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Abstract: - In this paper, the behavior of iced cable with two degrees of freedom is investigated. With Melnikov
function of the system, the sufficient condition for the existence of periodic solutions about the system is
obtained. The invariant tori of the system is investigated by using transformations and average equation. The
conclusion not only enriches the behavior of nonlinear dynamics about iced cable, but also provides the
reference to the study of controlling the icing disaster, which is caused by large amplitude low frequency

vibration of iced cable.
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1 Introduction

Because of simply mechanical analysis, convenient
design, reliable usage on the cable-suspended
structure, it is widely applied to long-span building
structure. However, the vibration of cable-suspended
structure will be more pronounced as its span
increases. Cable-suspend may cover ice under a
certain weather condition and its cross section will be
noncircular. At the same time, it may cause large
amplitude low frequency vibration and bring out
great loss to the people's life and asset. Hence, it is
important to study the dynamical behavior of iced
cable with two degrees of freedom.

In the past 20 years, a number of important results
of the existence and numbers about periodic solution
have been achieved. In 1991, E. Perdios, C. G.
Zagouras and O. Ragos [1] found vertically critical,
planar periodic solutions around the triangular
equilibrium points of the Restricted Three-Body
Problem to exist for values of the mass parameter in
the interval [0.03, 0.5], at the same time computed
four series of such solutions. In 1996, Y. Agnon and
M. Glozman [2] studied the interaction of several
two-dimensional standing wave modes using a
Hamiltonian formulation, and found four new
time-periodic solutions. At the same time, the
periodic solutions were useful for understanding the
dynamical system of the standing wave modes. In
2000, Chen and Mei [4] obtained the character of the
characteristic roots of the Fréchet derivative C for
higher order autonomous Birkhoff systems.
Furthermore, they obtained the existence theorem of
periodic solutions by using Liapunov center theorem,
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and presented an example to illustrate the results. In
2006, Zhou and Xu [6] analyzed a heteronomy
strong nonlinear dynamics system by using the good
properties Chebyshev polynomials. At the same time,
the method used in the paper did not need to be
based on the assumption of small parameters and
could be used to analyze strong nonlinear problems.
At last, they compared the analytical results of
Duffing equation with those obtained via a
Runge-Kutta integration algorithm and the standard
Harmonic Balance Method and obtained that the
suggested approach was extremely accurate and
effective. In 2009, M. Bayat and B. Mehri [14] gave
a necessary condition for the existence of periodic
solutions of certain three dimensional autonomous
systems. Their claims were proved and supported by
certain examples for the third order autonomous
systems. In 2009, Liu and Han [10] considered a
four-dimensional system of autonomous ordinary
differential equation depending on a small parameter
and with the results obtained they discussed a
nonlinearly coupled Van der Pol-Duffing oscillator
system.

In this paper, the behavior of iced cable with two
degrees of freedom is investigated. By computing
Melnikov  function on symbolic computation
software of Maple, the sufficient condition for the
existence of periodic solutions about the system is
obtained. Meanwhile the invariant tori of the system
is investigated by using transformations and average
equation.
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2 System of Iced Cable
We consider the dynamical equations of iced cable
with two degrees of freedom for C, sufficiently

small. With the multi-scale transformation and the
reduction of normal forms, the equations are given as
follows:

) 1 1
X = _Zo'lxz — My X +Eﬂsxz (X32 + Xi)
+§,B X, (X7 +x2)
LA 2)
; 1 1
Xy =— 01X — [, X, __ﬂ3X1(X§ + Xf)
4 2
3 2 2
_Zﬁ4X1(X1 +X3),

) 1 1 3
X3 = (Eum P; _Eo'z)xﬂ, — H3X5 +E:B1X4(X§ + Xf)

+ BoXa (X +%3),

. 1 1 3
Xy = (Eo'z Ps +Eum)xs — M3X, _§ﬂ1X3(X32 + Xj)

@)

= BoXa (X +%;).

2.1 Nonsingular Linear Transformation

Denote the nonsingular linear transformation by TF,
that is,
T=nt, u,

~

1,1
:H(Zalxl+ﬂzxz)v u, =Xy,

1.1
V; =ﬁ[5(02 +U, P3)Xs + 45X, ], Vv, =X,
~ 1
where u_p, %0, , m251/4,u22+0'12>0 ,
ﬁ—l\/4 2 2 2 2
=5 Uy + 0, —U.-p; >0.Then the system (1)

can be transformed into the system (2) as follows:

((jiiz'l:_amooug +My, (U, U, vy, V),

di = Dyogoly = BogaoU, + My, (Ug, U5, V1, V,) L (2A)
dl:—V2+MZC(U1,Uz V1. Va),

%:Vl _d0001V2 +Mzd (ul Uy sy Vg 'Vz)’ (ZB)
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where the expressions of coefficient are shown
in Appendix 1 and My, M, , i=a,b,

j=c,d areinAppendix 2.

The perturbed system of the system (2) is given
by
du

—=f(u)+&P(u,v,¢), 3A)
dr
ﬂ:g(v)+gQ(u,V,8), (3B)
dr

where u=(u,,u,)", v=(v,,v,)",

f(U) = (—agypeUy + My, (U, V), Dygpl; + My, (U V)T
gv) =(-v,,v))",
P(U’V,E)Z(Mla(uav)’_bomouz+M1b(uwv))T
Q,v,&)=(M, (u,Vv) , —dygV, + M4 (U'V))T
and the expressions of My, M, , i=a,b,

j=c,d areshown in Appendix 2.

At the same time, for the perturbed system (3), we
have

(i) If o, #0ando, 7&4\/5/12, then u=0 isa
1-order weak focus of planar autonomous system

LERTNY (4A)
dr

(i) The planar autonomous system
dv
—=9(v) (4B)
dr

is a Hamiltonian system and there exists an open
interval J — R such that the system (4B) has a
family of periodic orbits

{Lh:(ul,uz):uf+u§:2h,heJ}. (5)

2.2 Existence of Periodic Solutions
For simplicity, let us introduce 0, :

8;“'1(a) =(0,---,a,--,0)!

mx1?

8{”'1(a) denotes an mx1 block matrix, where the
i-th element is a and the others are equal to 0.

Let o™ () =ar(&)(a)" |

)Z=(X1aX2)T’ YA:(yliyz)T’
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XAY =det(X,Y),
X' = (022 (- + R @)X,

then

When0< 68 <27 ,heJ c R the transformation

u=u, v=G(8,h)=(/2hcos@, 2hsind)"
turns the system (3) into a system with the form
d_u_ f(u,G@,h))+&Pu,G(@,h),e)

d60 1+&G,(0,h)AQ(u, G0, h), ¢)
(6A)

dh ___ 9(G(0,h)AQ(u,G(9, h), ¢)

d0  1+£G, (0, h)AQ(u,G(6, h), )’
(6B)

Suppose that(u(u, ,8,r,¢&),h(u, ,0,r,¢)),
|Up|<<1, red is a solution of the system (6),

thatis, (u(u,,0,r,¢),h(u,,0,r,¢&))=(u,,r).
At the same time, it has an expansion as follows:

u(u,,@,r,g)=u,(@,ru, +u,(@,re
+0(|uy, &%), (7A)
h(u, ,0,r,&)=r+e(h,(@,r)+h,(0,r)u,
+h, (0, r)e+0(lu,, ). (7B)
Further, we have

h(©,r)=0, (i=1,--,3),

Ul(O,I’)=|2, UZ(O,I‘)=0, (8)

where |, is the identity matrix of order 2.
With the system (6) and the equation (7), we have

du (@, r) _

— Bu,(@, ),

du,(6,r) _

— " Bu,(@,r),
W:—g@(@, N)AQ(0,G(8,r),0)

= —2d g, F SIN2 @ +~/2r cOSH-M,, (U, G(8, 1))
++/2rsing-M., (u,G(,r)),

dh, (@, r)
do
-9(G(@, r)A(Q,(0,G(0,r),0)u,(0,r)) =0
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dh,(0,r) 1 r

—-——H®@,r)=——, 9

do 2 ©.1) 2 ®©)
where B =077 (—ay) +05' 5 (0i00) and the
expressions of M, , i=a,b are shown in

Appendix 2. Hence,

u,(2z,r)=exp(2z B), u,(2z,r)=exp(2z B),
h (27, r)

= '[02” (—2by10or SiN2 0 +~/2r cosO- M, (U,G(8, 1))

++/2rsing-M., (u,G(8,r)))de,

h,(27,r)=0, h(2z,T) :J'OZH—éde:—r .
(10)
Let
Ml = 3(.“'0030 + C0012 + d0021 + 3dOOO3 ’

2d 0001

M1
'3 C d 3d '
0030 + 0012 + 0021 + 0003

Lemma 1 For small & # 0, there generates a periodic
orbit of the system (3) in the neighborhood of

L={u,v):u=0,HV)=r}, rel

if and only if the following bifurcation equations
have a solution in (u,, r)with reJ, |u,|<<1:

(exp(27B) — 1,)u, +exp(27B)e + O( |u,, g|2) =0,

(11A)
2r(MM}+1M,) —re +O(|uy, &) =0.

(11B)

Hence, we denote h,(27,r) to be the

Melnikov function of (3B). Let
M(r) =] 9(G(0, N)AQ(, G(0, ), 0)d6.

Theorem 1 (Sufficient Condition for the Existence
of Periodic Solution) For0 < |g| <<1, then

1) If M(r)=0 for any red , that is,
door #0and M, =0, there does not exist periodic
orbit of the system (3) with period near 2z in the
neighborhood of L, .

(2) Ifay, =k, there existsh, = M, , such that
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M(hy)=0, M'(h,) =27d,,,, 0, then there
exists an unique periodic orbit of the system (3) with
period near 27 in the neighborhood of Eho.

Proof: (1) By the theory of successor function, for
anyreJ, if M(r)=0, then there does not exist

periodic orbit of the system (3) with period near 27
in the neighborhood of L, .

(2 ByM(h,)=0, M'(h,) =0, we have
h,(2z,h,)=0, h/(2z,h,)#0. (12)
Substituting (10) and (12) into (11), we have

(exp(27z B) - 1,)u, +exp(27z B) ¢
+O(|r = hy[|ug|+|r —hgle +u,, £]) = 0, (23A)
271(—2dgp0; +hoM, )(r—hy)—hye
+0O(|r - h0|2 +|r —hple +[u, , g|2) =0. (13B)

If a4, #k, then the matrix u,(27,h,) -1,
is invertible. Therefore, by the equations (13), we
have

U, = g[— (exp(27B) — 1,) " exp(27B)
+0(r —ho|+ )],

2¢

_hy(27, hy)e N .
M,

° h@z,h) °

= (14)
Let r=h, +c,e+0(g%) , U, =C,e +0(¢?%) ,
where
2
™,

C, = , C, =—(exp(27B) - 1,) " exp(27B),

then there exists an unique periodic orbit of the
system (6) with period 27 as follows:

h@, &) =h, +T,(0, ¢),
u@@, €) = (m,(8), m,(0)" +0(e?)
= Uy (0, 8),uy, (0, ), (15)
where
u,(@, ) =(c, +h,(8,hy))e+0(%),
(m,(8), m,(8))" =exp(2zB)c, +exp(27B).

Hence, there exists an unique periodic orbit L,
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of the system (3) with period near 27
L, :u=(m,(8), m,(0) ¢+0(c?%),
v=G(0, h, +U,(0, g)).

3 Stability of Periodic Solution

In this part, the invariant tori of the system is
obtained through using the blow-up transformation
and the average method.

3.1 Transformations
With condition (i) in the part 2.1, the system (3) can
be written into the system (16)

du

1 _
= =AU, t+ M3a(ul v Uy, vy, Vz)
dr
+eM, (U, Uy, v, Yy),
du,

. = blOOOUl _‘c'bomouz + M3b (ul y Uy, Vi, Vz)

+eM 4y (Uy, Uy, vy, Y,),

g—v—g(v)+gQ(u,v,5), (16)

—=

where

g(v) =(=v,,v,)",

Q(u,v,e)=(M,(u;,u,,v,,Vv,),
—dgpeyVy + My (U, Uy, vy, V)T,

and the expressions of My, i=a,b and M,
j=c,d areshown in Appendix 2.

From Theorem 1, we know that if
h, =M; and a,,, #k , there exists an unique
periodic orbit of the system (3) with period near 27
in the neighborhood of Eho . Hence,

Leth =hy +V, where|[V| << 1, the system (6) can
be transformed into the system (17)
du,

40 = —8gy0U, + 8,4 (0)e + 2, (O)Ve +ay, (O)u,e

+a,(@)u,e+Mg (U ,u,)+R,(U,0,V,¢),

du,

40 = ByggoU; + 2y, (O)€ + a4, (O)Ve + a4, (F)ue

+ 8y, (Q)u,e+ M, (U, u,)+R, (U, 8,V, &),

Issue 2, Volume 11, February 2012



WSEAS TRANSACTIONS on MATHEMATICS Jing Li, Xiaoli Wei

= o) by O +D (O, +Dg (), BT O P Z Ca P D O
+b,,(0)Z,)sgn(¢) ,
+R, (U, 0,V,¢)), (17) o _ _ _
. . H,(Z,,Z,,0, P) = (a5 (0)Z, +a,,(0)Z,)sgn(e)
where the expressions of M, (u,,u,), i=a,b, -
afo(e)' bjo(e)' bOk(g)’ i_,j,k:].,-",4 and +M6a(21’22)’
R(@,u,v,e) , 1=1,---,3 are shown in H,(Z,,7,,0, D) = (25(0)Z, + 2, (0)Z,) sgn(e)
Appendix 2. - -
p?_et +M6b(zl’ Zz)’
(U, up)" = (U (8, 6),Up(8, €)' +(z,,2,)" R(0,0,6,0,£)=0, i=1,2,3.

V=0,(0,¢)+p, the system (17) can be tumed 3.2 Average Equation and_lnvariant Tori
into the system (18) Letz, = pcosg, z, =-psSing, p=pw, the
system (19) can be transformed into the system (20)

dz,
=84, (0)2,6 +8,(0)2,& —ay2Z,
dg T REeEn e gz —ayy — “ (H sin g + H, cos )
+ Mg, (Ug + 2, Ugy +2,), ;
H = } —
dz ——(R,, sinp + R,, cos @),
d; =893 (07,6 + 84, (0) 2,6 +Dyp02, P (R SIn 9+ Ry CO59)
dp
+ Mg, (U, + 2, Uy, +2,), dﬁ_'u ?(H, cosp —H,sin )
£ = &(by (0) P +D5(0)2, +0,(0) 7, + ﬂa(ﬁzo Cosp— ﬁ30 sing),
=) aw  u° .
+Rl(zl’22!9! p!g))- (18) E:%[Hl—W(HZCOSQ—H:;Sln@)]
Denote the blow-up transformation by 7
P=up,z, =4z, 7, =,, +7[R10—R20COS(D—R3OSin(D]. (20)
where s =|s['*, then the system (18) can be When a,,,, isan irrational, let
transformed into the system (19) _ 1 p2r 2 (H,Sing+H, cosy) dad
= 4

dz _ _ 1_472'2 0 0 p
_1__3010022 +;u2H2(21’ z,,0,D)

" P [* a5,(0) - 2,0 (0)d0sgn(e)
_ _ P ~ )

+1°Ry(2,,7,,0,D,¢), Agdo O 20

_ L

C(Ijiez = D02, + 'quS(zl! Z,,0,D) +L(bgooo — g300) +%(b1200 —8100) »
+ﬂ3§30(21y22,19,5,8), ﬁ2= 1 r2rp2r

Ar
dp

=,U2H1(71’ Z,,0,p)

p 2r
do - jo a,, (0) + a,, (0)dOsgn(e)
+ ﬂ3§10 (2,,2,,0,Pp,¢), (19) 3/03 ,03
Where + T(aSOOO + bOSOO) + ?(bzloo + a1200) 1
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— 1
i = 4r?

—H,sing) Jdade

LZ”LZ”%[ H, -w(H, cosg

W 27
] P (0)dOsgn(z)

W 27
[, 8 (0)+ 2, (0)d0son(z)

2
ol
(3a3000 + a‘1200 + b2100 + 3bOSOO) '

With the average method, the average equation of
the system (20) is given by

d J—

£:_a01oo —HH (o, W)+ 1R (p, W, £),

d _

ﬁ:ﬂsz(lﬁ W)+ 1Ry (p, W, €),

dw —

45 = Hs(p W)+ 1R (p, W, ), (21)

where R. (o, W, &) are continuous functions and
R (0,w,&g)=0, i=1,2,3.

Let
oH,(p, W) &H,(p, W)
op ow
M = _ .
0 W=| o, (oo w) o, (0, W)
op ow

With the average equation and the theory of
manifold, the equations (22) are obtained as follows:

H,(p,w)=0,

Hi(p, w)=0. (22)

With Equations (22), we can obtain the following
theorems:

Theorem 2 (1) Equations (22) have a zero solution,
that is, (o, w)=(0,0) and the matrix M (0O, 0)
has a pair of eigenvalues

A sgn(s)and Msgn(g) .
A 4

() Under the condition of
(35000 +3Dyz00 + 1200+ Ds100)a6 <0, equations
(22) have a nonzero solution, that is,
(p, W)=(p,,0) and the matrix M (p,,0) hasa
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a a
pair of eigenvalues ——=sgn(e) and—2-sgn(s).
2 2r

Where
8, = [ 25 (0) + 20, (0)d0 = 27(2,50,
+ 8,00, + Bg120No + Poso2No —Bogor )+
8, = [,y ()40 = [ (BCogsy + 6

+ 2C0012 + 2d0021)h0 - 2d0001 ]’

1/2

1 2z
EJ.O by, (8) + by, (£)d O

p0: 37[

T
T (@000 + Poago) + Z (8200 + P2100)

Theorem 3 There exist continuous functions
v,(0,9,¢), 1=1,2,3 under the conditions of

a,(2a, —a;) #0and a,a, #0, which make the
system (20) has invariant torus S;, and S,,:

S, ={(0,0,p,W):p=0,w=y,(0, 0, <),
HeR,goeR},

S, =10, 0.0, W):p=py+y,0, 90, ¢),
wW=y,(0,0,¢),0¢ R,¢ER}
with (0, ¢,0) =0, i=1, 2, 3. Meanwhile, if

2a,¢ <a,& <0,S,, is exponentially asymptotically
stable. If a,6 >0, a,6 <0, S,, is exponentially

asymptotically stable.
It is easy to see that the invariant torus S, of

the system (20) corresponds to the solution
(p,z,,2,)=(0,0,0) of the system (18) and to

the periodic orbit L, of the system (16) as a trivial

invariant torus. The invariant torus S,  of the

system (20) is a nontrivial invariant torus of the
system (16) with the form

S,, ={(8,0,u,v):u=G(@,h, +V,(, &))

e (py + w2 (0, 0, w40, 0, 8),
V= (v (0, &) +Vy, (0, &)

/ .
+ |8|l *(cosp —sinp)(p, + 1, (6, 9, €)),
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0cR,peR}.

4 Conclusion

In this paper, the behavior of iced cable with two
degrees of freedom is investigated. By using periodic
transformation and Melnikov function, the existence
of periodic solutions about the system is obtained,
which is shown in Theoreml. Based on Theoreml,
with a series of changes of coordinate, the existence
of invariant tori for the perturbed system is obtained,
which is shown in Theorem 2 and 3. The conclusion
not only enriches the behavior of nonlinear dynamics
about iced cable, but also provides the reference to
the study of controlling the icing disaster, which is
caused by large amplitude low frequency vibration of
iced cable.
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Appendix 1
a. —_ 483,115 _ 30,1,
3000 — 0_3 o,
1

o _3Pi(64ps00 +768u; + o))
o 4,167 + ol o)

_ 9B, (:|-6,U22 + 0-12)

a‘1200 - 3
0,

L _3f.(32uf0 + o} +256.5)
o 4,167 + ol o)

_ 21,y (4ﬂ§ ~Up p§ +03)

Q0 =
0-1(0-2 +um p3)2
1 1
2 2.2 2
16#2:33\//“3 _Zum Ps +ZO'2 H3
a.. =
o o,(o, +U, p3)2
a __2ﬂz:33(0'22+202um Ps +UnPs +44)
1002 —

o,(o, +U, p3)2

2 2 2 2,2 2 2 2
_ Bi(of oy +20,0,U, Py +0, Uy Ps + 407 113)

T o ot oo, +u,p)°
N Bo (64l 11i16u’0? +32u0,u, p, +1645u p2)
216122 + 020, (0, + U, Ps)?
By = Bi(—cluipl +olo? +40] ul +64ulul)
216112 + 07 6,(0, +Uy Ps)’
516507 16207 p2)

+
2\/16,‘122 +01201(O'2 +Uy p3)2

2,41 —UZpZ + 0% 1642 + 07
0'1(0'2 +u, p3)2

b. - 3B, 1, (16ﬂ22 + 0-12)

oso0 = 3
O,

Aoy =~

b — 34, (64/1220'12 + 768,u;1 + 0'14)
e 41647 + ol o

_ 9B,u, (164 +07)

b1200 - O'f

b _ 3B, (16115 +07)
2000 = 3
0,
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__21”2,33(4,“3? _uri p§ +O—22)

blOZO =
O-1(0-2 + um p3)2
1 1
16/12,33\/;1; _Zu; p§ +ZO'22/13
b1011 = 2
o,(oy +U, P3)
244, 3 (4/132 + 0-22 +20,U, P; + uri p;)
b1002 == 2
o,(o, +U,Ps)
L B(otuipt +aotl +otod)

e 2\j16/'122 +07 0y (0, +U,P;)°
| Bs(Bp07 + 645 g ~ 161150, p3)

2\j16/122 +O_120-1(‘72 +Uu, p3)2

1 1
16ﬂ2ﬂ3\/ﬂ§ _Zuri p32 +ZO-22;U3

o,(o, +u, p3)2

b0111 =

_ B (16/“220-22 + 32/”220-2um P, +161L122Ué p§ + 40—5#;)

Bosoz =
2\164; + 07 0y(0, +Up P;)°

+ ﬁ3(0_120'§ + 2Glzo_zum Ps +o—12ur3\ p32 +64,u22,u32)
2\/16/122 +O—120_1(O_2 +u, p3)2

_3ﬂ3ﬂ1(4ﬂ32 —UnP; +03)
(0, +UpPy)°
_ Ops 3, (A5 + 03 +20,U,, P +Up P3)
(0, +UpPy)°
3/3,(-2u;, P30, — Uy Ps +1611507 +80 445U, Ps)

Coozo =

COOlZ -

o 2\/44% —UZp: + 0% (0, +U, Py’
| 3B.(8u3Un p3 +2U,,Ps0; + 05 +48u5)
2\/4,“32 _uri ps2 +O—22 (o, +u,, p3)3
36,(Buio; +160, 13U, Py +8u3Us P3)
2443 —ulp3 + 03 (0, + Uy py)°

0003 —

| 38,1643 + 03 +4u, 03 +6up pioy)
2J4u} —u2p: + 0% (0, + Uy ps)°
3f,(4up p3o, +U, P3)
24p} —u2pi + 02 (0, +U,ps)°

B (16/U220-22 + 32:”220-2um Ps)

Jau? —udp? + ok (o, +U, py)o}

CZOlO -
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4 B (16!122“51 p§ + 40—5:“50120'22 + 20'120'2Um Ps)

\/4”3? _uli p§ +O—22 (o, +u, pS)O-lZ

B, (olul ps +64u; 13)

+
VA —uZpi + 0% (0, +U,ps)o}
_ B,(Bu50; +32u30,u,, Py +1645u7 p3)
2001 \/4 2 2.2 2 2
ty —Upp; +o; (0, +U, ps)o;
B (40-12#32 +O_120_22 +20-120-2um Ps)
NAuZ —u2p? + 0% (o, +U,p,y)o?
L By(olunps +64u;5)
\/4/“32 _urzn p§ +O—22 (o, +u, p3)0_12
» 1
64,3, .| 14 +EO'1 Hy
Cii0 =
(02 +um pS)Gl2
oo 8182\116#22 + 07 1, (45 +07)
1101 — \/4 2 2 2 2 2
Uy —Ugy ps +0; (0, +U, Ps)o;
3 8/’)2\[16/“22 + 0'12 M, (20,U,, Py + u; p32)
NAuZ —uip? + 02 (o, +u,p,)of
o 2w (1645 +07)
0210 =

(o, +u, ps,)(712

_ B (16ﬂ22022 +32/12202um Ps +16/122ur?1 pe%)
0201 ™ \/ 2 2.2 2 2
Au; —uyp; +0; (0, +U, Ps)o;

B (40'12/‘132 +O—120'22 +20—120-2um Ps)
\/4,u32 _urzn p§ +O—22 (o, +u, p3)o-12
B (o un ps +64u; u3)

VapZ —uip? + 0 (o, +U,ps)o?

+

_ 3/13:81(4/15 + 0'22 +20,U,p; + uri pe?)

d =
o0 (o, +up, p3)3
9 4,2 2 .2 2
oy = sy (Apy —U, ps +05)
(02 +um p3)3

3B, Aui —ulpl + o} (124} + o)

do =—
0012 2(0_2 T um p3)3

_3B4/4ud —ulpl + 07 (20,U,p; + U7 )

2(02 + um p3)3
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3
3, (4415 — Uy Ps +03)°

0030
2(0-2 + um p3)3
PoAu —u2pl + 0 (1643 + 07)
d2010 == 2
(o, +U, Ps)o;
d _ 214, 3, (16ﬂ22 + 0_12)
2001 = 2
(o, +U, ps)o;
1 1 1
R R
1110 — 2
(o, +u,p;)o;
d. = 5 (32415V,Us 115 + 239,007 — 8V, \/mﬂzuz)
Hot (o, +uy, ps)Glz

4 B, (_16\/ 4:“32 - Ué p; + 0_22 V1u1:u22 - 4’/132 - urzn p; + 622 Vlulalz)

(o, +u, p3)0'f
+ B, (+4\/4/u32 _uri p32 +(722V1\/16,u22 +(712/U2U2)
(o, +U, p3)612

Appendix 2

— i m Ny, Py,
Mli (ul’ u2 ! Vl’VZ) - zlm,n,p,qul u2V1 V2
m-+n+p+q=3

(p+q)™ "=
0<m,n, p,q<3

— 1 m..ny,py,a
MZj(ul'UZ’Vl'VZ)_ Zlm,n,p,qul Uy Vi'Vy
m-+n+p+g=3
(p+q)™"=1
0<m,n, p,q<3

_ ; m Ny py,Q
Mg (U, Uy, vy, v,) = Zlm,n,p,qul U,Vi'v,
m+n+p+g=3
(m+n)P*a=1
m+n=l
0<m,n, p, q<3

— i my Ny, Py, 4a
M4j(U1,U2,V1,V2)— Zlm,n,p,qul l‘|2V1V2

m+n+p+0=3

(p+q)™"=1
m+n=0
0<m,n, p,q<3

— i my Ny, Py4
Msi(ul’UZ’Vl’Vz)_ Zlm,n,p,qul u2V1V2

m+n+p+q=3

(m+n)Pr9=1
m-+n=l

0<m,n, p,q<3

— i Py,d
Mﬁj(vl’vz)_ zlm,n,p,qvlv ’
p+q=3

0<p,q<3

R, 8,7, &) =0 +u|" +|e] +|uv])
R,(U,0,V,¢)= O(|u|4 +|u|3|\7| + |u[v?®

+|\7u|2 +|g|(\72 +|u|2 +|U\7|) +&?)
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R, (u, 8,7, &) =O(u|* +[u]’|v] +|uv?

+|\7u|2 +|e|(v? +|u|2 +|uvl) + &)

2 -
Ay = 28,0 cos” 6+ 2a,,,,hcosfsin b
+2ay5,sin* @

8,5 = —28;000 4005 N SN @ COS® O
+28,4;00ConozN SINZ € €0S? @+ 28,5, 4005 SiN & COS 9

.2 ) s
— 280100Co003N SIN® @ + 28,4, g, N'SIN G COS™ O
— 28400Cpr NSIN ?@cos’ 0

+ 28,,,,nSIN @C0S O — ay,,d g, SINECOSH
+ 28,0, — 28,0, N COS* O

+ 2840001, NSIN O COS® O — 2a,,,h cos® &

4 ; 3
+ 28,000 19301 €OS™ — 28,40 CyozoN SIN B COS” &

+28,,,,N COS? @ + 28,0 o, COS* O
— 284;0oCoo12NSIN G COS O

gy = 20,5000 05 SIN O COS° O
— 25,400 Coo0zN SIN* @ C0S* @ — 2b,,,d 400N SIN @ COS O

+ 25,006 Co0asN SIN € — 20,5, o N SIN O COS® O
+ 20,00,Conp N SIN? O COS* 6

+ 2b,,,,hSIN @ oS + b, d 0, SIN O COS E
+ 20,50, + 2b,5,d o ,N COS* O

— 2B, Coor2NSIN @ COS® O — 2b,,h cos? &
— 2,050 00031 €08 * + 2D, 10, Copso N SIN @ COS® @

+2b,,,h cos? @ — 2b, . d N COS* O
+2b,050Conp2 N SIN O COS O ’

ay; = Dogor + 2Dg1zoh cos” &
+2b,,,,hcos Gsin 6 + 2b,,,hsin? 6’

by, = 2h(=2d,,,,hsin &cos® & — 2¢,,,;hsin dcos® &

+ 2Cyp03N SiN @ cos @ + 2d 5 hsin G cos® 6
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+2Cyy,Nsin @ cos® 6 + 2d ., hsin @ cos @
— 2d 5N €08* B + d o, COS? O+ 2C,5,h COS* O

+2Cyy,h c0s? @+ 2d ,,n cOS* O —d o
+ 20 yy0sh — 4d yppsh COS* €

— 2Cgo,h 08" @+ 2d ;h cos* @

b,, =80, sin? @+ 4c,y,,hsin? Ocos’ O

— 2CypusNsin @ cos® @ + 2¢,hsin G cos @

—2d ,,hsin @cos® @ —8d ,;hsin® Ocos’® 6

— 20 g0 SIN @ + 6C,,, N SiN O COS® O

+6d y5,nsin @ cos® @ + 4d ,,hsin* @ cos® &
+2d y5,h'SiN @ oS @ + 4y ,h cOS* O

+6Cyy05nsin @cos @ + 4d ,,h cos® @
+6d,,,hsin @ cos @ — 4c,,,hcos* &

+8Cyy5n cOS* @ + 2, Nsin O cos® @
+2d 5o sin @ cos® @ — 6d ,,,hsin O cos® &

— BC 05 sin @ cos® @ - 4d ,,hcos* @

by, = —6+/20'% (—Cgogs SIN B + C s SiN O OS2 O
— Cyopy SINOCOS® O —Cyy,, COSH

— Cyoa0 COS® O + Cypy, COS° 6)
by = —/2N (=60 4y, Sin 602 B — 6d 4,5 SiN G

+ 60 503 Sin @ cos? @ + d yy, SIN G
—6d 45;,,n COS O — 6d 15, cOS® O + 6d ,,h COS® O)
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