WSEAS TRANSACTIONS on MATHEMATICS

Wen-Xia Wang, Xi-Lan Liu

Positive Solutions of Operator Equations and Nonlinear Beam
Equations with a Perturbed Loading Force

WEN-XIA WANG
Taiyuan Normal University
Department of Mathematics

Taiyuan 030012
P. R. China
wwxgg@126.com

XI-LAN LIU
Shanxi Datong University

Department of mathematics and Computational Science

Datong 037000
P. R. China
doclanliu2002 @yahoo.com.cn

Abstract: In this paper we are concerned with the existence and uniqueness of positive solutions for an operator
equation x = Ax + ABz on an order Banach space, where A and B are nonlinear operators and \ is a parameter.
By properties of cones we obtain that there exists a A* > 0 such that the operator equation has a unique positive
solution which is increasing in A for A € [0, \*], and further, we give an estimate for \*. In addition, we discuss
the existence and uniqueness of positive solutions for an elastic beam equation with three parameters and one

perturbed loading force.
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1 Introduction and Preliminaries

It is well known that nonlinear operator equations de-
fined on a cone in Banach spaces play an importan-
t role in theory of nonlinear differential and integral
equations and has been extensively studied over the
past several decades (see [1]-[14]).

In this paper, we consider the operator equation
on a Banach space

xr = Mz + Bz, (D)

where A is an increasing convexity operator, B is a
increasing concavity operator and )\ is a parameter.

Many nonlinear problems with a parameter, such
as initial value problems, boundary value problem-
s, and impulsive problems, can be transformed in-
to Eq.(1), which shows the importance to study the
operator equation (1) both in theory and application-
s. There are many recent discussions to positive so-
lutions of operator equations. For example [1], [2],
[3]-[9] and [10]-[12] investigated operator equations
Az = Ax (A > 0), Az = x and Az + Bx = z, re-
spectively, which are special forms of the Eq.(1). To
our knowledge, little has been done on the Eq.(1) in
literature, especially on the solution’s dependence on
the parameter )\, thus it is worthwhile doing this work.

By properties of cones, we study the existence
and uniqueness of the positive solutions for the oper-
ator equation (1). Moreover we find the value A* such
that the operator equation has a unique positive solu-
tion for A € [0, \*], on the other hand, we discuss the
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elastic beam equation with three parameters and a per-
turbed loading force, and obtain the concrete interval
1 such that the problem has a unique positive solution
for the parameter A € I. It may be the first time that
the simply supported beam equation with three param-
eters and one perturbed loading force is studied.

Let E be a real Banach space which is partially
ordered by a cone P of EF,ie.,z < yify —x € P.
By 6 we denote the zero element of E.

Recall that a nonempty closed convex set P C E
is a cone if it satisfies

Vee Pr>0= rx € P;
re€P—xeP= z=0.

Recall that a cone P is said to be normal if there exists
a positive number N, called the normal constant of P,
such that < x < y implies ||z|| < N||y]|.

For a given e > 6, thatis, e > 6 and e # 0, let

P, = {z € E | there exist 7 (x) > 0 and
2)
To(z) > 0 such that 71 (z)e < z < o(x)e}.
Then it is easy to see that

() P. C P;

(b) for any given z,y € P, there exist 0 < 7" <
1 <715 <oosuchthat 7y <z < 75y.

Let D C E and P be a cone of E. An operator
T : D — F is said to be increasing if for z1,z9 € D,
with 1 < x9 we have Tz1 < Txs.

An element z* € D is called a fixed point of 7" if
Tx* =x*.
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All the concepts discussed above can be found in
[13].

Lemma 1. Suppose that P is a normal cone of E and
T : P — P be an increasing operator. Assume that
(L1) there exist yg,z9 € P, with yo < 2o such
that yo < Tyo, Tzo < 20;
(L2) for any t € (0, 1), there exists n(t) > 0 such
that

T(tx) > t(1 +n(t))Tx, x € [yo, 0]

Then the following statements hold
(a) T has a unique fixed point x* € [yo, 20|,
(b) T has not any fixed point in P, \ [yo, 20);
(c) for any ug € P, the sequence {u,,n >

1} generated by w, = Tu,—1 has limit =¥, ie.,
lim |u, —z*|| =0.
n—oo

Proof. Set y,, = Ty,—1 and 2,, = Tz, forn =
1,2,--- . The condition (L.1) and the fact that 7 is in-
creasing yield to

Yo <y < Sy oo

<zp <--- <2z < 2. )
Let
pn, = sup{r > 0|y, > 72,},n=1,2,--- . (4)
In view of the property (b) of P. we get
0<pn <1y, > ppnzp,n=12---. &)

From (3) and (5) we infer that

O<po<pr << pp <--- <1,

which means that lim u, = p < 1. We assert that
n—oo

p = 1. If it is not true, i.e., 0 < pu, < p < 1 for
n > 1, then by (L2) and (3) we deduce that

Ynt1 = Tyn > T(pnzn) > T(%M'Z”)

Y

%T(Mzn) > fin (1 + n(u))zn+1-
By (4), we have
fint1 2 pn(L+n(p)), n=0,1,2,--,
and
i1 > po(L+n(p)" ™, n=0,1,2,---.

This gives rise to the contradiction 1 > p > +o0.
Note that P is normal. By (3) and (5) we have

lzn — Ynll < N(1 — up)||20|l = 0asn — oo,
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which implies that both {y,} and {z,} are Cauchy
sequences, and there exist y*, z* € P such that y,, —
y*, zp = 2zFand y, < y* < z* < z,. Thus y* =
z* € [yo, 20]. Since T is increasing, then

Yn S Yny1 STy =T2" < znp1 < 2
Therefore, we have
y* < Ty* = T2* < 2*,
which implies that y* is a fixed point of 7" in [yo, z0].
Now, let y, is a fixed point of 7" in [y, zo] and
fi =sup{r > 0ly" = Ty.}.
< 1andy* > fiy.. If i # 1, we have

y*=Ty" > T(fiy«) > p(1 + () ys

which implies that i > (1 4+ n(i)). This is a con-
tradiction. Hence, ji = 1. This means that y* > y,.
Similar argument show that y* < y,. Consequently,
we have y* = y..

Next to prove (b). Assume that 3 is a fixed point
of T'in P, \ [yo, 20]- Let

1
o = sup {7‘>0|7‘y* <y < y*} (6)
T

Then 0 < < 1. Weassertthat p = 1. If 0 < 1z < 1,
by (L2) we have

y=Ty>T(my") > a1l +n(m)y*

and ) )
< T(:y*) < ﬁy*-

i (14 n(m)
Thus, from (6) we have 7= > 7i(1 + n(f)), which is
a contradiction. Thus, (6) implies that § = y*, which
means a contradiction

<

[0, 20) Z U € [y0, 20]-

This end the proof of the conclusion (b).
Note that y* € [z, yo] is unique fixed point of T’
in P, and

T(ty™) = t(1+n@)Ty", te(0,1).
the conclusion (c) can be proved by similar way to the

proof of Theorem 3.4 of [13], here is omitted. The
proof is complete. ([l

Lemma 2. ([4, 7]) Let T : P, — P, be an increasing
operator. Suppose that
(L3) there exists o € (0, 1) such that

T(tx) > t*Tz, x € P, t € (0,1).

Then T has a unique fixed point x* in P,. Moreover,
for any ug € P,, letting u, = Tup_1,n =1,2,---,
one has lim |u, —z*|| = 0.

n—oo
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2 Positive solutions for operator e-
quation

Throughout this section, we assume that E is a real
Banach space, P is a normal cone in F with the nor-
mal constant NV and P, is defined by (2), e > 6.

In this section, we investigate the existence and
uniqueness of positive solutions of the operator equa-
tion (1), where A is a convexity operator and B is a
constant operator or an a¢—concave operator.

Firstly, we discuss the case of Eq.(1) with B =
xo(zp € E) which can be widely applied to various
problems for differential equations. We have the fol-
lowing result.

Theorem 3. Let xg € P,.. Suppose that the operator
A : P — P isincreasing and satisfies conditions:

(HI) Ae > 0 and there exists | > 0 such that
Ae < le;

(H2) there exists a real number 3 > 1 such that
A(tr) =tP Az, t € (0,1), z € P..

Then the following statements are true:

(a) there exists \* > 0 such that the equation x =
xo + AAx has a unique solution x), € [z, %xo] in
P, for A € [0, \*]. Moreover, for any uy € P, set
Cyx=x9+ A and u, = Ch\up_1,n=1,2,---, then

lim |u, —x)|| = 0;

Nn—00
(b) xg < x) < ml‘ofm’/\ S [0,)\*];
(c) xy is increasing in X for \ € [0, \*];
(d) lim lzx — o] = 0;

Iz — 2ol < g llzoll, A € [0, A%].
Proof. We prove all statements by five steps.

Step 1. Define a mapping p : P. — [0, +00) by

p(z)

By the property (b) of P, we get 0 < p(z) < +o0. In
addition, for any 21,z € P, 1 < z2, we have

= inf{7 > 0|4z < 120}, z € P.. (7)

Az < Azg < p(22)20,
which implies that
plar) < p(xa),
i.e., p(x) is increasing in z € P,.
Let C'\ = x¢ + AA. It is obvious from (H1) that
C\(P.) C P, for A > 0. Set

I' = {\ > O|there exists S > 1 such that g
Cx(Swo) < Swo and 575 > ASPp(xo)} )

and
A =supl. 9)
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Take Sy = 1 > 1, and set
S—1
A(S) = ———. 10
(5) SPp(xo) 10
Then
_ _So—1 _ (B—1)F!

> Sﬁp(x 5 = =A(S)>0,VS > 1.

Moreover, for any A € [0, A(Sp)] we have
Cx(Soo) < (14 A(S0) S (o) )20 < Sozo, (12)

and

ASpp(zo) < A(S0)S§p(e

Therefore, [0, A(Sp)] C T
Step 2. Now, we show that

A= A(Sp). 13)
Suppose to the contrary that
A" > A(So). (14)

By the definition of \*, there exists a increasing se-
quence {\, },~; C I such that

lim A\, = \*%.

n—oo
That is, there exists a nonincreasing sequence
{Sn},2, with S,, > 1 such that

C)\n (Snxo) < Sn:(}o.
This means that

Snxo > To + )\nSgAl'o (15)

Set lim S, = S, then (15) implies that

n—oo
SyTo > xo + )\*Sfo().

So,

Sy — 1
as8 "
and S, > 1. Thus, from (7) we have

Axg <
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Combining (11) and (14) gives
Se—1

= 57 p(xo)

which is a contradiction. Hence,

*

< /\(SQ) < >\*,

' =10, A(So)] = [0, A"].

Step 3. Conclusion (a) holds.

Let zg = Soxg, that is, zg = %xo. Note that
(12) and zy < Cyzg we obtain that C' satisfies the
condition (L1) in Lemma 1 for A € [0, \*]. Note that

1-—t S 1
H1—tF1) " f—1

te(0,1).

(8) implies that

1—-1¢

gﬁt§:§>%me%AGMAmtemJL
For any ¢ € (0,1), let

1-t¢

n(t) = (——

where

— M1 =) p(x0) Ja(),

q(A) = sup{r > 0|zg > 7Ch20}, A€ [0, \"].

Then, n(t) > 0. Hence, for any A € [0, \*] and ¢ €
(0,1), from (H2) we get that

C,\(tx)
=z + M Ax
> tCha + (1 — t)zg — M(1 — P71 Az

1—
=1tChx + t(Tt —A(l - tﬁ_l)sgp(iﬁo))wo
> (1 + n(t))Cow,Va € [xo, 20].

Thus, C), satisfy the condition (L2) in Lemma 1 for
A € [0, \*]. Consequently, the conclusion (a) follows
from Lemma 1.
Step 4. Conclusions (b) and (c) hold.

From the above proof of the conclusion (a), it is
easy to see that the conclusion (b) holds.

Next we prove (c). Let A1, Ay € [0, \*] with A\; <
A2. Noting that

C)\IJZ)\Q =X+ )\11433)\2 < x9+ )\QAx)\Q =),

we have zg < Cy,z0 < Cy,z), < T),. Similar
to the above proof, we know that C'y, have a unique
fixed point z* € [zg,x),] in P., which implies that
Ty, =" < xy,.

Step 5. Finally, we prove (d).
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For any A € [0, \*], in virtue of the conclusion
(a), there exists a unique = € [0, z0] in P, such that
) = xg + AAx). Thus, from (7) we have

0 < x\— 20 = Ay < Mz < Ap(20)0,
which implies that /l\in% |lxx — zol| = 0.
—
By the conclusion (b), we have
1
T
5—1

This means that ||x) — z¢|| < %HCEOH The proof is
complete. U

0 <z)\—1x0< 0-

Remark 4. From (10) and (13), we can give the ex-
(B-1)Ff 1
BPp(zo)
Corollary 5. Let operator A P — P is in-
creasing and satisfies (H1) and (H2). Suppose that
il
h € P,0 < M < (8- 1)(&5'8)_5—1, where
k = inf{r > 0|Ah < Th}. Then the operator equa-
tion x = Mh + Ax has a unique solution x* € P,.
Moreover, for any ug € P., set C' = Mh + A and
Up = Cup—1,m=1,2,--, then li_>m || —2*| = 0.
n oo

pression of \* in Theorem 3 that is, \* =

Proof. In the proof of Theorem 3, let xg = Mh. So,
p(xzo) = MP~lk. Just note that \* = A(Sp) > 1

_ 1
when 0 < M < (8 — 1)(5066) A1 Taking z¢p =
Mh and A = 1 in Theorem 3 finishes the proof. [
If B « concavity operator, we can obtain:

Theorem 6. Let A, B : P — P be increasing op-
erators. Suppose that the operator A satisfies (HI)
and (H2), and the operator B satisfies the following
conditions:

(H3) B(P.) C Py;

(H4) there exists a real number o € (0,1) such
that B(tx) = t*Bzx,t € (0,1),x € P..

Then (a) there exists \* > 0 such that the opera-
tor equation x = A\Ax + Bx has a unique fixed point
xy in P, for X € [0, \*]. Moreover, for any uy € P,,
set 'y = M + B and u,, = Chup—1,n =1,2,---,
then lim |lu, —z)|| = 0;

n—oo

(b) there exist xg, zg € P, with xo < zg such that
Ty € [.TUo,Z()],'

(c) zy is increasing in X for A € [0, \*].

Proof. By virtue of Lemma 2, B has a unique fixed
point xg in P,. For any x € P, and A > 0 from (H1)
and (H3) we have

M(z)e + Bx > Cyxx = NAx + Bx > Bu.

That is

C)\(Pe) CP@: /\ZO (16)
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Since x is the unique fixed point of the operator B in
P,, then

o < C)\l’o, A > 0. (17)

The proof of Part (a).

Set
dR > 1,s.t C)\(Rl'o) < Rz
Q={1>0 ’ - .
{ - and é_l > ARPp(x0)
(18)
where p(x) is defined by (7). Set

A =sup Q. (19)

Now, we show that A* > 0 and © = [0, \*].
Let y = Rxg for R > 1, then we have zg < y.

Set B— Bo
M(R) = ————. 20
1(B) R’BP(CEO) 0
Then, for any 0 < A < A\;(R), we have
Chy = )\RﬂAxo + R*Bzx
< M(R)RPp(zo)zo + R%z9  (21)
= Rxy =vy.
Set 1 1
-
X (R) = . .
()= 50 RBp(ao)
Then
l-a _ B
> ARPp(x0), YA € [0, A2(R)].
Let

A(R) = min{\ (R), M2(R)}.

Taking F(R) = R — R* — = for any R >
1, it is easy to check that lim F(R) < 0 and
R—1*t

F ((%:{f)ﬁ) > 0, which implies that there exists

Ry € (1, (g:cf)ﬁ) such that F'(Rp) = 0. Note that
F(R) is increasing, we obtain that

A(R) = min{A\1(R), A2(R)}

A1 (R), 1 < R < Ry, (23)
= ¢ AMi(Ro) = A2(Ro), R = Ry,
/\Q(S), R > Ry.

Since Ai(R) is increasing in intervals (1, Ry) and
A2(R) are decreasing in (Rp,+00), then A(Ry) =

r}glaic A(R) > 0. Thus, from (21) and (22) we have
>

1 —
Ca(Roo) < Roao, ﬁ—_‘f > AR%p(z)  (24)

for any A € [0, A\(Rp)]. Therefore, [0, A\(Rp)] C €.
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Now, we show that

A = A\(Rp). (25)

Suppose to the contrary that A* > A(Rp). By (19),

there exists a increasing sequence {\, },—; C 2 with

An > A(Rp) such that lim A, = A\*. This means that
n—oo

there exists a nonincreasing sequence {R,} -, C
(1, Ry] such that C_(R,x0) < R,xo. Moreover, we
have

Rnxo > )\nA(Rn.T()) + B(Rnxo)

26
= A\ Rb Az + Rog. (26)

Set lim R,, = R., then (26) implies that
n—oo

R.xg > )\*REA.’L’O + Rf.’Eo.

So,

R, — RY
A RY
and 1 < R, < Ry. This means that
R, — RY

NRY
Combining (23) and (25) gives

R. — RO
AT S ———— = Ai(R)
Rip(xo)

= AR.) < A(Ro) < A,

Azg < By

p(wo) <

which is a contradiction. Hence, 2 = [0, \*].

Now, let zg = Roxo, then, for any fixed A € {2, by
(17) and (24), we know that g < Chxg < C)\(zp) <
zo and

11—«
51 2 Mie(wo)
Noting that
tel—1 11—«
> te (0,1
1—tA-1 7 g1 (0.1),
we have
27— 1= A1 = tP YRS p(x0) > 0, t € (0,1).

Thus, from (H2) and (H4) we get that
Ci(tx)
= tC\x — M1 —tP DAz +t(t* 1 — 1)Bx
> tOza — (1 — tP7 1 Azg + t(t*1 — 1) Bxy
> tChx + t(to‘_l -1-(1- t’B_l))\Rgp(xo)>a:0
> t(14+n(t)Chz, t e (0,1),z € [z, 20],
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where

n() = (1271 = 1= A0 = )R] plao) ) (),
q(A) = sup{r > 0|zg > 7Cr20},
A€ [0, A%,

The application of Lemma 1 concludes the proof of
part (a).

From above proof, it is easy to see g < ) <
zp, Where xg is the unique fixed point of B in P, and
20 = Roxo, Ro is the unique solution of F'(R) = R —
R — };fol‘ in (1, 00). This ends the proof of part (b).

Next we prove part (C). Let A1, Ao € [0, \*] with
A1 < Ag. Noting that Cy, zy, = MAzy, + Bx)y, <
)\QAJ,‘)\Q + Bx)\z = T),, WE have ZTo < C)\1$0 <
Cy,xx, < xy,. From the above proof, we know that
C'\, have a unique fixed point z* € [zg,x),] in P,
which implies that xy, = z* < z,,. The proof is
complete. ([l

Remark 7. From (23) and (25), we can obtain the
expression of \* in Theorem 6, that is,

l—«o 1
B=1 Rip(xo)

where Ry is the unique solution of F(R) = R— R® —
L=a in (1, 00) and xq is the unique fixed point of B in

A= M\y(Ro) =

5—1
P..
Theorem 8. Let A, B : P — P be increasing oper-
ators. Suppose that the operator A satisfies (H1) and
(H2), and the operator B satisfies (H3) and

(H5) there exists a real number o € (0,1) such
that B(tx) > t*Ax, t € (0,1), z € P,.

Then (a) there exists an interval 1 with
[0, \(Rp)] C I C [0,+400) such that v = N\Ax + Bx
has a unique solution xy in P, for A\ € I. More-
over, for any ug € P, set Cy = NA + B and u,, =
Cytp—1,n=1,2,-- then lim ||u, — x,| = 0;

n—oo

(b) x is increasing in \ for A € I;

(c) there exist xq, zg € P, with xo < zg such that
Ty € [a:o,zo]for)\ € [O,)\(Ro)]

Where \(R) is defined (23) and Ry is the unique
solution of F(R) = R — R* — é_f‘i‘ in (1,00).
Proof. By virtue of Lemma 2, B has a unique fixed
point g in FP,. It is easy to see that

xg < Chzo, CA(PG) C P, A>0.
Similar to the proof of Theorem 6 we obtain
[0, \(Ro)] C Q,

where (2 is defined (18). Moreover, x = \Ax + Bx
has a unique solution z) in P, for A € [0, A\(Ro)].
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_On the other hand, for any X € Qitis evident that
[0,A] € Qand x = AAz + Bz has a unique solution
xy in P, for A € [0, A]. Thus, the conclusion (a) can
be proved.

The proof of the conclusions (b) and (c) is the
same as the proof of Theorem 6. The proof is com-
plete. g

3 Positive solutions for beam equa-
tion

In this section, we apply the results of Section 2 to

study the existence and uniqueness of positive solu-

tions for the following perturbed elastic beam equa-
tions with three parameters

ul (t) + nu” (1) = Cu(t)

= Af(tu(t) + ¢(t),0 <t <1, 27)
u(0) = u(l) =u"(0) =u"(1) =0,
and
ul (&) +mu” (t) — Cult)
= Af(t,u(t) + g(u(t),0 <t <1, (28)

w(0) = u(1) = u"(0) = u"(1) = 0,

where (, 7 and )\ are parameters.

It is well-known that the deformation of the equi-
librium state an elastic beam, its two ends of which
are simply supported, can be described by a bound-
ary value problem for a fourth-order ordinary differ-
ential equation [15]. The existence and multiplicity of
positive solutions for the elastic beam equations with-
out perturbations have been studied extensively, see
for example [16]-[27] and references therein. How-
ever, there are few papers concerned with the unique-
ness of positive solutions for the problem (27) and the
problem (28)with three parameters and one perturbed
loading force in literatures. In this section, we consid-
er the problems for (27) and (28), and give an example
to illustrate the result.

In what follows, set E = ([0, 1], the Banach s-
pace of continuous functions on [0, 1] with the norm
o = mas la(0)]. P = {z € O, We(t) > 0.1 €

[0, 1]}. Itis clear that P is a normal cone of which the
normality constant is 1.

The following hypotheses are needed in this sec-
tion.

(H6) f € C[[0,1]x[0,00), [0, +00)] is increasing
inu € [0, +00) for fixed t € [0, 1] and f(¢,1) # 0 for
t €10,1].

(H7) ¢ : [0,1] — [0,400) is an integrable func-
tion, and
inf

o(t) >0, M= sup ¢(t) < +oo.
tel0,1]

t€[0,1]

m =
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(HB) there exists a constant 3 > 1 such that

f(t,ru) = rﬁf(t,u), vt € [0, 1],
Vr € (0,1), Yu € [0,+00).

(H9) g € C[[0, 00), (0, +00)] is increasing.
(H10) there exists a constant o € (0, 1) such that

g(ru) > r%g(u), Yr € (0,1),u € [0, +00).

(H11) ¢,n € Randn < 272, >
n/m% < 1.

Let y; and ~y, be the roots of the polynomial 2 +
ny —(,ie.,

2
_%7</ﬂ—4 +

Y2 = { nEVn? +4}

In view of (H11) it is easy to see that v; > v >
—72. Let G4(t, ) (i = 1,2) be the Green’s functions
corresponding to the boundary value problems

—u"(t) + viu(t) =0, u(0) =u(l)=0. (29)
Moreover,
sinh v;¢-sinh v; (1—s) 0<t<s<l
_ i sinh v; ’ - = =
Gi(t,s) = { sinh vy a-sinh 1, (1—t) b <1
v; sinh v; ’ - " =7 =
for v; > 0;
_Jtl=s), 0<t<s<1
Q@ﬁ%_{sﬂ—ﬂ,Ogsgtgl
for ~; = 0;
sinuit-sipui(lfs) 0<t<s<l1
Gi(ty 3) = { sinuil;%ssilr?éi(lft) 0 ; s ; " ; 1
v; sinv; ’ — - =
for —m% < v; < 0, where v; = /||, and
G;(t
Bs) 550 @0

0<t, sf<1 Gi(t,t)Gi(s, s)

where §; = Smhy ify; > 0,0, =1ifv =0;6; =
visiny; if —m2 < 3 < 0. For 01,09 € (0,1) with
o1 < o9, let

min  G;(s, s).

01<5<02

€ =
Thene; >0 =1, 2).
For more information on the Green’s function of

(29), we refer to [19, 22].
Let

1 1
e(t) = /0 /O Cr(t,7)Ga(r, $)dsdr, t € [0,1],
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then (H11) implies that e € P. Moreover,

e(t) > [72 [72 Gi(t, 7)Ga(T, s)dsdT 31)
> (09 — 01)0102€2€3 > 0,t € (0,1).

Hence, e > 6. Define P, as (2).

Theorem 9. Assume that (H6)-(H8) and (H11) hold.
Then

(a) there exists \* > 0 such that (27) has a u-
nique positive solution uy(t) € P. for A € [0, \*].
Moreover, for any ug € P., set

t)=A fol fol G1(t, 7)Ga(T,s)f(s,un—1(s))dsdr
+xo(t), t€[0,1],n=1,2,---,

then li_)m |un, — un|| = 0;
() o(t) < u(t) < Saolt)(t € [0,1]) for
A€ [0, \*];

(c) wy is increasing in \ for A € [0, \*];
(d)lim [Juy — x| = 0;
A—0
lux = @oll < gizllzoll, A € [0, A7),
where

1 1
zo(t) = /0 /0 Gr(t,7)Cs (7, 8)p(s)dsdr. (32)

Proof. It is easy to see that the problem (27) has an
integral formulation given by

u(t) = zo(t) + A [} [ Gi(t, 7)Ga(T,s)
f(s,u(s))dsdr, t € [0,1].

where z((t) is defined by (32). Define operator A :
P — Eby

1 1
Au(t):/o /U G1(t,7)Ga(T,s) f(s,u(s))dsdr

for t € [0, 1]. It is easy to prove that u) is a solution
of the problem (27) if and only if ) is a fixed point
of the operator xg + AA.

In virtue of (H6) and (H7), we know that x¢ € P
and A : P — P is an increasing operator. Further,
from (H7) we have

zo(t) > mfol fol G1(t, 7)Ga(T, 8)dsdT = me(t),
zo(t) < M [ [ Gi(t, 7)Ga(r, s)dsdr = Me(t).

That is, zg € F.. From (H6), there exist 01,09 €
(0,1) with 01 < o9 such that inf f(¢,1) > 0.

teloy,02]
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Moreover, from (H8) and (31), we obtain

Ae(t)

AV

/(:2 /:2 G1(t, 7)Ga(T, 8) f (s, e(s))dsdr

B
> ((02—01>51526%6%> inf f(¢,1)
telo1,02]
o2 d
/ / G1(t, 7)Ga(T, s)dsdr
g1 C

> 0, te€(0,1),

Ae(t) < /1 /1 Gi(t,7)Ga(T

(lell? sup £(t,1))e(t).

te(0,1]

,8)f (s, ell)dsdr

IN

That is, A satisfies (H1).
For any r € (0,1) and u € P,, by (H8) we obtain

A(ru)(t)
_/0 /0 G1(t,7)Ga(T, s) f(s,ru(s))dsdr

1 1
=B T T,8)f(s,u(s))dsdr
_ /O/OGl(t, )Ga(,5) £ (s, u(s))dsd
= 1P Au(t), u € P,.

That is, A satisfies (H2). Thus, the results of Theorem
9 follows from Theorem 3. The proof is complete. [

Remark 10. There exist many functions which satisfy
(H6) and (H8). For example, f(t,x) = 1 (t)2?, where
B> 1,9 € C[0,1] and (t) > 0 and (t) # 0O for
t e [0,1].

We give a simple example to illustrate Theorem 9
and give an estimate for parameter A. Consider equa-
tion (27) with f(t,x) = 22, ¢(t) = land n = ¢ = 0.
Then,

Gi(t,s) = Gaft,s)

B {t(l—s) 0<t<s<l,

s(1—1) 0<s<t<1

e(t) = wo(t) = / / G (t, 7)Ga(r, s)dsdr

tH(1 —t3)
24

It is not hard to verify that

1
|lxoll = max xo(t) =

t€[0,1] 324
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It is easy to check that (H6)-(H8) and (H11) hold,
where § = 2. Hence, Theorem 9 implies that there
exists A* > 0 such that (27) has a unique positive so-
lution uy(t) € P, for A € [0, A*]. Furthermore, such
a solution u () satisfies the following properties:

(a) for any ug(t) € P, set

up(t) =

1 1
A / / Gr(t, )G (7, s)u2_ (s)dsdr
0 0

+t(1 —3)

—1.2.--.
24 7” = )

then lim lun(A) — up|l = 0;

0, )\g‘l])) 1 <) < U e
(c) ux(t) is increasing in A for A € [0, \*].
(dlim fluy — 2ol = 0;

[0,1]) for A €

luy — zo|| < ﬁ,)\ € [0, \*].
Now, we give an estimate for \*.
Since z(t) = e(t) and ||xo|| = 321\%.

Therefore,

1 1
Azo(t) = /0/0Gl(t,T)GQ(T,S)I‘%(S)deT

1
< lzo||Pwo(t) = ————=m0(t).
< JolPao(t) = o)

This means that p(xg) < Hence, from Re-

— 322x 2\f
mark 4 we obtain that \* > 512/2.

Theorem 11. Assume that (H6),(HS8)-(HI1) hold.
Then

(a) there exists an interval I with [0, \(Ry)] C
I C [0,00) such that (28) has a unique positive solu-
tionuy(t) € P, for X € 1. Moreover, for any ug € Pk,
set

)=\ [f) [ Gi(t,7)Go(r, 8) (5, up—1(s))dsdr
—i—fol fol G1(t, 7)Ga(T, 8)g(un—1(s))dsdr,
te0,1],n=1,2,---,

then lim |lu, — uy|| = 0;
n—oo
(b) uy is increasing in \ for A € I;
(c) there exist xq, zg € P. with xq < zg such that

uy € [xo, 20] for A € [0, A(Rp)].
Where A\(Ry) is defined by Theorem 8.

Proof. It is easy to see that the problem (28) has an
integral formulation given by

u(t) =\ [y fy Gi(t.7)Ga(r, 5)f (s, u(s))dsdr
+ ) [ Git, T)Ga(7, 5)g(u(s))dsdr.
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Define operator A, B : P — E by

11

Au(t) = /0 /0 G1(t,7)Ga (7, 5) (s, uls))dsdr,
11

Bu(t):/o /0 G1(t,7)Ga(T, s)g(u(s))dsdr

for t € [0,1]. It is easy to prove that u) is a solution
of the problem (28) if and only if ) is a fixed point
of the operator A\A + B.

In virtue of (H6),(H8) and (H9), we know that
A,B : P — P is an increasing operator. By the
proof of Theorem 9 we obtain that A satisfies (H1)
and (H2). From (H9) we have

1,1
Be(t) > /0/0Gl(t,T)Gg(ﬂS)g(e(s))dsdT
1,1
> g(O)/O /0 G1(t, 7)Ga(T, s)dsdr
> g(0)e(t), te(0,1).
On the other hand,
1 1
Be(t) < /0/0Gl(t,T)Gg(T,s)g(||e||)dsd7
< g(lelle(?),

That is, B satisfies (H3).
For any r € (0,1) and u € P, by (H10) we have

B(ru)(t)

1,1
= / / G1(t, 7)Ga(T, s)g(ru(s))dsdr
0 0

1,1
Zra/o /0 G1(t, 7)Ga(T, s)g(u(s))dsdr
=r*Bu(t), u € P,.

That is, B satisfies (HS5). Thus, Theorem 11 follows
from Theorem 8. The proof is complete. g

Remark 12. We can give a simple example to illus-
trate Theorem 11.

Consider equation (28) with f(t,z) = 22, g(z) =
1+ 2 and n = ¢ = 0. From Remark 10, f(¢,z)
satisfies (H6) and (H8) with 5 = 2. G1(t, s), Ga(t, s)
and e(t) are the same as Remake 10. It is easy to
check that g(z) satisfies (H9) and (H10) with o = %
Moreover, integral equation

1 1 L
u(t) = /0 /0 Cr(t,7)Gal(7, ) (1 + ub (s))dsdr.
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has a unique solution x(t) in P,. Note that % =1
and Ry = 2+—2‘/g is the unique solution of algebraic
equation R — R% = % in (1,+00), Then

-« 1 2(7T-4V3)

B—1 Rgp(azo) ~ p(xo)

AMRo) =

Hence, Theorem 11 implies that there exists interval

[0, 2(2@10\)/3)] C I C [0,00) such that (28) has a u-
nique positive solution uy(¢) € P, for A\ € I. Fur-
thermore, such a solution w) (¢) satisfies the following
properties:

(a) for any ug(t) € P, and \ € I, set

up(t) = )\fol fol G1(t,7)Ga(T, s)u%fll(s)dsdT
o S Gt T)Ga(r, 8) (1 +ul_y (s))dsdr,

then lim |lu,(\) —uy| = 0;
n—oo
(b) uy(t) is increasing in A for A € I,
(©) o(t) < ur(t) < ZBag(t)(t €
2(7—4/3)
re o, p(zo) J
Remark 13. The problem discussed by [19], [22]-
[25] is the special case of the problem (28) where

g(u) = 0.

[0, 1]) for

Acknowledgements: The authors are grateful to the
referees for their comments and suggestions.

This research was partially supported by the
NNSF of China (10961020), the Key Project of Chi-
nese Ministry of Education (208154), the Chunhui
Project of Chinese Ministry of Education (Z2009-1-
81007), the Science Foundation of Shanxi Province
of China (2006011013) and the University Natu-
ral Science Research Develop Foundation of Shanxi
Province of China(20111021).

References:

[1] H. Amann, Fixed point equations and nonlinear
eigenvalue problems in ordered Banach spaces,
SIAM Review, Vol.18, 1976, pp.602-709.

[2] A.J. B. Botter, Applications of Hilbert’s projec-
tive metric to certain classes of nonhomogenous
operators, Quart. J. Math. Oxford Ser., Vol.28,
1977, (2): pp.93-99.

[3] K.Li,J.Liang, T.J. Xiao, A fixed point theorem
for convex and decreasing operators, Nonlinear
Anal., Vol.63, 2005, pp. €209—e216.

[4] W. X. Wang, Z. D. Liang, Fixed point theorem-
s of a class of nonlinear operators and applica-
tions, Acta Mathematica Sinica, Vol.48A, 2005,
(4):pp.789-800.

Issue 3, Volume 11, March 2012



WSEAS TRANSACTIONS on MATHEMATICS

[5] J. X. Sun, K. M. Zhang, Existence of multiple
fixed points for nonlinear operators and appli-
cations, Acta Mathematica Sinica, English Se-
ries, Vol.24, 2008, (7): pp.1079-108.

C. B. Zhai, X. M. Cao, Fixed point theorems for
T — p-concave operators and applications, Com-
put. Math. Appl., Vol.59, 2010, pp.532-538.

Z. Q. Zhao, X. S.Du, Fixed points of generalized
e-concave (generalized e-convex) operators and
their applications, J. Math. Anal. Appl., Vol.334,
2007,pp.1426-1438.

Z. Q. Zhao, Fixed points of 7 — p-convex opera-
tors and applications, Applied Mathematics Let-
ters, Vol.23, 2010, pp.61-566.

J. Harjani, B. Lpez, K. Sadarangani,Fixed point
theorems for mixed monotone operators and ap-
plications to integral equations, Nonlinear Anal-
ysis, Vol.74, 2011, pp.1749-1760.

Z.D. Liang, X. G. Lian and M. Y. Zhang, A class
of concave operators with application, Nonlin-
ear Analysis, Vol.69,2008, (9): pp.2507-2515.

C. B. Zhai, C. Yang, C. M. Guo, Positive solu-
tions of operator equations on ordered Banach
spaces and applications, Comput. Math. Appl.,
Vol.56, 2008, pp.3150-3156.

D. O’Regan, Fixed-point theorem for the sum of
two operators, J. Appl. Math. Lett., Vol.9,1996,
(1): pp.1-8.

[13] D. J. Guo and V. Lakshmikantham, Nonlinear
Problem in Abstracts Cone, Academic Press,
New York, 1988.

[14] M. A. Krasnoselskii and P. P. Zabreiko, Geomet-
rical Methods of Nonlinear Analysis, Springer-
Verlag, Berlin, Heiderberg, 1984.

[15] Z. Bai, H. Wang, On positive solutions of some
nonlinear fourth-order beam equations, J. Math.
Anal. Appl., Vol.270, 2002, pp. 357-368.

[16] E. Alves, T. F. Ma, M. L. Pelicer, Monotone pos-
itive solutions for a fourth order equation with

nonlinear boundary conditions,Nonlinear Anal-
ysis, Vol.71,2009, pp.3834-3841.

[17] G.Bonanno and B. D. Bellaa, A boundary value
problem for fourth-order elastic beam equations,
J. Math. Anal. Appl., Vol.343, 2008, pp.1166—
1176.

J.R. Graef, C. Qian, B.Yang, A three point
boundary value problem for nonlinear fourth or-
der differential equations, J. Math. Anal. Appl.,
Vol.287, 2003, pp.217-233.

Y. Li, Positive solutions of fourth-order bound-
ary value problems with two parameters, J.
Math. Anal. Appl., Vol.281, 2003, pp.477-484.

[9]

[10]

[11]

[12]

[18]

[19]

E-ISSN: 2224-2880

261

Wen-Xia Wang, Xi-Lan Liu

[20] X. Zhang, Existence and iteration of monotone
positive solutions for an elastic beam with a cor-
ner, Nonlinear Anal. Real World Appl., Vol.10,
2009, pp.2097-2103.

B. Liu, Positive solutions of fourth-order two
point boundary value problems, Appl. Math.
Comput., Vol.148, 2004, pp.407-420.

X. L. Liu, W. T. Li, Positive solutions of the non-
linear fourth-order beam equation with three pa-
rameters, J. Math. Anal. Appl., Vol.303, 2005,
pp-150-163.

X. L. Liu, W. T. Li, Positive solutions of the
nonlinear fourth-order beam equation with three
parameters (II), Dynam. Systems. Appl., Vol.15,
2006, pp.415-428.

X. L. Liu and W. T. Li, Existence and multiplic-
ity of solutions for fourth-order boundary value
problems with parameters, J. Math. Anal. Appl.,
Vol.327, 2007, pp.362-375.

X. L. Liu and W. T. Li, Existence and multiplic-
ity of solutions for fourth-order boundary value
problems with three parameters, Math. Comput.
Modelling, Vol.46, 2007, pp.525-534

R. Ma, L.Xu, Existence of positive solutions of
a nonlinear fourth-order boundary value prob-
lem, Applied Mathematics Letters, Vol.23, 2010,
pp-537-543.

R. Ma and B. Thompson, Nodal solutions for a
nonlinear fourth-order eigenvalue problem, Ac-
ta Mathematica Sinica, English Series, Vol. 24,
2008, (1):pp.27-34.

[21]

[22]

[23]

[24]

[25]

[26]

[27]

Issue 3, Volume 11, March 2012





