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1 Introduction

Singular integral equations (SIE) and
singular integro- differential equations
with Cauchy kernels (SIDE) and their
systems arise in different problems of
elasticity theory, aerodynamics, mechan-
ics, thermo elasticity, queuing analysis,
mathematical biology. (see [1]-[5] and
the literature cited therein). The general
theory of SIE and SIDE has been widely
investigated in the last decades [6]-[10].

It is well known that problem (4)-
(5) admits a closed-form solution only in

rare special cases. Even in these cases,

evaluating the solution numerically can
be very complicated and laborious. In
this connection, it is of interest to elab-
orate the approximate methods for prob-
lem (4)-(5) with the corresponding theo-
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retical background.

In this article we study the reduc-
tion method for approximative solution
of systems of SIDE. We prove the con-
vergence in Generalized Holder spaces.
Note that, for the case of the unit circle,
this problem was studied in a number of
papers (see [11]-[14] and the bibliogra-
phy therein), and, in the case arbitrary
smooth closed contours, problem (4)-
(5) was solved approximately for one-
dimensional SIDE and one dimensional
SIE by collocation method in Lebesgue,
Holder spaces [16]-[20].

Transition to another contour, dif-
ferent from the standard one, implies
many difficulties. It should be noted
that conformal mapping from the arbi-
trary smooth closed contour to the unit
circle does not solve the problem. More-
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over, it makes more difficult. lim 2F(z) = f > 0, and letz = p(w)
be the inverse function. In a neighbor-
hood of the point at infinity, the function
®(z) can be expanded in a seriész) =
a/z+ag+ar/z+as/z?+. .., and the in-

- The power of smoothness appears verse function has the form= ¢(w) =
in convergence speed of collocation ~yw + vy + 71 /w+y2/w?+. .., |w| > 1,
method. So that the evaluations of wherey = 1/a > 0. In a neighbor-
convergence speed will depend from hood of zero, the functio’(z) admits
particular contour; the expansio'(z) = 8271+ By + B1z +

B222 4+ .... Throughout the following,
~_one can assume without loss of general-
ity thata = 1 andg = 1 [21]. By ®4(2)

(k = 0,1,2,...) we denote the polyno-
mial comprising the terms with nonnega-
In Section 2 we introduce the main def- tive powers ot in the Laurent expansion
initions and notations. We present the of the function[®(z)]*, and by F(1/z2)
numerical scheme of reduction method (k = 1,2,...) we denote the polynomial
in Section 3. In Section 4 we formulate comprising the terms with negative pow-
auxiliary results. We use these results to ers ofz in the expansion ofF’(z)]*. Let
prove the convergence theorems in Sec- .S, be the operator that takes each contin-
tion 5. We prove the convergence theo- uous functiory(¢) onI to thenth partial
rem of reduction method in Section 5. sum of its Faber-Laurent series:

(Sug)(t) = z ar (1)

- The coefficients, kernel and right
part of transformed equation lose
their smoothness;

- The numerical schemes of re
searched methods become more
difficult. The singularity appears in
new kernel.

2 Main definitions

n 1
Let ' be a smooth closed contour + > bka(—), tel,
k=1

bounding a simply connected domain !

Dt that contains thepoint = 0, and let ~_ 1 | / g(cﬁ(T))dT’ k=0.12,....
D~ = C\ {D*UT}. The class of such 2mid Thtl

contours will be denoted bx. Let w = )

®(z) be a conformal function mapping b, = 5 / odr, k=12,
D~ onto the domaifw| > 1 such that ey T

®(00) = 0o, and lim z~'®(2) = a > 0, By w(d) (6 € (0, h]) h = diam(T") we de-
and letz = ¢(w) be the inverse function note the arbitrary module of continuity.
of ®(z). Further, let a functiom = F(z) By [H (w)],, we denote Banach space m-
be a conformal mapping dd* onto the  dimensional vector functions(v.f) satisfy-
domain|w| > 1 suchthatF'(0) = cocand  ing onI the Holder condition[22]. The
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norm is defined as

Vg(t) ={g1(t),- .-, gm()},

[gllwm = E(Hgkl\c + H(gr,w)) (1)

lglle = max lg(0)].

w(g; o)

H(g;w) = sup (o)

oe(0;]]

w(g; o) is the module of continuity of
functiong(¢) onI". We consider only the
spaceq H (w)],, with modules of conti-
nuity satisfying the Barry-Stechkin con-
ditions [22]:

(2)

< 00,

[ ()
[

RS

3)
In this case the singular integral op-
erator with Cauchy kernel is bounded
in Generalized Holder spaces[22]. By
HO@)y 7 > 0 ([HW)n =
[H(w))],» we denote the spaces of
r— times continuous-differentiable m-
dimensional vector functions. The—
order derivatives of these v.f. are ele-
ments of spaceéH (w)],,. Recall that if
w(d) = 0% a € (0;h], then H(w)
H, is a classical @lder space with ex-
ponenta. The spacgH (w)],, is a Ba-
nach nonseparable space.
proximation of whole class of functions
[H(w)],» by norm (1) with the help of
finite-dimensional approximation is im-

possible. But the problem can be solved
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/ d§+55/ o d¢ = O(w(5)), § — +0.

So the ap-
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in some subset af (w)],,,. Letw; andw,
be two modulus of continuity satisfying
the conditions (2) and (3). We suppose
that the function
w1 (9)
20) wa(9)
9 € (0; h] is nondecreasing oft); 4] and
)

lim ®(3) = 0.
0—0

3 Numerical schemes

We consider the system of the SIDE in
[H (w)]m

(Mz =) Zq: [%L(t)x(r)(t) +

1
— | K, ()
+ 5 /F (t,7) -2\ (7)dr

f&), ter,
where A,(t),B.(t), K.(t,7) (r
0,...,q) are knownm x m matrix
functions(m.f.), the elements of the
m.f.  belong to [H(w)|., f(t) Is a
knownm—dimensional v.f. inH (w)],,
2O (t) z(t) is an unknown V.f.
in (). 2@ = 700
1,...,q), andgq is a positive integer. We
suppose that the v.f2(?(¢) belongs to
[H(w)]m, that is,

W) € [Hw)pn,  k=0,...,q-1.

We search for a solution of (4) in the
class of v.f. satisfying the condition

1
— /I(T)T_k_ldT =0,
T

(4)

2
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k=0,...,q—1. (5) a, k = —n, n, are found from the con-
We note that the solutions of SIDE (4) dition:
can differ by a constant [7, 15]. In this Sp[Mz, — f] =0,
case we cannot investigate the solution
of SIDE (4) directly. That is why we in- SpyM Sy, = Sy f, (8)
x(t). (7). Note that Eg. (8) is a system

~ We denote the system (4) with con- of (2, + 1) % m linear algebraic equa-
ditions (5) as problem "(4)-(5)". Us-  tions(SLAE) with (2n + 1) % m un-

: : 1
ing the Riesz operator® = 5(] + knownsay, k = —n,...,n. Note that
S), where] is the identity operator and the matrix of this system is determined
1 oa(r) _ _ by the Faber-Laurent coefficients of the
(Sz)(t) = ) B tdr is the singu- 5 A (1) and B, (1) :
T
lar operator (with Cauchy kernel), we 1
rewrite the system (4) in the following o hy(t, 7)@y(7) d7, k=0, n,
form: r
q _
(Mz) = " [A,(8)(P2)(1) gmfh (.7 F’f( Jdr, k=Tn,r =04
r=0

In what follows, we give a theoretical
B, (t)(Qx"(t) justification of the reduction method, i.e.,
derive conditions providing the solvabil-

/ K, (t,7) - 2" (7)dr (6) ity (starting from some indices) of Eq.

2m
— f(t), teT, (8) and the convergence of the approxi-
mate solutions (7) to the exact solution
whereA,(t) = A.(t) + B.(t), B.(t) =  z(¢) of problem (4)-(5).
A (t) — B.(t),r =0,...,qarem x m o (q)

m.f. The elements belong {7 (w)],».. Let [T (w2)] be a subspace of
) ; [H9(w,)],, space. The elements from
We seek an approximate solution of ~

problem (4)-(5) in the form of a polyno- [H  (w2)] satisfy the condition (5)

mial with the norm as inH @ (w;)],,.
RN () Lol Theorem 1 Let the following conditions
ru(t) =1 go% Cb’f(t)Jr,;O‘—kF’“(t)’ be satisfied:
teT, 7) 1) M.F. A.(t), B.(t) and K,(t,7),
. ) . . = 0,... belong to the space
with unknown m-dimensional numerical ?H(w >]’ _ b g P
1)|m;

vectors a;, = @,g”), k= —n,....n.
The m-dimensional numerical vectors 2) Det(A,(t)) # 0Det(B,(t));
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3) the left partial indexes of M., () lent system of SIE (in terms of solvabil-
are equal to zero and right partial in-  ity):
dexes of M.FB, are equal tog;

wvacwmw+D@/vﬁwﬂ-

4) the operatorM : [ﬁ[@ (w2)]m — mop Tl
H(ws)|m.
Hea) L [ht,ryo(rydr = f(1), teT,
w1(5) . . 2mi T
5) ®(§) = o) is nondecreasing on (11)
W
(0; ). ’ for unknownsu(t) where
1 _
I O(t) = 5[A,(0) + B, (1)),
Jim ®(5) In*(6) =0
— 1 -
then starting from indicess > n,; the D(t) = §[Aq(t) —t71B,(1)], (12)
SLAE (8) of reduction method is uniquely 1
solvable. The approximate solutions h(t,7) =3 Ky (t,7) + Ky (t,7)77") =
z,(t) given by formula (7) converge in 1 ) g7
the norm of spac&d @ (w;)],, to the ex- 2—m/ (Ko (t,8) — Kyt 0" .
act solution of problem (4)-(5). The fol- r
lowing estimation is true: g—1 . . ~
1 + X | AN T) + [ 1 DAL E )i
Hx—xn\mq:()(@ (—) ln2n>. (9) a r
’ n q—1 - ~ _
— X |Bi®N;(t,7) + [ K, DN, (E 7)dE]|
oy =0
4  Auxiliary Results L g (13)

d1(Pr) (1) whereM;(t, 1), Nj(t_, 7)j=0,...,qare
The vector functionsT and known Holder continuous M.F. An ex-
d1(Qu)(¢) _ plicit form for these functions is given
—Qm o be represented by inte- jn [15]. By virtue of the proper-
grals of Cauchy type with the same den- ties of the m.f. Af;(¢,7), N;(t, 1),
sity v(t) : K;(t,7),A,(t),B(t),7 =0,...,q, we
obtain that the m.f.A(¢, 7) is a Holder
d(Pr)t) _ 1 / o(7) dr, te€ F*, | continuous M.F. Note(tha)t the right hand

dt 27_Ti p Tl sides in (11) and (4) coincide by condi-
d'(Q)(t) _ ! q/ v(7) dr. tc F~ tions (5).
dta 2mid T —t ’ '

(20) Lemma 2 The system of SIE (11) and
Using the integral representation (10) we problem (4)-(5) are equivalent in terms
reduce the problem (4)-(5) to an equiva- of solvability. That is, for each solution
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v(t) of system of SIE (11), there is a so-
lution of problem (4)-(5), determined by
the formulae

(Po)t) = o o)y

- 2mi(qg — 1)
AT k=1 4k

log <1 — —) + > a7 ] d
T k

(Qu)(t)

T 42
log <1 — ?> + > ﬁkTq_k_ltk]dT, (14)
k=1

whereay, k =1,....q—1,andjg;, k =
1,...,q — 2 are vector numbers. On the
other hand, for each solution(¢) of the
problem (4)-(5) there is a solutiom(t)

oty = PO @D

of system of SIE (11). Furthermore, for
linearly independent solutions of (11),
there are corresponding linearly inde-
pendent solutions of problem (4)-(5) from
(14) and vice versa.

In formula (14), bothlog(1 — ¢/7) and
log(1 — 7/t), for given 7, there are
branches that vanish at= 0 andt = oo,
respectively. We formulate the theorems
about the theoretical background of nu-
merical schemes of the reduction for sys-
tem of SIE

Theorem 3 Let the following conditions

be satisfied:

a) M.E. C(t),D(t) and h(t,7)
[H (w1)]m;

S
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b) det(C(t)) # 0, det(D(t)) # 0, t €
L;

c) the left partial indexes of m.fC(t)
right partial indexes of m.D(¢) are
equal to zero;

d) operatorY = aP+bQ+ H be invert-
ible in [H(ws)],n, H is integral op-
erator with kernelh(t,7), P and Q)
are Riesz projector$ = (I + 5),
Q = 3(I — 5), Sis asingular oper-
ator with Cauchy kernel.

wl(é)

e) ¢(6) = oa(0)

(05 hl.

IS nondecreasing on

. 2 .
51_1)1(2()@(5) In“(6) =0
then the operator of the reduction method

T, = SplaP + bQ + H]S,,

of operator Tv f for large enough
numbers(n > ny) is invertible in the
space H (w2)],, and the approximate so-
lutions v, (t) = T, 15, f converges to the
functionv = Y~!f. The following esti-
mation is true:

v — vl = O (cb <%> 1n2> . (15)

5 Proof of convergence theo-
rem

In this section we prove the Theorem 1.
Proof We should show that for numbers
n > ny large enough the operator is in-
vertible. The operaton/ acts from the
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subspacéX, ), = t7P[X, ] + Q[Xuln
(the norm defined as iNH (w;)?],,)
to the space[X,|, = Su[Hy,|m Of
m dimensional polynomials of the form
z ret® (the norm as inH (ws)],n).

—n

In a similar way, by using formulas
(10), we represent the v.f.

n)(8))/dtt, dN(Q(zn)(L))/ it

by Cauchy type integrals with the same
density v, (t) :

d'(P(z

d'(P(x,)(t) 1 ou(7) +.
pm = 27WF/ dT te I’
BQr)(1)
dta
% / i"(jz dr,tc F~.  (16)

T
By taking account of the for-

mulas (Pz)"(t) = P(z")(t) and
(Qz)V(t) = Q")) r = 1,2,...,
and the relations
(tk‘FQ)(r) —
(k =+ Q) k+q—r
(kz-l—q—r)t ThE=0,.m,
()" =
r(k+r—1)' —k—r _
(—1) Wt yk=1,...,n,
from (16), we obtain
(—1)° ﬁ:ﬂt ke

(k= 1)!
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Consequentlyv,,(t) € [X,],; here we
have used the fact that the polynomials
z,(t), given by (7) can be represented
uniquely in the form

¢! Z Eeth + Z &t
k=—n
Using of the representations (16), Eq.
(8), as well as the problem (4)-(5) can be
reduced to an equivalent equation (in the
sense solvability)

Treated as an equation in the subspace
[X,.]m. Obviously, Eq. (17) is the equa-
tion of the method of reduction over
Faber-Laurent polynomials for the singu-
lar integral equation (11), and for singu-
lar integral equations, the method of re-
duction over Faber-Laurent polynomials
was considered in [17], where sufficient
conditions for the solvability and conver-
gence of this method were obtained. As-
sumptions in Theorem 3 provide the va-
lidity of all assumptions in Theorem 1.
We have that the Eq. (17) with > n,

IS uniquely solvable; moreover, the ap-
proximate solutions,(t) of this equa-
tion converge to the exact solutio(¥) of
the system of singular integral equation
(11) in the norm of the spadéf (ws)].
asn — oo:

_ 1Y, 2
loa—v]™ , = O <<I> <n> In (5)) - (18)
v.f. z,(t) can be expressed via the v.f.

v, (t) by formulas (14). From definition
of the norm in the spadéi/?],, together
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with (18) implies estimate (9).

The proof of Theorem 1 is complete.
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