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Abstract: - In this paper, the behavior of iced cable with two degrees of freedom is investigated. With Melnikov 
function of the system, the sufficient condition for the existence of periodic solutions about the system is 
obtained. The invariant tori of the system is investigated by using transformations and average equation. The 
conclusion not only enriches the behavior of nonlinear dynamics about iced cable, but also provides the 
reference to the study of controlling the icing disaster, which is caused by large amplitude low frequency 
vibration of iced cable. 
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1 Introduction 
Because of simply mechanical analysis, convenient 
design, reliable usage on the cable-suspended 
structure, it is widely applied to long-span building 
structure. However, the vibration of cable-suspended 
structure will be more pronounced as its span 
increases. Cable-suspend may cover ice under a 
certain weather condition and its cross section will be 
noncircular. At the same time, it may cause large 
amplitude low frequency vibration and bring out 
great loss to the people's life and asset. Hence, it is 
important to study the dynamical behavior of iced 
cable with two degrees of freedom. 

In the past 20 years, a number of important results 
of the existence and numbers about periodic solution 
have been achieved. In 1991, E. Perdios, C. G. 
Zagouras and O. Ragos [1] found vertically critical, 
planar periodic solutions around the triangular 
equilibrium points of the Restricted Three-Body   
Problem to exist for values of the mass parameter in 
the interval  [0.03, 0.5], at the same time computed 
four series of such solutions. In 1996, Y. Agnon and 
M. Glozman [2] studied the interaction of several 
two-dimensional standing wave modes using a 
Hamiltonian formulation, and found four new 
time-periodic solutions. At the same time, the 
periodic solutions were useful for understanding the 
dynamical system of the standing wave modes. In 
2000, Chen and Mei [4] obtained the character of the 
characteristic roots of the Fréchet derivative C for 
higher order autonomous Birkhoff systems. 
Furthermore, they obtained the existence theorem of 
periodic solutions by using Liapunov center theorem, 

and presented an example to illustrate the results. In 
2006, Zhou and Xu [6] analyzed a heteronomy 
strong nonlinear dynamics system by using the good 
properties Chebyshev polynomials. At the same time, 
the method used in the paper did not need to be 
based on the assumption of small parameters and 
could be used to analyze strong nonlinear problems. 
At last, they compared the analytical results of 
Duffing equation with those obtained via a 
Runge-Kutta integration algorithm and the standard 
Harmonic Balance Method and obtained that the 
suggested approach was extremely accurate and 
effective. In 2009, M. Bayat and B. Mehri [14] gave 
a necessary condition for the existence of periodic 
solutions of certain three dimensional autonomous 
systems. Their claims were proved and supported by 
certain examples for the third order autonomous 
systems. In 2009, Liu and Han [10] considered a 
four-dimensional system of autonomous ordinary 
differential equation depending on a small parameter 
and with the results obtained they discussed a 
nonlinearly coupled Van der Pol-Duffing oscillator 
system. 

In this paper, the behavior of iced cable with two 
degrees of freedom is investigated. By computing 
Melnikov function on symbolic computation 
software of Maple, the sufficient condition for the 
existence of periodic solutions about the system is 
obtained. Meanwhile the invariant tori of the system 
is investigated by using transformations and average 
equation. 
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2 System of Iced Cable 
We consider the dynamical equations of iced cable 
with two degrees of freedom for DC  sufficiently 
small. With the multi-scale transformation and the 
reduction of normal forms, the equations are given as 
follows: 
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2.1 Nonsingular Linear Transformation 
Denote the nonsingular linear transformation by TF, 
that is,  
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can be transformed into the system (2) as follows: 
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where the expressions of coefficient are shown 
in Appendix 1 and iM1 , jM 2 , bai ,= , 

dcj ,=  are in Appendix 2. 
The perturbed system of the system (2) is given 

by  
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dc vuMvdvuMvuQ )),(,),((),,( 4200014 +−=ε

and the expressions of iM 3 , jM 4 , bai ,= , 

dcj ,=  are shown in Appendix 2. 
At the same time, for the perturbed system (3), we 

have 
(i) If 01 ≠σ and 21 34 µσ ≠ , then 0=u  is a 

1-order weak focus of planar autonomous system 
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(ii) The planar autonomous system 
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is a Hamiltonian system and there exists an open 
interval RJ ⊂  such that the system (4B) has a 
family of periodic orbits   
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2.2 Existence of Periodic Solutions 
For simplicity, let us introduce i∂ : 
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then  ),det( YXYX

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When πθ 20 ≤≤ , RJh ⊂∈ ,the transformation  

uu = , ThhhGv )sin2,cos2(),( θθθ ==  

turns the system (3) into a system with the form 
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Suppose that )),,,(,),,,(( 00 εθεθ ruhruu ,  

10 <<u , Jr∈  is a solution of the system (6), 

that is, ),()),,0,(,),,0,(( 000 ruruhruu =εε . 
At the same time, it has an expansion as follows: 
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Further, we have 
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where 2I  is the identity matrix of order 2. 
With the system (6) and the equation (7), we have 
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where )()( 1000
2,2
1,20100

2,2
2,1 baB ∂+−∂= and the 

expressions of iM 5 , bai ,=  are shown in 
Appendix 2. Hence,   
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Lemma 1 For small 0≠ε , there generates a periodic 
orbit of the system (3) in the neighborhood of     

{ ,0:),( =≡ uvuLr }rvH =)( , Jr∈  

if and only if the following bifurcation equations 
have a solution in ),( 0 ru with Jr∈ , 10 <<u : 

0),()2exp())2(exp( 2
002 =++− εεππ uOBuIB ,                          

   (11A) 

0),()( 2
01

1
11 =+−+ εεπ uOrrMMMr .      

           (11B) 

Hence, we denote ),2(1 rh π  to be the 
Melnikov function of (3B). Let  

θθθ
π

drGQrGgrM ∫ Λ=
2

0
)0,),(,0()),(()( . 

Theorem  1 (Sufficient Condition for the Existence 
of Periodic Solution) For 10 <<< ε , then  

(1) If 0)( ≠rM  for any Jr ∈ , that is, 
00001 ≠d and 01 ≠M , there does not exist periodic 

orbit of the system (3) with period near π2  in the 
neighborhood of 

0hL . 

(2) If ka ≠0100 , there exists 1
10 Mh = , such that 
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0)( 0 =hM , 02)( 00010 ≠=′ dhM π , then there 
exists an unique periodic orbit of the system (3) with 
period near π2  in the neighborhood of 

0hL . 
Proof: (1) By the theory of successor function, for 
any Jr∈ , if 0)( ≠rM , then there does not exist 
periodic orbit of the system (3) with period near π2  
in the neighborhood of 

0hL . 

(2) By 0)( 0 =hM , 0)( 0 ≠′ hM , we have  

 0),2( 01 =hh π , 0),2( 01 ≠′ hh π .     (12) 

Substituting (10) and (12) into (11), we have 
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2
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If ka ≠0100 , then the matrix 201 ),2( Ihu −π  
is invertible. Therefore, by the equations (13), we 
have 
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then there exists an unique periodic orbit of the 
system (6) with period π2 as follows: 
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)),(,),(( 0201 εθεθ uu≡ ,      (15) 
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)()),((),( 2
0110 εεθεθ Ohhcu ++= , 

)2exp()2exp())(,)(( 221 BcBmm T ππθθ += . 

Hence, there exists an unique periodic orbit εL  

of the system (3) with period near π2  

:εL )())(,)(( 2
21 εεθθ Ommu T += , 

)),(,( 00 εθθ uhGv += . 

3 Stability of Periodic Solution 
In this part, the invariant tori of the system is 
obtained through using the blow-up transformation 
and the average method.  
 
3.1 Transformations 
With condition (i) in the part 2.1, the system (3) can 
be written into the system (16) 
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d
du
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d
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   ),,()( εε
τ
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d
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+= ,             (16)                            

where 
Tvvvg ),()( 12−= ,  

,),,,((),,( 21211 vvuuMvuQ a=ε   
T

b vvuuMvd )),,,( 2121120001 +− ,  

and the expressions of iM 3 , bai ,=  and  jM 4 , 

dcj ,=  are shown in Appendix 2. 
From Theorem 1, we know that if 

1
10 Mh = and ka ≠0100 , there exists an unique 

periodic orbit of the system (3) with period near π2  
in the neighborhood of 

0hL . Hence,  

Let vhh += 0 , where 1<<v , the system (6) can 
be transformed into the system (17) 

εθεθεθ
θ 130201020100
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d
du

+++−=  

),,,(),()( 2216240 εθεθ vuRuuMua a +++ , 
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θ 103020111000

2 )()()( uavaaub
d
du
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2401302010 )()()()(( ububvbb
d

vd θθθθε
θ

+++=        

   )),,,(1 εθ vuR+ ,                  (17) 

where the expressions of ),( 216 uuM i , bai ,= , 
)(0 θia , )(0 θjb , )(0 θkb , 4,,1,, =kji  and 

),,,( εθ vuRl ， 3,,1 =l  are shown in 
Appendix 2. 

Let  
TT uuuu )),(,),((),( 020121 εθεθ= Tzz ),( 21+ , 

puv += ),(0 εθ , the system (17) can be turned 
into the system (18) 
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Denote the blow-up transformation by 

pp µ= , 11 zz µ= , 22 zz µ= ,  

where 2/1εµ = , then the system (18) can be 
transformed into the system (19) 
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)sgn())( 240 εθ zb+ , 

)sgn())()((),,,( 240130212 εθθθ zazapzzH +=  
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3.2 Average Equation and Invariant Tori 
Let ϕρ cos1 =z , ϕρ sin2 −=z , wp ρ= ,  the 
system (19) can be transformed into the system (20) 

)cossin( 32

2

0100 ϕϕ
ρ
µ

θ
ϕ HHa

d
d

+−−=  

)cossin( 3020

3

ϕϕ
ρ
µ RR +− , 

)sincos( 32
2 ϕϕµ

θ
ρ HH

d
d

−=  

)sincos( 3020
3 ϕϕµ RR −+ , 

[ ])sincos( 321

2

ϕϕ
ρ
µ

θ
HHwH

d
dw

−−=  

[ ]ϕϕ
ρ
µ sincos 302010

3

RRR −−+ .   (20) 

When 0100a  is an irrational, let 
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With the average method, the average equation of 
the system (20) is given by 
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d
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where ),,( ερ wRi  are continuous functions and 
0),,0( =εwRi , 3,2,1=i . 
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With the average equation and the theory of 
manifold, the equations (22) are obtained as follows: 

0),(2 =wH ρ , 

0),(3 =wH ρ .             (22) 

With Equations (22), we can obtain the following 
theorems: 
 
Theorem 2 (I) Equations (22) have a zero solution, 
that is, )0,0(),( =wρ  and the matrix )0,0(M  
has a pair of eigenvalues 
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a
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Theorem 3 There exist continuous functions 
),,( εϕθψ i , 3,2,1=i  under the conditions of 

0)2( 121 ≠− aaa and 021 ≠aa , which make the 
system (20) has invariant torus ε1S  and ε2S : 

{ ,),,(,0:),,,( 11 εϕθψρρϕθε === wwS  

        }RR ∈∈ ϕθ , , 

{ ,),,(:),,,( 202 εϕθψρρρϕθε +== wS  

}RRw ∈∈= ϕθεϕθψ ,,),,(3  

with 0)0,,0( =ϕψ i , 3,2,1=i . Meanwhile, if  
02 12 << εε aa , ε1S is exponentially asymptotically 

stable. If 01 >εa , 02 <εa , ε2S is exponentially 
asymptotically stable. 

It is easy to see that the invariant torus ε1S  of 
the system (20) corresponds to the solution 

)0,0,0(),,( 21 =zzp  of the system (18) and to 
the periodic orbit εL of the system (16) as a trivial 
invariant torus. The invariant torus ε2S  of the 
system (20) is a nontrivial invariant torus of the 
system (16) with the form 

{ )),(,(:),,,( 002 εθθϕθε vhGuvuS +==   

,),,()),,(( 320
2/1 εϕθψεϕθψρε ++  

)),(),(( 0201 εθεθ vvv +=    

,)),,()(sin(cos 20
2/1 εϕθψρϕϕε +−+  
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}RR ∈∈ ϕθ , . 

4 Conclusion 
In this paper, the behavior of iced cable with two 
degrees of freedom is investigated. By using periodic 
transformation and Melnikov function, the existence 
of periodic solutions about the system is obtained, 
which is shown in Theorem1. Based on Theorem1, 
with a series of changes of coordinate, the existence 
of invariant tori for the perturbed system is obtained, 
which is shown in Theorem 2 and 3. The conclusion 
not only enriches the behavior of nonlinear dynamics 
about iced cable, but also provides the reference to 
the study of controlling the icing disaster, which is 
caused by large amplitude low frequency vibration of 
iced cable. 
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