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Abstract: In this paper, we present the process of the measuring durability of insurance company, in which, this
study focus on the discrete-time under the limited time the company must reserve sufficient initial capital to ensure
that probability of ruin does not exceed the given quantity of risk. Therefore the illustration of the minimum
initial capital under the specified period for the claim size process to the exponential distribution and the weibull

distribution has explained.
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1 Introduction

According to the economic and world situation, busi-
ness companies have been fluctuating. Consequently,
business companies will face loss at a high risk if they
do not pay attention on it. Currently, businesses are
now considering insurance a help which tends to be a
very popular investment for business company own-
ers. On the other hand, in the insurance business, the
initial capital, claim severities and premium rate con-
trolled the fluctuation of surplus process:

Surplus = Initial surplus + Inflow - Outflow.

In this paper, we denote the probability space
(Q, F, P). Let U,, be the surplus process for the claim
happen at time n € N. Consequently, the surplus pro-
cess at time n as the following expression,
n
Up=u+con—>» Vi ;s Uy=u, ()
k=1
where v > 0 the initial capital, ¢ > 0 is the pre-
mium rate for one time unit and the claim size process
{Y,;n € N} is the set of independent and identically
distributed (i.i.d) random variables. The probability
of ruin of one unit time is defined by

®,,(u) = P(U, < 0forsome k =1,2,3,..|Uy = u)
2

Thus, the probability of survival for the time n € N is
defined by

on(u) = P(U, > 0foralln =1,2,3,..|Uy = u)
3)
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Many researchers are interested to study the sur-
plus process in model (1). The general approach
for studying the probability of ruin in the discrete-
time surplus process is called Gerber-Shiu discounted
penalty function; For instances, Pavlova and Will-
mot [7] , Li [3,4] and Dickson [1]. They studied the
probability of ruin as a function of the initial capital
u > 0. Moreover, Chan and Zhang [5] considered
in a case of discrete time surplus process obtaining
the closed form for the probability of ruin with ex-
ponential claim distribution. Sattayatham et al.[6] in-
troduced the closed form of the probability of ruin,
and studied the minimum initial capital problem con-
trolled the probability of ruin so that it was not greater
than a given quantity of risk. Klongdee et al. [8] stud-
ied the model (1) for the minimum initial capital under
a-regulation of the discrete-time risk process in the
case of motor insurance which separated two claim
severities and calculated the regression analysis. In
this paper, we focus on the discrete-time under the
limited time of the company which must reserve suf-
ficient initial capital to ensure that the probability of
ruin does not exceed the given quantity of risk by con-
sidering the relationship of the ruin probability, safety
loading and initial capital.

2 Materials and Methods

In this section, the premium rate ¢y of the surplus pro-
cess (1) can calculate by the expected value principle
as the following expression,

co=(1+0)E[Y],
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where 6 > 0 is the safety loadings of the insurer. The
survival duration D can be calculated by the surplus
process for the claim happen at time n as the following
expression,

D = min{n|U,, > 0 and U, 41 < 0},

for n € N, and set P(D = n) is the probability
of survival duration at the time n. Next, we inves-
tigate the probability of the survival duration greater
than the specified period L at the time n, denoted by
P(D > L). After that, we study the discrete-time
surplus process under the regulation that the insurance
company has to reserve sufficient initial capital of L to
ensure that the probability of ruin does not exceed the
quantity a. Consequently, the minimum initial capital
corresponding to (u, cg, L, v, {Y,;n € N}) and can
be calculated as the following expression,
MID,, (u, ¢y, L) = min{u|P(D > L) > a}. (4)
In this paper, we consider the appropriated and
edited the data of the claim severities of motor insur-
ance in Thailand provided by an insurance company.
We assume that the claim size has exponential distri-
bution and weibull distribution. The claim sizes data
consist of 103 days as shown in Fig.1.
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Figure 1: The claim sizes data consist of 103 days.

Next, we introduce the probability density func-
tion and the cumulative distribution function of these
distributions which are described as shown below

The exponential distribution

A random variable Y is said to have exponential
distribution has a positive scale parameter A\, denoted
by Y ~ Exp()), if its probability density function is

1

—e‘f, x> 0.
h 2

Ix(z;\) =
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The cumulative distribution function is of the form

>|8

Fx(z;\)=1—e X, 2 >0.
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Figure 2: The probability density function of the ex-
ponential distribution.
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Figure 3: The cumulative distribution function of the
exponential distribution.

The weibull distribution

A random variable Y is said to have weibull dis-
tribution has a positive real scale parameter A and a
positive real shape parameter «, if its probability den-
sity function is

Fx(@iosA) = —3

The cumulative distribution function is of the form

Fx(zioz\)=1—e ) z>0.
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Figure 4: The probability density function of the ex-
ponential distribution.
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Figure 5: The cumulative distribution function of the
exponential distribution.

Maximum Likelihood Estimator

Let X be a population random variable with a pa-
rameter . Assuming X is continuous, the density
function as fx (z;#) in order to emphasize the depen-
dency onf as well as X. The likelihood function is
given by

n

[ x(;0).

=1

L(x;0) = L(0; x1, xa, ...

axn) =

Taking logarithm in (5), In L(x;6), is called log-
likelihood function that solved by taking derivative of
In L(z; ) with respect to the parameter 6, and setting
it equal to zero in order to solve for . The value of ¢
that obtained from maximizing the function In L(z; 6)
is exactly that the same value of 0, is called maximum
likelihood estimator (MLE).

Next, we approximate the minimum initial capital
under the specified period L based on the probability
of ruin as mentioned in (4). Firstly, we shall approx-
imate its parameter by using the maximum likelihood
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estimation (MLE). We obtain an appropriate value of
the parameter of the dataset as

Table 1: Parameters of distributions of experiment

Distributions Parameters
Scale Shape
Exponential 6.805 x10° -
Weibull 1.5642 x 105 | 1.0084

For the second experiment, we perform the
simulation for computing the minimum initial capital
under the specified period L as mentioned in (4).
The simulation method can proceed as the following
flowchart in Fig. 6-7

» = initial capital

d, = safety loading of the insurance

4 = parameter of exponential distribution
1 = specified period

N = nusmber of simulation

count =0, a =1, i=|

l

Compute
¢, =(1+8)E[Y]

No

-

Yes

Figure 6: The flowchart of computing the ruin proba-
bility of MID,, (u, ¢, L)

The process in Figure 6 is a calculate the
probability of the survival duration greater than the
specified period L at the time n.
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U = initial capital |,

@ = quantity

u=u+l

Compute by
Fig. 6.

Yes

Compute
Ruin Probability <1-«

l STOP

Figure 7: The flowchart of computing the ruin proba-
bility of MID,, (u, o, L) (cont.)

The process in Fig. 7 is a calculate the probability
of ruin from Fig. 6 does not exceed the quantity c.

3 Simulation Results

We recall the discrete-time surplus process U, at time
n as the following expression

n
Un:u+con—ZYk ; Uy = u,
k=1

where v > 0 is initial surplus, cg is the premium rate
and {Y,;n € N} is the independent and identically
distribution claim size random variables. Thus, the
recursive formula of the probability of ruin of the dis-
crete times surplus process is the form

B, (u) = Zn: (au(u + keg) )k e~ alutkeo) S u+c
— (k—1)! U+ ncoy
(0)

foralln =1,2,3,...[1].

We consider the finite ruin probability of the sur-
plus process {U,;n € N} which is driven by i.i.d.
claim size process {Y},; n € N} and the premium rate
co > 0. Let w > 0 be an initial capital. For each
n € N, we let

D = min{n|U, > 0and U, +; < 0}, 7
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denote the survival duration and P(D) is the proba-
bility of survival duration. Then, we have

Theorem Let n € N, ¢¢g > 0 and v > 0 be
given. If {Y,;;n € N} are i.i.d. claim sizes process,

P(D) = ¢n(u) = ¢ni1(w).

Proof We set S, = {w : U,(w) > 0} and S,, = {w :

U, (w) < 0}. Consider,
n+1
{ m Sk U Rn+1}>
k=1

() -r(fr5n
(o] fysome))

k=1
k=1 k=1

n+1 n
P<ﬂ8k>+P< Sk;mRnJr]_)
k=1 k=1

Then, we have P(D) = p,(u) — ¢p+1(u).
Moreover, the case of probability of ruin at time
n, we have

P(D) = ®p i (u) — B ().

Consequently, the closed from of the probability of
ruin for the discrete time surplus process in the case
of exponential distribution is of the form

(a(u+nc))™ ' u+c
(n — 1)lex(utneo) 4+ ney

P(D) = (®)

for all n.

Next, we investigate the probability of the sur-
vival duration greater than the specified period L at
the time n, denoted by P(D > L). Next, we study
the discrete-time surplus process under the regula-
tion that the insurance company has to reserve suffi-
cient initial capital of L to ensure that the probabil-
ity of ruin does not exceed the quantity . Conse-
quently, the minimum initial capital corresponding to
(u,co, Ly, {Yn;n € N}) and can be calculated as
mentioned (4).

The simulation results for MID,, (u, ¢g, L) of ex-
ponential distribution are achieved with 1,000 paths
and set « = 0.1, « = 0.05 and # = 0.2,...,0.9 as
shown in the following Tables 2 and Fig.8.
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Table 2: MID,,(u, cg, L) of exponential distribution

sefety MID,, (u, co, L)
loading(d) | « = 0.1 | « = 0.05
0.2 74,471 95,910
0.3 52,000 | 69,990
0.4 35,108 | 52,213
0.5 30,023 | 41,929
0.6 23,522 | 36,033
0.7 18,761 30,288
0.8 14,196 | 25,051
0.9 11,259 | 21,984

Table 2 shows simulation of MID,,(u, ¢, L) for
exponential distribution in case of « = 0.1 and o =
0.05 which has the details as follows: the first column
shows the safety loading 6 from 02 to 0.9, column 2-3
shows the value of minimum initial capital under the
specified period L = 1, 000.

The illustrate of the numerical results as shown in
Table 2 of column 3 can describe that under the regu-
lation of the insurance company, L = 1,000, 6 = 0.4.
The insurance company must reserve the minimum
initial capital equals 35,108 to ensure that probability
of ruin does not exceed the given quantity o = 0.1.

T T T
o 50 000 100 000 150 000
The minimum intitial capital under the specified period L

Figure 8: The simulation of MID,, (u, ¢, L) for expo-
nential distribution.

Fig.8 shows the comparing of the experimental
results between @« = 0.1 and « = 0.05 for the
safety loading and the minimum initial capital under
the specified period L = 1, 000 and we choose param-
eter of the exponential distribution.

The simulation results for MID, (u, co, L) of
weibull distribution are achieved with 1,000 paths and
seta = 0.1, = 0.05and 6§ = 0.2,0.25,0.3,...,0.9
as shown in the following Tables 3 and Fig.9.
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Table 3: MID,, (u, ¢g, L) of weibull distribution

sefety MID,, (u, co, L)
loading(d) | « = 0.1 | « = 0.05
0.2 721,579 | 937,365
0.3 481,011 | 635,944
0.4 343,263 | 489,305
0.5 253,247 | 374,708
0.6 198,513 | 310,613
0.7 150,659 | 251,883
0.8 107,203 | 214,019
0.9 86,319 | 177,166

Table 3 shows simulation of MID,, (u, cg, L) for
weibull distribution in case of & = 0.1 and o = 0.05
which has the details as follows: the first column
shows the safety loading 6 from 0.2 to 0.9, column
2-3 shows the value of minimum initial capital under
the specified period L = 1, 000.

The illustrate of the numerical results as shown in
Table 3 of column 3 can describe that under the regu-
lation of the insurance company, L = 1,000, 6 = 0.4.
The insurance company must reserve the minimum
initial capital equals 489,305 to ensure that probability
of ruin does not exceed the given quantity o = 0.05.

The safety loadings

2 25 3 a8 4 45 0 s e o 75 50 e
The minimum initial capital under the specified period L (x1000)

Figure 9: The simulation of MID,(u,co, L) for
weibull distribution.

Fig.9 shows the comparing of the experimental
results between a = 0.1 and o = 0.05 for the safety
loading and the minimum initial capital under the
specified period L = 1,000 and we choose parameter
of the weibull distribution.
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Conclusion

In this paper, we study the measuring durability of
insurance company. We computed the minimum ini-
tial capital under the specified period for exponential
claim. The mentioned results can be suggest the insur-
ance company for planning to reserve the minimum

initi
that

al capital under the limited regulation to ensure
the probability of ruin does not exceed the given

quantity of risk.
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