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Abstract: The global exponential stability is investigated for a class of reaction-diffusion Cohen-Grossberg-type
BAM neural networks with time delays. By constructing suitable Lyapunov functional and using homeomorphism
mapping, several sufficient conditions guaranteeing the existence, uniqueness and global exponential stability of
reaction-diffusion Cohen-Grossberg-type BAM neural networks with time delays are given. Moreover, two illus-
trative examples are presented to illustrate the feasibility and effectiveness of our results.
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1 Introduction

Bi-directional associative memory (BAM) neural net-
works, first introduced by Kosko[1], is a special class
of recurrent neural networks that can store bipolar
vector pairs. In recent decades, BAM neural networks
has been successfully applied to pattern recognition
and artificial intelligence due to its generalization of
single-layer auto-associative Hebbian correlator to a
two-layer pattern-matched hetero-associative circuits.
In the designs and applications of networks, the sta-
bility of the designed neural network is one of the
most important issues . There have been Many re-
sults concerning mainly on the existence and stabil-
ity of the equilibrium point of BAM neural networks
(see[2-10]).

As we know, Cohen-Grossberg neural net-
work(CGNN), which includes a lot of famous neu-
ral networks such as Lotka-Volterra system, Hop field
neural networks and cellular neural networks, and
so on, has attracted considerable attention for its
potential applications in classification, parallel com-
putation, associative memory and great ability to
solve difficult optimization problems since initially
proposed and studied by Cohen and Grossberg in
1983 [11]. Based on BAM neural networks and
Cohen-Grossberg neural networks, Cohen-Grossberg-
type BAM neural networks (i.e., the BAM model
that possesses Cohen-Grossberg dynamics) was nat-
urally proposed and received overwhelming attention.
Many researchers devoted to the dynamical analysis
of Cohen-Grossberg-type BAM neural networks in re-
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cent years, especially the asymptotic and exponen-
tial stability (see[12-21]), which has the extremely
close relation with the application of networks. For
example, In [12], Cao and Song further investigated
the global exponential stability for Cohen-Grossberg-
type BAM neural networks with time-varying de-
lays by using Lyapunov function, M-matrix theory
and inequality technique. In [13], by constructing a
suitable Lyapunov functional, the asymptotic stabil-
ity was investigated for Cohen-Grossberg-type BAM
neural network. In [14], the authors have proposed
a new Cohen-Grossberg-type BAM neural network
model with time delays, and some new sufficient con-
ditions ensuring the existence and global asymptoti-
cal stability of equilibrium point for this model have
been derived. The authors in [15-18] have inves-
tigated the periodicity of delayed Cohen-Grossberg-
type BAM neural networks with variable coefficients.
In [19-21], authors investigated the stability prob-
lem of Cohen-Grossberg-type BAM neural networks
under the stochastic effects, impulsive effects and
Markovian jumping effects , respectively.

However, In the factual operations, the diffu-
sion phenomena could not be ignored in neural net-
works and electric circuits once electrons transport in
a nonuniform electromagnetic field. So, it is essen-
tial to consider the state variables are varying with the
time and space variables. On the other hand, due to the
finite transmission speed of signals among neurons,
time delays inevitably occur in artificial neural net-
works. Therefore, it is necessary to do some research
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on Cohen-Grossberg-type BAM neural networks with
time delays and reaction-diffusion terms. In [22-
27], authors have considered the stability of Cohen-
Grossberg neural networks with reaction-diffusion
terms neural networks , and with time-varying de-
lays or continuous distribution delays. The study on
the stability of BAM neural networks with delays and
reaction-diffusion terms see ([28-32]). However, To
the best of our knowledge, there have been very few
results on analysis for Cohen-Grossberg-type BAM
neural networks with time delays and reaction diffu-
sion terms.

Motivated by the above discussions, a class of
reaction-diffusion Cohen-Grossberg-type BAM neu-
ral networks with time delays is considered in this pa-
per. We will derive some sufficient conditions of exis-
tence, uniqueness and exponential stability of equilib-
rium points for reaction-diffusion Cohen-Grossberg-
type BAM neutral networks with time delays by
constructing suitable Lyapunov functional and using
homeomorphism mapping. The rest of this paper is
organized as follows: In Section 2 the model formu-
lation and some preliminaries are given. The main
results are stated in Section 3. Finally, two illustrative
examples are given to show the effectiveness of the
proposed theory.

Consider the following reaction-diffusion Cohen-
Grossberg-type BAM neural networks

)
Oui (1) :kél S (Dy 2t
:Tguz ,)) [bi(ui(t, )
_]; aij f5(v; (¢, x))
i cij [ (vj(t — 7ij, ) — L,
i= )
L E :k; 22 Ejkauég;m))
—d;(vj(t, 7)) le; (v; (1, )
—i;bjigi(ui(t,l"))
\ - 3 hlt = 030.2)) - I
for ¢+ = 1,2,---,n,5 = 1,2,---,m, where
r = (z1,29,--,2)7 € @ c R and Q;

is a bounded compact set with smooth boundary
0; and mes Q; > 0 in space R'; wu(t,x)
(ul(ta .%'), u2(t7 iL'), e 7Un(t7 x))T € Rn7 U(ta .7}) =
(vl(ta $), UZ(t7 ZL‘), e 7vm(t7 x))T € R™, ui(ta 1’)
and v;(t, x) are the state of the ith neurons from the
neural field Fyy and the jth neurons from the neu-
ral field Fy  at time ¢ and in space x , respectively;
D, > 0 and Eji > 0 correspond to the transmis-
sion reaction-diffusion operator along the ¢¢h neurons
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and the jth neurons, respectively; f; and g; denote
the activation function of the jth neurons and the ith
neurons at time ¢ and in space z, respectively ; a;;
and c;; weights the strength of the it/ neuron on the
jth neuron at the time ¢ and ¢ — 7;;, respectively; bj;
and hj; weights the strength of the j¢h neuron on the
ith neuron at the time ¢ and ¢t — oj;, respectively;
7i; = 0 and oj; > 0 are nonnegative constants, they
correspond to finite speed of axonal signal transmis-
sion; I;, J; denote the external inputs on the 7th neu-
ron from Fy and the jth neuron from Fy, , respec-
tively; a;(u;(t,«)) and d;(v;(t, x)) represent amplifi-
cation functions; b;(u;(t,x)) and e;(v;(t,x)) are ap-
propriately behaved functions such that the solutions
of model(1) remain bounded.

The boundary conditions and initial conditions of
system (1) are given by

Ou;(t,z) Ou;(tx)

_ Oui(tx) Quito)\T _
on - ( or; ' Oxo ' Oxy ) ]
eI, i=1,2,---,n,
dvj(t,x) _ ,Ov;(tx) Ovj(tx) Ov;(tx)\T 0
on - ( oxr1 Oxro B ox; ) -
2 €0, =12 m
()
and
ui(s, ) = dui(s, ), s € [—o,0],
‘ o (3)
”UJ(S,.%) - ¢U](S7x)7 ERS [_Ta 0]7
forx € Qi =1,2,--- ,n,j =1,2,--- ,m, where

1§i§%?§j§m{aj ih 7 195311,?%@{7” b

¢ui(s,x) and ¢y;(s, ) are bounded and continuous
n[—0,0] x ©;, § = max{o,T}.

2 Preliminaries

In order to establish the stability conditions for system
(1), we first give some usual assumptions.

(H1): Foreacht =1,2,...,n;5 =1,2,...,m,
the amplification functions a;(2),d;(z) are positive
and continuously bounded, that is, there exist con-
stants 0 < g, < @, and 0 < d; < d;, such
that a; < a;(z) < a, d; < dj(z) < d_J for all
z € R = (—00,+00).

(H2): b;(z) and e;(z) are locally Lipschitz con-
tinuous, and there exist ; > 0 and v; > 0, @

1,2,...,n;5 = 1,2,...,m, such that z[b;(z + y) —
bi(y)] > Biz*, zlej(z+y) —ei(y)] > 2% 2y €
R.

(H3): The activation functions f; and g;(i =
1,2,...,n;5 = 1,2,...,m) satisfy Lipschitz condi-
tion, that is, there exist constant F; > 0 and G; > 0,
such that

|fi(&1) — fi(&2)] < Fjlé1 — &,
19i(€1) — gi(&2)| < Gilé1 — &,
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for any &1,&2 € R.

Letaj = a;/a;,d; = dj/czj, and
u(t7$) - (ul(twr)?uQ(t?x)a : 7un(t7x))T7
o(t, ) = (v1(t, ), v2(t, @), -+, om(t, x))T,
T

T
= (ul( ,.1‘), 7un(tvw)avl t,.ﬁ), 7Um(t>$ )
ut = (UT,U;, Tt 7u;k1)T7v* = (UT7U§7 7U:n T7

U*vv*)T = (uf?u;" ,’LL;,UT,U;,-- aU:n)T'

Definition 1 The point (u*,v*)T is called a equilib-
rium point of system (1), if it satisfies the following
equations

—bi(u7) + Zlaijfj(v;-‘) + Zlcijfj(v;) +1; =0,
J= J=

—e;(v]) + Zl bjigi(ui) + Zl hjigi(u;) + Jj =0,
B - )

fOl"i:l,Q,"' 7naj:1727"' , M

Definition 2 Let (u*,v*)T be the equilibrium point of
system (1), we define the norm

ity ) = uill3 = [ (ualt, @) — u)*da,

Q
lvi (£, ) — w313 = g{(vj(t,a:)—v’f)Qdar,
[fu —u*ll2 = sup Z [ puilt, ) — uill2,

—o<t<0 z

l60 vl = sup 3 ([ (t, )
—7<t<0 j=1

_ijQ?

n m
[ul® = 3 Juit, 2) 2, [[o]|? = X |vi(t, )7,
i=1 j=1
where ¢, = (¢u17¢u27"' 7¢un)T and ¢, =
(o1, Pv2y - Pom)? are initial values.

Definition 3 The equilibrium point (u*,v*)T of
system (1) is said to be globally exponentially stable,
if there exist constants o« > 0 and M > 1 such that

Zl (Jwi(t, ©) — ufll2 + -21 [v;(t, @) — v} l2
1= J=
< Mem[|pu — u*[l2 + [P0 — v*[J2],
forallt > 0, where
(u(t,a:),v(t,x))T = (ul(t,.T),UQ(t,x), e un(t"T)’

v1(t, @), va(t, ), vm(t, 2))T is any solution of system
(1) with boundary conditions (2) and initial condi-
tions(3).

Lemma 4 [33] If H(u) € C°, and it satisfies the fol-
lowing conditions

1) H(u) is injective on R™,

2) |H(uw)|| = +o0, as
then H(u) is a homeomorphism of R".
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Lemma 5 Assume that

—aiBi+ Y |biilGi+ > [hiilGs <0,

j=1 j=1

n n
—diy;+ > lai|Fy + Y lei| Fy <0,
=1 =1

fori:1,2,-~ 7naj:1727"'
o > 0, such that

,m, then there exists

—a; ﬁH—Z]bﬂ\G —i—eo“’Z\hﬂ\G <0,

7j=1 7=1
a n n
T Gt D lai|Ej 4Ty e Fy <0,
J i=1 i=1
fori=1,2,....n,5=1,2,....m
Proof. Let
pila) =2 —ajBi + Z |0ilGi + €27 Z hjilGi,
j=1 Jj=1
i:1,2,...,n,
n n
bj(a) = & —djy; + Zl |ai;| Fj + €7 21 |cij| Fj,
1= 1=
i=12,...,m,
then they hold that
d@z( ) > 0 QETOO (,01<Oé> = +00, 902(0) < 07
1= 1 2,...,n,
d’/’]( ) > 0 OLEIEOO wj(a) = +o9, %(0) <0,
1=12....m

Therefore, there exist constants «; and o € (0, +00),
such that

pi(a;) =0, i=12,....n, 9j(a)) =
7=12,....m

We choose

a = min{og,q,...,an, 05,05, ...,a}, then

a > 0 and it satisfies that ¢;(a) < 0, @ =
L,2,...,n, ¢j(a)<0,j=1,2,...,m,
which means there exists constant «a > 0, such that

= —aifi + Z |bi|Gi + e Z |hji|Gi <0,

],
1=1,2,.

Tl n
d% — d;f’)/j + Z; ]aij]Fj + e*7 Z; |Cij‘Fj < 0,
i=12,....m
This completes the proof. O

Lemma 6 Assume that

—a;Bi + Y dilbsilGi + > djlhyilGi < 0,

j=1 j=1
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n n
—dyi+ Y Glai|Fj + Y ailei;|Fy <0,

=1 =1
fori=1,2,...
a > 0, such that

n,j = 1,2,....m, then there exists

o — Qiﬁi —+ ZJj]bjAGi 4 %7 Z CZj|hji‘Gi <0,
j=1 j=1

n n
o — dj’yj + Zai’aij’Fj + e Zdifcij‘Fj <0,
i=1 i=1

fort=1,2,....n,5=1,2,....m

The proof is similar to that in proving Lemma 5,
we omit it. O

3 Main results

In this section, we will derive some sufficient condi-
tions to guarantee the existence, uniqueness and the
exponential stability of the equilibrium point for sys-
tem (1).

Theorem 7 Under hypotheses (H1)— (H3), then the
system (1) has a unique equilibrium point if

. 1 m m
—a; fitg > lasl+lles | F+ > [1bjil+RsllGs < 0,

j=1 j=1

&)

n

k - 1
—dﬂj+2[\aij|+|0z‘j|]Fj+§ > [lbij|+Ihyil1Gi < 0,

i=1 =1

(0)
fori=1,2,....n,5=1,2,....m.
Proof. Let
H(’LL, U) = (Hl(u’ U)vHQ(ua U)a T aHn(ua U)v
Hyi1(u,v), -+ Hyvm(u,v))T where H;(u,v) =

m m

—bi(u;) + Z ai; fi(v;) + Z cijfij(vi) + Liyi =
1 2---n, and Hyyj(u, v) = —e](v]) +

Zl b]zgz(uz) + Z h]zgz(uz) + JJa] =1,2-

It is known that the solutions of H(u, v) =0
are the equilibriums of system (1). If the mapping
H(u,v) is a homeomorphism on R"*™, then there
exists a unique point (u*,v*), such that H (u*,v*) =
0, i.e., system (1) has a unique equilibrium point
(u*,v*). In the following, we shall prove that H (u, v)
is a homeomorphism.

Firstly, we prove that H(u,v) is an injective
mapping on R"*™, In fact, if there exist

(U,’U):(Ul,UQ,"' T

y Up, V1,02, " - 7Um) )
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(?TL,'I_)):(?TLMQTLQ,"' 77177,7@1762; , U ) ER
such that H(u,v) = H(u,v) for( u,v) # (@, 17) ,
then

—[biu;) —

s

bi(u)] + > aii(fi(v;) — £5(95))

1

J

+3 cilfi() — f
j=1

—[d;(v;) — d;j(v;)] + ; bji(gi(ui) — gi(ui))
+Zhji[gi(ui) —gi(;)] =0,57=1,2 m. (8)
i=1
By multiplying both sides of (7) by (u; — 4;), we
have
G ACDIIC D)
(i — i) 37 ailfi(v) — f5(;)]
7=1
=)y cijlfi(vy) = £ (@)1 =0, )
7j=1
fort=1,2---,n

‘Which means

—a} Bi(u; — ;)% + |u; — i |aijl| f;(vi) — £5(05)]
=

Hlug —wi| Y leijl | fi(v;) = £5(35)[ 20, (10)

j=1
fort=1,2---,n
Since | f;(vj) — fj(v;)| < Fjlv; — v;], therefore from
(10), we have

m
—aiBi(us — w)* + Y eyl Fylus — wil.Jv; — o4
j=1

m
+Z|Cij’Fj|ui—ﬂi|.‘Uj—T}j| >0, (11)
j=1
fori=1,2--- ,n.
Applying the inequality: a® + b> > 2|al.|b| to (11), it
follows that

m
—a}Bi(ui — w)? + 3 Z [lai;]

+ei | Fyl(ui — @) +
fori=1,2--- ' n
Similarly, from (8), we derive

+(vj —v;)’1 >0, (12

—dii(vj — v;)* +

;énw
Ihgl)Gal(us — )? + (v

)’ >0, (13)
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forj=1,2---,m
Plus the left sides of (12)-(13), and merge the similar
items, we can obtain

Zl{—ai‘ﬁi +1 Zlﬂaz'j! + leij || F

1= 1=

+3 Zl[!bjz‘\ + [Rji||Gi}Hu
]:

+§{—

i — W)°

n
divj+ 5 2 [laij| + [ 1] F

5;)2>0. (14

l\')\H

Z b5l + |hje] Gi}(v;

According to (5) and (6), from (14), it is easy to see
that

U; = U, Vj :Ej,fori =1,2.--,
which contradict (u,v) # (u, ).
injective mapping on R""™,
Secondly, we prove that ||H (u,v)]|
I, )| > +oo.

Let H(u,v) = H(u,v) — H(0

= <I:Il(u,v)  Hy(u,v), -+,

nj=1,2-,m
So H(u,v) is an

— 400 as

@)
~—

ﬁn-}—l(ua U), ﬁn+2(uvv)7 ) ]
where

Hi(u,v) = —[b;(u;) — b;(0)]

+> aiilfi(v;) = HO]+ D eijlflvy) -
=1 j=1

Hyyj(u,v) = —[e5(v;) — €5(0)]

Z 74 gz uz

fori=1,2--- ,n,j=1,2---,m
By (15) and (16), we can find

(1, 0)T B (1, v) = é i) + 5

—bi(O)]uﬁ—ng aijus(f3(v;)
fi(0)]}

(0o +§ bsiv; (gi (us)
9:(0)]}

m
{—a}Bui + 2 lag | Fyluil-us|
F=

£3(0));
(15)

)]+ Z hjilgi(ui) — gi(0)],
=1 (16)

vjffn+j(u,v)

I

.
Il
—

{=[bi(us) —;(0))

_|_
NE

CijUs [f] (v])

{—lej(vy) —

.
Il
-

_.|_

—9i(0))

<
Il
-

+
M=

h]lvj [9i(u;) —

s
Il
—

'M:

-
I
_

IN
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m m
+ 20 leil Fyluil v} + > {—
=1 =1
n n
+ Zl |bji| G|l [v;] + Zl |hjil Gilual |vs]}
1= 1=
n m
< ;{—afﬁﬂﬁ +3 2[\%\ + [eif) | Fj(uf +v3)}
Z; 2 1 J’; 2 2
+ Z{—dﬁj% +3 ,Zlﬂbjz'l + |hil|Gi(ui +v3)}
=

{ aiBi+ 3 Zlﬂaz‘j! + |eij ] F
]:

HM:

% [|bjz‘\ + il lGi}uf + Z{_dﬁj

% Uaz‘j! + |cij |1 Fj

+3 EUM + |Rji Gitvs

m m
< — min {a}f; — 3 2 llaig| + e 5 - 3 2 (15
J= J=

- 1<i<n

n
g , 2 _ ; *a . L . .
)Gl = mim {53 3 llasg|+ i)

1 n
~5 > lbjil + 1hgillG} ol (17)
i=1
Using the Schwartz inequality
XY < XTY[ <Xl as)

where || X ||, ||Y|| are the norms of vectors X and Y,
respectively. From (17), we get

I (w 0)|| - 1H (u, 0)]| > min {aiB; — 5 X llayl +
J=1
TN IR ST N 12 LT
lcij| Fj— 5 ;[\bgz\Jr\hﬂ\]Gz}HUH +1g1§ﬂm{dﬂa—

3 2 lla| + leylFy = 3 2 bjil + [hgil]Gi vl

=1 =1
> M([Jull® + [Jv]|*) = M| (u, v)]]?,
where .
M = min{ min {a;B; — § 3 [|lay] + |eyl|Fj —
=1

1<i<n

S [lag| +

%Z[\bﬂl + 1hsillGi}, min {djy; — 2, .
Jj=1 =

o1, — 4 z [bjil + |hs|Gi} ).

When ||(u, 1})” # 0, we have |[H(u,v)| >
M||(u,v)||. Therefore |H(u,v)]|] — +oo as
|(u,v)|| — o0, which implies that ||H (u,v)| —
+o0 as ||(u,v)|| — +oo. From Lemma 4, we know
that H (u,v) is a homeomorphism on R™*". Thus ,
system (1) has a unique equilibrium point. This com-
pletes the proof. O

Theorem 8 Under hypotheses (H1)— (H3), then the
unique equilibrium point of system (1) is globally ex-
ponentially stable if (5) and (6) in Theorem 7 hold.
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Proof. By using Theorem 7,
unique equilibrium point.
will prove the unique equilibrium point (u*,v*)

(UT’ u§7 T 7un’ Ula ’U>2ka e av;kn)T is globally €Xpo-
nentially stable.
Let
yi(t, ) = ui(t,x) — uf,
zj(t,x) = vj(t,z) — v]’f,
ai(yi(t, ) = ai(yi(t, ) + i),
Eij(zj(tax)) = dj(zj( ,ZL‘) + U;)v
bi(yi(t, x)) = biyi(t, ) + uf) — bi(uy),
ej(zj(t, x)) = ej(z;(t, ¥) + v5) — ¢;(v),
fi(zi(t, ) = [i(z(t, x) + vf) = f;(v5),
9i(yi(t, z)) = gi(yi(t, z) +uf) — gi(u]),
fori=1,2,....,.n,7=1,2,....m
From (1),(4), we derive
l
oy; (t,x o Oy; (t,x
o = 2k (D)
— m —
— a;(yi(t, 2)[bi(yi(t, 2)) — 3 aijfi(z(t, z))

Jj=1

_chf] zj(t = Tij, )], wEY (19)
j=1
l
0z;(t,x o Oz (t,x
Ja(t ) _ ];lﬁ(Ejk ég([;k ))
- ‘ZJ(ZJ(t7$) [ej(z;(t,x)) — Zlbwgz yi(t,x))
- Z hjigi(yi(t — oji, )], = € Q;, (20)
i=1
fori=1,2,---,n,7=1,2,---,m

Multiply both sides of (19) by y; (¢, x) and integrate
with respect to x, we get

0 2\l
st J wlta)Pde = by [ vigy (a2
— S ailyi(t.2))lyibi(yi(t, x)) — 21 aijyifj(z;(t, o)
Q; Jj=
m —
—Zcijyifj(zj(t — Tij,x))]dl‘, (21)
j=1
fori=1,2,--- n,j=1,2,---'m
It follows from the boundary condition that
l
Oy;(t,
Z f yi%(Dikiygi D) dg
9y
= fyz Dy, y@xtx))k 1dzx
E-ISSN: 2224-2880
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—IV%

I
)

>

) 6yi(t»$) l
oz, )kzldx

2

Dy, Byéit ) )2:1 NVydx
(

YiDig

Ay
Y (k )>k:1ds

ox

0

k3

Qf 8yéwth 2 dx
Oy; (t
z J Du(%5
where (Dzk ayé:(ﬂth) )k 1
— (Dzl ayé(t i) D ayé(t ) il 8yé(t %) )T

» e N ”
By (5),(6) and Holder inequality, from (él) we obtain

dHyzHQ < -2 Z f Dig 8?“ tx))Qd:E—Qa Billyill3

)2dz,

T 2a; 3 lag) [ il 1y (248, 2))lde

Jj=1 Q;
m _
+2a; Y |eij| [ il | fi(z(t = 75, )| da
j=1 Q;
m
< —2q;|lyi(t)]|3 + 2a; Zl |aij | Fyllyi () |l2- 1125 (t)[]2
]:
+ 2a; Z || Fylly () |]2-11 25 (¢

% < a;[—a;Billyi(t)||2

— Tij)”g, that is

m
2+ Y leij| Fyllz(t

j=1

= 7i)|l2],
(22)

m
+ 3 la | Fyllz ()
j=1

fort=1,2,---,n
Multiply both sides of (20) by z;(t, x) , similarly, we
also get

dl|z; (¢ 7 *
Azl < G (= dyl| 25 (1) 2

- Uji) ||2])
(23)

+ Y 1biil Gillya(D) 12 + Y il Gillyi(t
i=1 i=1

forj=1,2,---,m
We consider the following Lyapunov functional

n m
V(t) = Z a: e lyill2 + 21 i 11
n m
+ 22 2 leijl Fy f e*(¥7i) | 2;(s) |l 2ds
2—1]—1 t— Tij
m n
S [ el oo
7j=11i=1 t—oji

where « is given by Lemma 5.
Calculate the rate of change of V(¢) along
(19)-(20), we derive
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DIV() < e S0l — ot Billu0)]e
+ 2 laylFillz 0l + X leil Fie™ [z (1)1}
1= 1=
+ et S {2z (t)]o
j=1 "7
+ ; 1bji| Gillys (t)]]2 + ; |hji| . Gie®9% ||yi(t) |2}
< e Z{(% —a;Bi + Z 1bji| Gi

e Z |hjil G }Ilyzllz + e Z{d

&
~diy; + Z |ai;| Fj + €7 Z lcij| FjHzjl2- (25)
=1 =1

By (5)-(6) and Lemma 5, we have

— djillz (]2

m m
(% — ajﬂz + Z ’bﬂ‘Gz + e*? Z ’h]z’Gz < 0,
=1 =1

n n
&~ 21 |aij| Fj + €™ Zl |ci5| Fj <0,
1= 1=
fori=1,2,....n,5=1,2,....m

From (25), we can find DTV (¢) < 0, and so V() <
V(0), for all £ > 0. From (24), we have

t)>>" geat\lyz‘\\z +) jeat\lzj\lz t>0.
i=1 " j=1 1

(26)
V(0) = 2 llwi0)]l2 + Zl 71125 (0)ll2
= j=
+ 22 > || Fj f et |2 (s) || 2dls
i=1j5=1 ‘rz]
+ > 2 hilGi f (55050) ||y (5)||ods,
j=1:=1 —0ji
< ;C—%H%,(O z) — u;[2
n 0
+ Zl J eatetn) Z |cij| Fjl|po; (s, ) — v]2ds
1=1—7 7j=1
+ 3 1Ml (0,2) — vF|2
j=1"
m 0
43 [ et 3 | Gull(5,2) - flads,
j=1l—0c
< sup YA+ 2<max il Go)
70'<s<01 1
: f eV ds] ||, (s, ) — gl
+ sup Z[ + > ( max |c;;|F})
—7<5<0 j= i=1 1sjsm
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0
' f e*EH)ds] [ pu, (5, ) — v |12

< sup Z[ + Z(max il Gi) 57
—0<5<0i= j=1 1=
[l u, (s, 93) ulll2
+ s 3HE o+ (max [elF)% ]
—T<S<0j <<
o, (s,2) — Uj||2
_ n
< M[ sup Z H¢%(Sax} - u;kH?
—0<s<0z
+ sup Z o, (s, ) — v} [|2]
—7<5<0 j=
= M{[||¢pu — u*ll2 + [|pv — v*[l2], ¢>0, @27)
where
T — 1
M = max{lréllagxn(al)
m
1
# 35 G IhalG) 5 o ()
n
+Z;(1I§njagx |eiji| Fj) S5}
Since V' (0) > V/(t), we can obtain
N1
2 2 Millz + Z Z 17ill2
< Me atH|¢u_u ||2+||¢v_v*||2]7 t>0,
ie.,
Z l[ui — uifl2 + Z [v; = vjll2
S Me Hl%—u ||2+ [¢o —v*l2], >0,
where
M =pM > 1,p = max{ max (a;), max (d;)}

1<i<n 1<j<m

By Definition 3, the equilibrium point (u*, v*) of
system (1) is globally exponentially stable. O

Theorem 9 Under hypotheses (H1) — (H3), then the
unique equilibrium point of system (1) is globally ex-
ponentially stable if

m
—a;Bi + 5ai Y [Jaij| + |ci; || F;
j=1

m - (28)
+ Zlﬂbjz‘| + [hyillGi(a@i + dj) <0
]:
—d;y; + Z llaij| + |eij || F(d;
_: 29)
+a;) + 3d; ZH%H!%I]G <0,
fori=1,2,....n,5=1,2,....m
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Proof. From (28)-(29), by simple calculations, we
can find that the conditions (5)-(6) of theorem 7
are satisfied. By using Theorem 7, system (1) has
a unique equilibrium point. In the following we
will prove the unique equilibrium point (u*,v*) =
(UT’ UE, T 7un7 U17U>2k7 e 7/U;kn)T is glObaHy €Xpo-
nentially stable.

From (22)-(23), we can obtain

m
lyi(D)]l2 < @iz~ %% [ly; (0)ll2 + Z:lFJ
j:

t
'Ofeg’ﬂ"(H)[laijHZj(S)H2+!Cz‘leZj(S—Tz'j)Hz]dSL

(30)

fort =1,2,--- ,n,and

23 @)ll2 < dj{ -4 1 (0) 12 + 2 Gi

t
-({64j”j(H)[lbﬂ\Hyz'(S)H2+Ihjilllyz-(s—aﬂ)\lz]dS},

D

forj =1,2,--- ;m. Let

Qt) = ‘“tZ i{a ey (0)]]2

+YF fegiﬁi = lasj 25 (s)ll2
0

j=1
+cijlllzi (s — i) ||2)ds}
m
~455t | 2

- (32)
+€at Z dj{—i‘e

(0)[l2

* ZlG [ ey (s)]ls
+|hﬂm?/z(3 - Jﬂ)” ]ds}

where « is given by Lemma 6.
From (30)-(31), we have

D w2+ ) llz)2) < Q).
i=1 j=1

By calculation, we have

D Q(t) < e ; [

(33)

a;Bi+ Z d;Gilbjil]llyi (1)) 12

J_
4 et z [or — dj’}’j + Z (_liFj|aij|]||Zj(t))H2

J
et Z a; Z Fyleijlllz (¢ = 7ig))l2
=1 j=1

+e> " d; Y Gilhjilllyi(t — o))l (B4
j=1 =1

We consider the following Lyapunov functional

V(t) = Q)
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(54713)| 2 (5) |2ds

n m t
Z: Z lcij| Fy [ e

t—T;j

n

t
S IhsilGs / 64 () [ads, (35)
=1

t—oj;

+) d;
j=1

Calculate the rate of change of V () we derive

DTV (t) = D*TQ(t)
ety a 21 el Eye 125 (8) 12— 112 (t =75 2]
=1

54 2|hmaz-[ewﬂuyz-<t>||2—uyi<t—aﬂ>Hz]

le

et 1[06 — ;0 + Z d;Gilbjillllys(t) |2
tlm
e 21[04 —djv; + Z aiFjlaij|]llz;(t)l2
‘77
+ e ;@z‘ ; Fjlcijlll 2 (t — 7ij)ll2
e 32 d; Z Gilhjilllys(t — o) 2-

<.
I
—_
—_

3
SN

+ e 3 a; Y ey Fyle ||z () ]l2 — [zt

J

— Tij)|l2]

-
Il
A
Il
—

_|_
@)

g
M:

[hjil Gile [y () ll2 — [l (t = 0i) || 2]

j=1 i=1
n —
— e o — B+ 3 djlbiilGs
i1 j=1
lm B
+ €7 3 djl il G|yl 2
=1
]m
+ e Y [ —djv;
j=1
n n
+ D ailai | F+ ey ailey [ Fizile (36)
i=1 =1

By (28)-(29) and Lemma 6, we have

o —a;f; + ZCZj’bjAG,‘ + %7 Z C?j|hji|Gi <0,

j=1 j=1

n n
o — dj’yj + Zdi’aij’Fj + e Zdifcij‘Fj <0,

i=1 =1

fori=1,2,....n,5=1,2,....m
From (36), we can find DTV (t) < 0, and so
V(t) < V(0), for all ¢ > 0. From (35) and (32),
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we have
V(0) = Q(0)
+¥%ZMMffa“wwmmw
7'17
+ 21 CZJ 221 ‘hﬂ’G f “ S+Uji)Hyi(3)‘|2dS
j ) 7011

s I

< 22 i)z + Z 125 (0) |2

s
Sl
—

> leif] Ej f ]2 (s)l2ds

J

+ > a;
i

|
—
—

S

_l’_
j:

1 1‘hjl’G f e S+U)||CU( Ml2ds

< ; 160, (0,2) — ufll2 + Zl ¢, (0, ) — V7|2
n 0

£30 @ max (Fleg)) [ e 5% [125(s) lods
i=1 )= —T j=1

3

B 0 n
+ > dj max (Gilhyl) [ €T3 [lyi(s)]|ads
j=1 1<i<n — i=1

sup S[1+ 557 3 max (Gl

—0<s<0 4= j=1131=

[|Bu, (s, 90) u;|l2
+ sup Z[1+f Z max (F‘Czym

—7<s<04=5

(¢, (s, 2) = V5|2
=[1+ % j; g%xn(Gi\hﬁ!)]ll% —u*|l2

<

n
+[1+ Z max (FjleiiDIllw — v* (2
[H(ﬁu - U*H2 + |lpp —v*|l2], ¢ >0,
37
— oo m
— e B .
where M = max{1l 4+ < Zl 112%}%(G7,|h]1|)u1 +
Z max (F lcijl)} > 1.

i=11<5<
SI;CC Q(t) < V(t) < V(0), from (33) and (37),

we have

n
2 lwillz + - N2z
<M

7j=1

e [lpu — w2 + ¢y — v*[|2], >0,
i.e.,
n m
> i =iz + 32 [lvj = vjll2
i=1_ j=1
< Me[[|¢y — u*|l2 + [|dy — v*[l2], ¢ > 0.

By Definition 3, the equilibrium point (u*, v*) of sys-

tem (1) is globally exponentially stable. O

Remark 1. When a;(u;(t,z)) = d;j(v(t,x)) =

1, aij = bji = 0, bz(ul(t,x)) = bz‘ . ui(t,a:,
E-ISSN: 2224-2880
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ej(vj(t,x)) = e; - v;(t, z) in (1), where b; and e; are
positive constants, ¢ = 1,2,---n,5 = 1,2,--- ,'m,
then system (1) is the system (1) in [34]. From
this point, our model is more general. Moreover, by
comparing our paper with reference[34], we find that
the construction of Lyapunov functional and analysis
techniques are different. Therefore, the given algebra
criteria guaranteeing the globally exponential stability
of the equilibrium point are different in this paper and
paper [34], and they will bring different advantages
for those who design and verify these neural networks.

Remark 2. Theorem 7-8 and Theorem 9 are devel-
oped under different assumptions and use of various
lemmas. They provide different sufficient conditions
ensuring the equilibrium point of system (1) to be
unique and exponentially stable. Therefore, we can
select suitable theorems for reaction-diffusion Cohen-
Grossberg-type BAM neural networks with time de-
lays to determine its exponential stability.

4 Examples

This Section, we give two examples for showing our
results.

Example 1. Consider the following reaction-diffusion
Cohen-Grossberg-type BAM neural networks (n =
m=1[0=2)

2
Ou; (t,x Ou;(t,x
o = 2 o (Du)
k=1 )
—ai(ui(t, x))[bi(u(t, x)) — Zaaijfj(vj(t,x))
j:
2
- Zl cij [ (vj(t = 7ij, ) — L,
]:
ov;(t,x 2 ov; (t,x
D = Y 50 (B 2t
k=1 )
—d;(vj(t, x))le;(v;(t, z)) — ;bjigi(Ui(taiv))
) -
= > hjigi(ui(t — i, 7)) — Jjl,

\ iz
(38)

fori =1,2,5 = 1,2, where f;(r) = 2sinr, g;(r) =

cos2r, a;i(r) = 2 +sinr, d;i(r) = 2 + cosr, bi(r) =

12r, e;(r) = 18r,1 =1,2.

Since r1,72 € R,

|fi(r1) = fi(r2)| < 2|r1 — 7o,

9i(11) — gi(r2)| < 2|r1 — 12l

1<ai(r) <3, 1<d(r)<3,

bZ(Tl) — bi(’l"g) = 12(7“1 — 7‘2),

ei(r1) —ei(ra) = 18(r1 —re), 1 =1,2
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We select F; = G = 2, B; = 12,y; = 118, a; =
37 a; = 1’ dl = 9 d@ = 17 a;k = 3 d;k -
1 .
3> 1= ,2.
1 1

Let an = 7, ai2 = —3, an 5, Q22

1 1 1
-3, buu = 5, bia = —35, b = 7, b =
1 _ 1 _ 1 _ 1 _
g C11 = 3, Cl2 = —7, C21 = 3, C2 =
L p==1 =1 p,=1 pho=17 =
2 11 — —2» 12 — 3> 21 — 7, N22 — g,11 —
3r—1, L=2r-2, J=91— 3, Jy =187 —
1

5
From (38), we get the equation of the equilibriums

12uy — sin(v1) + 3sin(vy) — 37 +1=0,
12uy — 2sin(vy) — 27+ 2 =0,
18v1 — Lcos(2ur) + Scos(2ug) — I + 1% =0,
18vy — 5c0s(2u1) — 1cos(2ug) — 187 + £ = 0.
(39)
By calculation, we can solve the unique equilibrium
point

mmTm
(UT,UE,’UT,’U;) = (Z: g’ 5,7T).

On the other hand, we have the following results
by simple calculation

2 2

L1
—a;fitg > lasl+lles | F+ > [bjil+RsllGs < 0,
j=1 j=1
2 1 2
—d§VJ+Z[\aij\+|Cijl]Fj+§ > bl +HRsl1Gi < 0,
i=1 =1

fori=1,2,7=1,2.

It follows from Theorem 7-8 that this system has
one unique equilibrium point, which is globally expo-
nentially stable.

Example 2. For the neural networks described by
system (38), let a;(r) = 3 + sinr, di(r) = 2 +
cosr,i = 1,2, then have 2 < a;(r) < 4,1 < d;(r) <
3,1 = 1,2, we select a; = 2, a; = 4, d; = 1,
di=3,1=1,2.

Take
1 1 1 1
ail =g, 12 = —3, 21 =3, 422 = —g;
by =12, bio=43, boy =12, bpp=1
11— 95 12 — g, Y21 — 5, V22 — g,
_1 _ _1 1 _ 1
€11 =7, Cl2=—3, C21 =3, C22= 3,
1 1 1
hi1=—35, hia=35, haa =75, hn=g5,

L=6r+1, =121 — 1,
J1:37T*%, J2:97T+%.

The other parameters are the same as that in Example
1.
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Figure 1: Three-dimensional view of (¢, z,u;) in Ex-
ample 1

Figure 2: Three-dimensional view of (¢, z, u2) in Ex-
ample 1

Figure 3: Three-dimensional view of (¢, z,v;) in Ex-
ample 1

uz(lx)

Figure 4: Three-dimensional view of (¢, z, v2) in Ex-
ample 1
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< £ c
PR

1 Nq

5‘0 1?0 1‘50 200
Figure 5: Transient response of state variable
u;(t,x),v;(t,z) in Example 1

From (38), we get the equation of the equilibri-
ums

12u; — sin(vy) + 3 sin(vy) — 67 — 1 =0,
12us — 3 sin(vy) — 127 + 1 =0,
18v1 — 5 cos(2ug) — 3w+ 3 = 0,
2 1 3 _
18vz — £ cos(2u1) — 7 cos(2ug) — 97 — 55 = 0.
(40)
By calculation, we can solve the unique equilib-
rium point

7r7r)
T, =, =)
77672

ol 3

(u?u;v UT,U;) = (

On the other hand, we have the following results
by simple calculation

—a;Bi + 3 jilﬂaz‘j! + leiz |1 F)
+z b5l + 1hsillGa(as + &) < 0,
~dp+ Xl + |5 (@ + )
4 3 ] + 101G < 0,

fori,7 =1,2.

It follows from Theorem 9 that this system has
one unique equilibrium point, which is globally expo-
nentially stable.

Remark 3. By simple calculations, we can find that
the conditions (28)-(29) of Theorem 9 aren’t satisfied
for the system in Example 1, while for the system in
Example 4.2, conditions (5)-(6) of Theorem 8 aren’t
satisfied. Therefore, Theorem 3.2 are suitable for the
exponential stability of the system in Example 1, but
Theorem 9 isn’t; and Theorem 9 is suitable for the
exponential stability of the system in Example 2, but
Theorem 8 is not. The above two examples show that
all the Theorems 8-9 in this paper have advantages in
different problems and applications.
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Figure 6: Three-dimensional view of (¢, x, u;) in Ex-
ample 2

uz(l‘x)

Figure 7: Three-dimensional view of (¢, z, ug) in Ex-
ample 2

vﬂn‘x)

Figure 8: Three-dimensional view of (¢, z,v1) in Ex-
ample 2

v,(tx)

Figure 9: Three-dimensional view of (¢, x, v2) in Ex-
ample 2
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< £ C
=

<

5‘0 1.%0 200
Figure 10: Transient response of state variable

u;(t, z),v;(t, z) in Example 2

5 Conclusions

Under different assumption conditions, three theo-
rems are given to ensure the existence, uniqueness
and the exponential stability of the equilibrium point
for a reaction-diffusion Cohen-Grossberg-type BAM
neural networks with time delays by constructing a
suitable Lyapunov functional, utilizing some analyti-
cal techniques. Two examples are given to show the
effectiveness of the results. The given algebra condi-
tions are easily verifiable and useful in theories and
applications.
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