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Abstract: This paper is devoted to some counting functions of level one and level three in the case of quotient
space generated by some strictly hyperbolic Fuchsian group and the upper half-plane. Each of the functions is
represented as a sum of some explicit part plus the error term. The explicit part is indexed over singularities of the

corresponding Selberg zeta function. In particular, the obtained error term is not larger than O (:c%) . The method

applied in this paper follows traditional approach for achieving the error terms in the case of locally symmetric
spaces of real rank one. In order to establish an analogy with the classical case, we consider the counting functions

dividedbyand, ,respectively.
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1 Introduction

Our notation will be based od [9] and [15].

Let F' be a compact Riemann surface of genus g
> 2. We can therefore represent F' as a quotient space
'\ H, where I' is a strictly hyperbolic Fuchsian group
and H is the upper half-plane.

Thus, I € PSL (2,R).

If 7 is the fundamental polygon of F', then 07 =
of B a7 By ..o BF oy By, where the sides o, o
and 3, ,6’,": are identified in pairs.

We assume that the sides of Z are piecewise
smooth. _

As it is known, the upper half-plane H comes

. . . d
with the Poincare metric ds = %! , whose correspond-

ing area element is dy (2) = y~2dxdy.

Note that the Poincare metric has Gaussian curva-
ture K = —1 (see, e.g., [18]).

Suppose that 7 : H — F' is the universal covering
map.

By projecting the Poincare metric onto F' via ,
F becomes a compact Rirmannian manifold.

Furthermore, by the Gauss-Bonnet theorem (see,
e.g., [17])

A=Area(F)=p(Z)=4n(g—1).

Note that the automorphic group I' is determined
up to a conjugation in PSL (2,R). However, the
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Poincare metric on F' is not affected by such con-
jugations because of the invariance properties of the
Poincare metric on H (we assume through the rest of
the paper that F’ carries the Poincare metric). Further-
more, the Gaussian curvature is still X = —1.

In [10], the author concluded that the asymptotic
distribution of the closed geodesics is highly influ-
enced by the eigenvalues of the Laplace operator A
on F, i.e., by the eigenvalues for the problem A f +
Af=0onF.

The Selberg zeta function Sel (s) for the group I'
is an entire function of order 2, having a sequence of
zeros at 0, —1, —2,..., with the zero at s = 1 simple,
and having additional zeros in the critical strip 0 <
Re (s) < 1. The zeros in the critical strip are located at
points which are solutions of the equations s (s — 1)
= A\n, Where A\, ranges through the sequence of eigen-
values, omitting Ao = 0, for the problem Af + A\ f =
Oon F.

The multiplicity of such a zero is the same as the
multiplicity of the corresponding eigenvalue (see, e.g.,
[13], [16]).

Note that the detailed description of the locations
and the orders of the zeros of Sel (s) will be given in
the sequel.

In [15, p. 245, Th. 2] (see also, [11]), the author
derived the following length spectrum.

If Sel (s) has zeros a1, ag,..., a; in (i, 1), then,
there exist constants ¢, ca,..., ¢,, such that
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0o (¥) =+ 1™ + ... + cp®™ + O (ﬁ)

as * — +oo (the functions ¢, (z), n € NU {0} are
introduced below).

If, however, Sel (s) has no zeros in (%, 1), then

¢o(z) =z +0 (at)

as xr — +oo.

The main goal of this research is to derive an anal-
ogous result for the function mT(Z), i.e., a weighted
form of the corresponding length spectrum.

In our earlier research [1, p. 466, Th. 1],
we derived one such result applying quite complex

mathematical apparatus. The obtained remainder

0] (x% log x), however, was much better than the

classical one O <x%>

Motivated by this fact, that a ¢o; analogue of the
classical length spectrum yields a better result, we
give yet another proof of Theorem 1 [1] based on ap-
plication of much simpler mathematical techniques.

2 Preliminaries

We adopt the functions g (x) and ¢y, (z) from [15,
p. 245].

The first one is given as a sum indexed over
Ipyp with Norm (79) < x, where Iy, denotes the
set of I'-conjugacy classes of hyperbolic elements in
I', Norm (y9) = exp (len (Geo,)), len (Geon,) is
the length of the prime geodesic Geo,, associated to
the conjugacy class g (it is known fact that prime
geodesics over F' correspond to the conjugacy classes
of primitive hyperbolic elements in I'). More pre-
cisely, if v € I'yyp, then «y is an exponent of some
primitive o, with the degree j () € N.

For such ~, ® () is defined by ® (v) =
len (Geoyy,).

The functions ¢y, (z), n € N are defined induc-
tively.

Through the rest of the paper, we shall assume
that/ is anumber, [ € N, and that d and T are constants
which will be fixed later.

For a function f (x), we define D;_; 4 by
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Dy 4 f (2)
—fet(—1)d)— (1 —1)f(z+(—2)d)
D=2y ggya) -

+ (=) f ().

By [3, p. 315, (22)], Dj—1,+ f () can be repre-
sented as an iterated integral (if f is a differentiable
function of appropriate order).

Thus, for some z < Z < x + (I — 1) d, an ana-
logue of the estimate (23) in [3] holds also true.

The number of zeros of Sel (s) on the critical line
will be denoted by n ().

We shall apply the fact that n (¢) can be estimated
as %tQ.

3 Main result

We shall prove the following theorem.

Theorem 1. Let F' be a compact Riemann surface of
genus g > 2. Then,

¢1 (2)

Lot
=—x
2

Z ord (s0,0) sg* (so + 1) z*0
SOGSOVR
%<So<1

+ 0 (ZL‘% log m)

as x — +oo, where Sy R is the set of zeros of Sel (s)
such that sy € (0, 1), and ord (s, 0) is the multiplicity
of sp.

Proof. By [15, p. 245, Th. 1."], ¢; () can be repre-
1

sented as the sum ) (—1)” W), where W), is the sum

p=0
E az,p,l-
ZeAp,l

Here, A,; denotes the set of poles of the cor-
responding function, and a.,;’s are the attached
residues.

In general, we may point out that the Selberg zeta
function Sel (s + p) has a zero at 1 — p of order 1, a
zero at 0 — p of order 2g — 1, zeros at —k — p, k €
{1,2, ...}, whose orders are (29 — 2) (2k + 1).
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The non-trivial zeros of Sel (s + p) are all con-
tained in the union of the interval (0 — p, 1 — p) with
the vertical line 1 — p + iR, ie., in (—p,1 —p) U
(2 —p+iR).

As we already noted, the values 0, —1,..., —[ are
zeros of Sel (s + p). Hence, these values are poles of
order two of the corresponding function.

The values — (I + 1), — (I + 2),... are then the
simple poles of the same function.

Finally, the value 1 is a simple pole if p = 0.

The set of zeros s, of Sel (s + p) such that s, ¢
Z will be denoted by S,,.

In other words, S, C (—p,1 —p) U
(3 —p+iR).

Note that the values s,, where s, € S, are also
simple poles of the function in the case at hand.

Now, we determine the residues a ,;’s for z €

Ap.

Let z be a zero of Sel(s+ p) of multiplicity
ord (z,p).

Furthermore, let g; (z,p)’s be the corresponding
coefficients in the expansion of the logarithmic deriva-
tive of Sel (s + p) near z.

If 2 € Ay, and 2 = s, € 5), then ag, p;’s are
calculated in the same way as in [3, p. 314, (13)].

Suppose that z € A, and z = —j €
{0,-1,..., =}

For the final form of the corresponding residue
a_;jp in this case, we refer to [3, (14)].

Now, suppose that z € A, 2 = —j €
{-(l+1),—(1+4+2),...}.

In this case, a_; ;,; is given by

l .
ord (—j,p) T%(—J-+Q)_1w‘]+ﬁ
q=
Furthermore, if z € Ag;, 2 = 1, then a19; =
1+1
(Cf+1)*1-
We shall consider the following subsets of the set

Sp: Spr = Sp MR, and 5,1, =5, \ Spr forp €
{0,1}.
Thus, Spr € (—p, 1 —p) and S,
iR.
Assume that z € Apj,and z € S, 1
2

»C5—P+

(ST

"
By the very definition of the operator D;_; ., it
immediately follows that d~("UD;_; L a,,; can be

estimated by O <d_(l_1) 2|71 PERL

On the other side, an application of the mean
value theorem, yields that

1
l 2—P+1
ord o7 21 (a4 D) dome

=2
inates ‘d_(l_l)Dl_lﬁaz,p,l’ for some 0 < ¢; < d, @
€{2,3,....1}.

E-ISSN: 2224-2856

Dzenan Gusic

—2 3\ . .
Thus, O (|z| 2x§> is the second estimate for

d_(l_l)Dl_17+a37p7l.
Having in mind these two
estimates, one easily concludes that the sum
> d_(l_l)Dl_LJraz’p,l, and hence the

z€S 1
pP,5—P

1
sum Y (=1)? Y dUD ya,,; are
p=0

Zesp,%—p
0 (xi log T) +0 (d—U—l)x%“T—lH).
Furthermore, 2% 4+ O (dz) + O (d?) dominates
d=IDy_y par oy
Suppose that d = z° (log z)” and T =
27 (log z)°.
Then,

d? =2 (log 3:)2’8 ,
x? logT
:735% log x + Sz3 log log x,
-l s Hp—itl

— (Dt g (I 1)y ( )(fl+1)ﬂ+(fl+1)6 .

log =

Since loglog = is dominated by logx, we want
that

It is not so hard to conclude that o = %, 8=

y=1ando = i ie. d =1 (logz)? and T

1 _1+41
x4 (logz)20-D.

Since, in this case, O (dz) = O (xz (log x)%),
it follows that the aforementioned remainders are all
O (azg (logm)%).

Next, we consider

2

|| B[ =

dz =zt (log z)?
3 logT
:’}/l‘% log z + 53 loglog z,
dfz+1$§+lez+1

—pp(FH Dot G (I 1)y ( )(fl+1)ﬂ+(fl+1)6 '

log
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Reasoning in the same way as in the previous
case, we are interested in

oz—i-l:g:(—l—i-l)a—i—%-i-l—i-(—l-f—l)%
B=1=(-l+1)B+(-1+1)d.

Thus, o = %,6: 1,~v= % and 6 = ﬁ,thatis,
l
d=z3 log = and T = ¢2 (logz)@=0.

Also, in this case, the error term O (d2) is
O (a: (log m)z)

Consequently, the error terms given above are all
O (;,;% log :c)

Since the equality O (dz) = O (d?) yields at least
the error term O (1'2), the remaining two cases are not

interesting for our research.
The discussion conducted above, yields that

(@] (l’% log ZL') is the remainder we are looking for, and

is established for d = 2% logz and T’ =
l
3 (logx)@-0.

The sum over s, € Sy, & < s, <1,p€{0,1},
is obviously equal to the sum over sy € So R, % < 8¢
< 1.

Thus, for d = 3 log x, the sum is equal to

5™ ord(50,0) su) G0+ 1)

SOESO’]R
%<50<1

+ 0 <:1:% log:c) .

A we noted earlier, Sel (s + p) has zeros at —k —
p, ke {1,2,..} of orders (29 — 2) (2k + 1).

In particular, Sel (s) has zeros at —k,

k e {1,2,...} of orders (2g —2)(2k+ 1), while
Sel (s + 1) has zeros at —k — 1, k € {1,2, ...} of or-
ders (29 — 2) (2k + 1).

Moreover, we denoted by ord (z, 0) the multiplic-
ity of the zero z of Sel (s).

In particular, ord (z, 1) is the multiplicity of the
zero z of Sel (s + 1).

Thus, ord (—k,0) = (29 — 2) (2k + 1), k €
{1,2,...}, and ord (—k — 1,1) = ord (— (k+1),1)
=29—-2)(2k+1), ke{l,2,...}.

Hence, ord (—j,0) = (29 — 2) (25 + 1),
ord(—j,1)=ord(—(j—1)—1,1) =
(29-2)2(—1)+1) = (29— 2) (2] - 1)

E-ISSN: 2224-2856

76

Dzenan Gusic

It follows that,

1 +oo
S S as
p=0 J=i+1
o= 2j + 1 i+ _
o 2>j§1 NG+ DD
(29 — 2) io o e
j=l+1 (=) (=7 +1D (=i +1)
— (—1)"* (49 — 4) f 1 o
= g j:l+1j(j—1)...(j—l) .
Thus,
1 +00
S Y g
p=0 j=i+1
—g—1) f 1 oI+
= (4g j:l+1j(j—1)...(j—l)
-1 = 1
<(g-4)x j;lj(j—l)...(j—l)'

Since the last series converges, we conclude that
the sum of a_j; ;s over j € {{+1,1+2,..}, p €
{0,1}is O (7).

If we apply D;_1 4 to this sum, the remainder
O (z~!) will not be changed.

Consequently, for d = 3 log x, the error term
(@] (x_l) multiplied by d—(¢—1) gives us

O <<x% log ac) - x_1>
=0 (x_ —3 (log x)_l+1)

=0 (af% (log :1;)71> .

ey

(SIS

Since

1
> (=P
1

l
—(l-1
J=2

p=0
l
<ZE71 ZZ ’O (_j7p7 l)| )
p=0 j=2

where the constant o (—j, p, () is given by
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o (_japa l)
= (=12 ord (—j,p) (1 = §)! (j — 2)!x

l
X H (_j + Q)il )
q=0
q#j

it follows that the corresponding sum is estimated by
O (z71).

Reasoning in the same way as above (applying the
main properties of D;_; ; ), we obtain that the sum
corresponding to a_1 4, p € {0,1} resp. the sum
corresponding to ag 1, p € {0,1}, is O (log ) resp.
O (zlogz).

Note that the sum over s, € Spr, —1 <5, <0, p
€ {0, 1} resp. the sum over sp € Spr, 0 <5y < %, P
€ {0, 1}, is actually the sum over s; € S1r, —1 < 51
< O resp. the sum over sy € Spr, 0 < s9 < %

These two sums, however, are O (z) and O (.CC%) ,

respectively.
Having in mind the subsets of A,; we have con-
sidered above, we may write

d"IDy g (x)
=d~IDy Lay 0.+

]~

=P > dID as .+

p=0 zGSp’%ip
1
(_1)]:1 Z d_(l_l)pl—l,+asp,p,l+
p=0 SPESP,R
%<sp<1
1 +o0o
dUID Y (=DP Y a it
p=0 j=l+1
1 l
S0P d D a0t
p=0 j=2
1

(=1 d~ Dy paypit

3
o

1
(—1)?d=""IDyy Lagp+
0

hS]

1
(—1)* Z d"IDy Lag, pit

SPESP,R
—1<5p<0

[e=]

3
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1
Z (_1)p Z d_(l_l)Dl,17+asp7p7l.

pZO SPESP,IR
0<sp<%

Taking into account that d_(l_I)Dl_l,_gol (z) is
not larger than ; (x), and the fact that ¢ () is not
larger than d*(lfl)Dl,LJrcpl (x) (Dy_1,— is defined in
[14] in a similar way), it follows that for d = r2 log z
and T = 23 (log 36)ﬁ

¢1 ()

L o —1 -1 1
=5@"+ Z ord (s0,0) sg " (so+ 1) a®7F

SOGSO,]R
%<80<1

+0 (a:% loga;) .

Z ord (s0,0) sy (so + 1)~ tao
S()GS()’R
%<80<1

+0 (x% logx) .

This completes the proof. O

4 Case p3 ()

In this section we shall consider the function o3 ().
We shall apply the main properties of the operator
Dy_3.+f (x), where f (x) is some function.
In particular, if z € A, ;,and z € Sp 1
72
then, by the definition of D;_3 , it follows that
. S 1
dH3Dy3 a8 O (dil”’ 2|7 e,
Furthermore, if we apply the fact that
d_l+3Dl_37+az7p7l can be represented as an iterated

integral of some differentiable function of appropri-
ate order, then, we obtain that d_l+3Dl_3,+az,p7l is

_ 7
bounded by O (|z\ 4 3:5)
Thus, combining these two estimates, we con-

clude that the sum of the elements d_l+3Dl,3,+aZ,p’l
(overpe {0,1} and z € S,.1_,) is determined by the
’2

sum O (z:%T_Q) +0 (d_l+3 2|7 T‘l+1),where
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T is a constant that will be fixed later (the constant d
will also be fixed later, but, for now, it is assumed that
d is dominated by O (x)).

Now we apply the operator d_l+3Dl_3’+ to the
residue a; g; whose position is on the right.

If we use the fact that d~'3D;_3 , applied to
some differentiable function f (x) (of appropriate or-
der) is f(=3) (&) for some © < & < z + (I —3)d,
then, we obtain that d— l+3Dl_37+a1707l is given by
Lat+0 (x3d) +0 (a:2d2) +0 (xd?’) +0 (d4).

One should be interested to determine d and 7T’
such that the error term O (z3d), and the error terms
@) (x%T_2>, @) (d_l+3 2|7 T‘lH) be the same.

As it is usual, denoting d and 7" by some = and
xP, respectively, we easily conclude that 3 + «, %
—28and —a(l-3)+ 1 +1+4+ (;—1a) (-l +1)
must be the same.

Solving this system, we obtain that o« = % and 8 =
— 2. In other words d is not bounded by O (), which
means that the calculations obtained previously could
not be valid in this case. Hence, we don’t consider this
case anymore.

For our needs, it will be sufficient to deter-
mine d and T such that O (d*), and the error terms

O (:c%T*2>, @) (d*”?’ 2|71 T*l+1> be the same.

Proceeding in the same way as in the previous
case, we obtain that 4o, and T — 28, —a (I —3) +
34+ 1+ (£ —2a) (—1 + 1) must be the same. It fol-
low that a = % and 8 = i. Hence, the condition that
d is dominated by O (z) is provided. Thus, the O—
terms: O (23d), O (2%d?), O (zd*), O (d*) are all
dominated by O (1:3(1,). This error term, however, is
given now by O (x%>

We may say now that we are interested in achiev-

ing the error term O (a:% in the final form of the

corresponding weighted prime geodesic theorem.

Now, we consider the sum of the elements
d="3Dy_3 tas, p1 along p € {0,1} and s, € Sp g, 0
< sp < 1. Itis not so hard to conclude that this sum is
given by

Z ord (sp,0)

80650,]1@
0<sp<1

X (80 —|—2)

so " (s0+ D7 x

Z(sg+3) Lo L0 (z3d) .
Next, we consider the corresponding sum over p
e{0,1}andje {{+1,14+2,...}.
We shall apply a modified method of the method
given in the previous sections. Thus, we obtain that
the sum in the case at hand is actually
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—+00

2j + 1
(29 —2) — N
jzl_;_l jG—=1)...(j—3) ﬂf]_j?ojl
+oo ;
25 -1
(29 —2) —
j:lz+1 J (j - 1) (j B 3) _J Ll

forsomex <z_;,; <z + (I —3)d.
Now, it follows that

1 +oo
S (=1)P Y d7"3Dy_3 1a_jp,| is bounded
p=0 j=I+1
by
4(g—1)
EDIEPEE

Thus, the corresponding sum is O (:nl%)

The next sum is the sum over p € {0,1} and j €
{4,5,...,1}.

The constant o (—7, p, 1) from above is modified
accordingly, and is

0(_japal)
=(—1V‘40rd(— p) (=)' —4)!x
XH j—i—q 1.
q#]

Thus, the sum

l

1
SN lo(-in Dl

p=0 j=4

is0 (27Y).

Furthermore, the sum over p € {0, 1} of
d="3Dy 3 1a_3,,is O (logz).

The sum of the elements d~"3D;_3 a2,
along p € {0,1} is O (zlog x).

Finally, the corresponding sum of
d="3Dy_5 1a_1 ;1 is O (2% logz).

Reasoning in the same way as above, we conclude
that

1

> (-

p=0

P d™"3D 3 a0y, = O (m3 logz) .

The last sum we have to consider is the sum of
the elements d_l+3Dl_37+asp,p’l along p € {0,1} and
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sp € Spr, —1 < s, < 0. Obviously, this sum is the
minus sum of the elements d_l+3Dl_3,+ashLl over
s1 € S1r, —1 < 51 < 0. The last sum, however, is
(0] (m3)

Combining the estimates derived above, we con-
clude that o3 () is not larger than

1 1 -1
Iafl—i- E ord (s0,0) s, (so+1)" x
50€80,R
0<sp<1

X (so+2) 2 (so+3) Lot 40 (z°d) +
O (x%T‘Q) +0 (d‘”?’ 2|71 T‘l“) +
0] (a:3 log x) .

~ Hence, putting d and 7" to be as we derived above
(x% and xi), it follows that @3 (z) is not larger than

]. 4 —1 -1
%t g ord (s0,0) s, (so+1)"" x
SOGSO,R
0<sp<1

% (s042)"2 (s +3) 1 a0+3 10 (xf) .

Similarly, one concludes that the last sum in not
larger than @3 ().
Thus, we have proved the following theorem.

Theorem 2. Let F' be a compact Riemann surface of
genus g > 2. Then, %npg (x) is

1 -1 -1
act Z ord (s9,0) s, (so+1)" x
SOESO’R
%<80<1

x (s0+2)"% (s0+3) " 2% + O (xi)
as r — +00.

5 Remarks

In order to derive (1), we first proved that the sum
ofa_j,’soverj e {l+1,14+2,..},pe{0,1}, is
O (z1)

Note that one could also use the fact that
d=NDy pajpis
ord (—j,p) (=) (—j+ 1)1 :Z’:ﬁ;ll for some = <
T_jp1 <+ (I —1)d, to directly estimate the sum
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1 +o0
Z (_1);0 Z df(lfl)'Dl_L_Fa_j’p,l.
=0 =1

In [1], the authors also derived a weighted length
spectrum for real hyperbolic manifolds with cusps.
Such research represents a generalization of the re-
searches conducted in [14], [2].

A weighted form of the result obtained in [3] (see
also, [6]) is derived in [7].

For yet another proof of the main result in [15],
we refer to [8].

Note that the author in [19] also considered a
weighted length spectrum. His object of research
were the automorphic L-functions.

A lot of useful ideas and calculations the author
applied in this research are adopted from [4], [5] and
[12].
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