),

(19)

Let us show that the operatof, is invertible for
sufficiently small valueg. Using the representa-
tion M, = M[I — M~*(M — M,)] and (19), we
obtain from Banach Theorem that the inverse op-

eratorM " = [[ - M~ (M —M,)]"' M~ exists.
The following inequalities hold:
- |M7H|
1M71] < S+,

1M = M| < dupt 7 [M7Y]. (20)

The SLAE (17) of the reduction method for SIDE
(5) for v € (0;1) is equivalent to the operator
equation

SnM,Spy , = S Mo Sy p+
~) 1 ")
SHZ%) %I/Kﬁp(t,T){EMp(T}dT
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Snlf, (21)

wherekK, ,(t,7), (r =0,...,q) is defined by for-
mula(9). Using the integral presentation (10), the
equation (21) is equivalent to the operator equa-
tion

UnTpUnUn,p = Unfa (22)

where operatoll, is defined in (11), substituting
h(t, T
T byY,and |T(_ t)v by h,(t, ) (whereh,(t,7)

is calculated by formula (13)). The equation (22),

represents the reduction method for the system of

SIE
T,v, = f,v,(t) € Ly(I'). (23)
We should show that if. (> n,) is large enough

andp small enough the operatéf, M, U, is in-
vertible. The operator acts from the subspace

o n —1
[(Xnlm = {tq kZ:jO &g ot + k:Z_ §k7pt"/’} (the norm

o (9)
as in[qu |m) to the subspace

n

[Xn]m: Z ’/’ktk,

k=—n
(the norm as inL,(I")].)

Using formulas (10) the

dtd
q
% can be represented by Cauchy type

integrals with the same density ,(¢) :

tel.

P(Pra )l

di(Pxy,)(t) 1 U p(T)
T;_%F/ m g, te P
d(Qrn,)(t) 70 [ vn,(7) _
(24)
Using the formulas
(Px)" (1) = P(x)(t), (Qx)"(t) = Q«")(1),

and relations (10) we obtain from (24)

k
Un,p(t) _ Z ( ZQ) tkg p+
k=0 '
n k, _
qz +q )1)15 ke .
k=1
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We obtain from previous relation that, ,(t) €
X,,t € TI'. The reduction method for system
of SIE was considered in [35] where sufficient
conditions for solvability and convergence of this
method were obtained. From (24), Lemma 2 and
un,(t) € X, we conclude that if functiom,, ,(t)

is the solution of the equation (22) then the func-
tion z,, ,(t) is the discrete solution for the system
U,MUyx,, = U, f and vice versa. We can de-
termine the functiom, ,(¢) from relations (14):

A [l — o

(Pan,)(t) = Irilg — 1)1

q—1

t
log(1— =)+ Y agr? " 't¥]dr;
T

k=1
(Qong)6) = gy

/Un,p(T)T_q[(T — )7 log(1 — Z)+

t
r

q—1
> Bqu_k_ltk]dﬂ (25)

k=1
From the conditions 3),4),6) of Theorem 7,
Lemma 3 and Lemma 4, the invertibility of
operatorY : [L,(I')],, — [L,(I')], follows.
From Banach Theorem and Lemma 6 for small
numbersp, we have that the operator,
[L,(T)]m — [Lp(D)], is invertible. We should
show that for (22) all conditions of the Theorem
1 are satisfied from [35]. Theorem 1[35] gives
the convergence of the reduction method for sys-
tem of SIE in space§L,(I")],,. From condition
3 of Theorem 1[35] and from (12) we obtain the
condition 3 of Theorem 7. From the equality

[C(t) = D) HC () + D(t)] = "B, Ay (),

we conclude that the index of the functigri(¢)—

D(t)]7'[C(t)+ D(t)] are equal to zero, which co-
incides with condition 4 of Theorem 7. Other
conditions of Theorem 7 coincide with condi-
tions of Theorem 1[35]. Conditions 1)- 6) in The-
orem 7 provide the validity of all conditions of
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Theorem 1[35]. Therefore beginning with num-
besn > n; (22) is uniquely solvable and for
numbersp small enough. The approximate so-
lutions v, ,(t) of (22) converge to the exact so-
lution of equation (11) in the norm of the space
[L,(I")], asn — oo. Therefore the equations
(21) and the SLAE (17) have the unique solutions
for (n > ny). From Theorem 1[35] the following

estimation holds:

m 1
ey = wnll <O (-2 ) +

na

o), (@6)

; —
n

O(w(f

whereO(w'(h; =) and O(w(f; =) are modulus of

continuity. From (10) and (25) we obtain

(P,) () = (Pu,)(1),  (Qup) 0 (t) = t7(Qu,)(1).

Therefore we have
(Pin,p) @ (t) = (Pug,)(1),
(mep)(q)(t) = t_q(QUn,p)(t)-
We proceed to get an error estimate

12p = Tapllpg = |20 — 2@ |1p) <

1P (vp = vnp)lliL,) + [E79Q(v, — vnp)lliz,) <
[P vp=on ol HIE QU op=vn ol |12, <
(P e NRIDNNve = vnplliz,y- (27)
Using the inequality

1 1
1 : 1 :
1z, = (7/|t_q|pdt) = (7/\t_qp|dt>
r T

1 1
1 1 g 1 g
[ min |¢|Pa min |¢|P4
tel ter

From (26),(27), (20) and from the inequality

||z — xanZ?q <|IM7f - Mp_lHZ?q

Hzp = Tnpllpy: (28)

we obtain the relation (18). Thus Theorem 7 is

proved.
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6 Conclusion

In this article we studied more general case when
the kernel in SIDE (5) contains a weak singularity
(v # 0.) Theoretical background was proved in
classical Lebesgue spaces. In future we are going
to prove theoretical background in for the others
functional spaces.
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