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Abstract: - This work is devoted to the asymptotic solutions of integral boundary value problem for the Inter-
linear second order differential equation of Fredholm type. Studying an integral boundary value task, obtaining
solution assessment of the set singular perturbed integral boundary value problem and difference estimate
between the solutions of singular perturbed and unperturbed tasks; determination of singular perturbed integral
boundary value problem solution behavior mode and its derivatives in discontinuity (jump) of the considered
section and determination of the solution initial jumps values at discontinuity and of an integral member of the
equation, as well, creation of asymptotic solution expansion assessing a residual member with any range of
accuracy according to a small parameter by means of Cauchy task with an initial jump, at that selection of
initial conditions due to singular perturbed boundary value problem solution behavior mode and its derivatives
in the jJump point. In the paper there applied methods of differential and integral equations theories, boundary
function method, method of successive approximations and method of mathematical induction.

Key-Words: - Singular, differential equations, asymptotic solutions, integral boundary problem, small
parameter.

1 Introduction

Theme actuality. Overall interest of mathematicians Ly=&"+A®t)y +B(t)y =

in singular perturbed equations determined with the 1 (2.1)

fact, that they function as mathematical models in = F(t)+£ [Ko(t. ¥)y(x.&) + Kyt x)y'(x, £)] dx

many applied tasks, connected with processes of . .

diffu{,iore,p heat and mass transfer, ?n chemical with integral boun?ary conditions

kinetics and combustion, in the problems of heat y(o,5)=a0+j[bo(t)y(t,g)+bl(t)y'(t,g)]dt,

distribution in slender bodies, in semiconductor 0 (2.2)

theories, quantum mechanics, biology and T ,

biophysics and many other branches of science and v e)=a +£[C°(t)y(t’g)+cl(t)y G.old

engineering. Singular perturbed equations is an where £>0- a small parameter, a ,i=01 -

important class of differential equations. . . o ’
certain acquainted permanents,
A(t), B(t), F(t),b; (t),c; (t), K;(t,x), i=01 — certain

2 Asymptotic Solutions of Integral acquainted functions, defined in the domain

Boundary Value Problem ;IZ(.OgtSfl’ O=x=). il bed i |
2.1 Setting up a problem olution of y(t,&) singular perturbed integra

Let us consider the following Fredholm-type boundary value problem (2.1), (22) at & small
integro- partial differential equation parameter vanishing will not tend to a solution Y (t)
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of an ordinary unperturbed (singular) task, obtained
from (2.1), (2.2) at ¢ =0:
Ly =AY +BOY=F®)+

1
+ [[Ko (t, X)¥(X) + Ky (t, )Y (x)] dx
0

with boundary condition at t=0 or at t =1, but
tends to the solution y,(t) , changed, unperturbed

equation
Loyo(t) =

1
+ [ [Ko (t:)y5 () + Ky (t, )5 ()] dx
0

F)+A®) +

(2.3)

with changed boundary condition at the point t =0;
1

Yo(0) = ag +Ag + [[bo (1) Yo (1) + by (VYo (D] dt  (2.4)
0

or with changed boundary condition at the point
t=1:

1
Yo =a; +A; + [[eo®)yo 1)+ ®)yo®]dt  (2.5)
0

Assume, that:

l. Functions A(t), B(t), F(t),b; (t),c; (1) u
Ki(t,x),i=01 are sufficiently smooth in the
domain D=(0<t<1,0<x<1);

Il. Function A7) at the segment [0,1] satisfies
inequation:

A(t)>y=const>0,0<t<1;

I11. Number 2 =1 at sufficiently small ¢
proper value of the kernel J (t,s, &) :

isnot a

_ [ “im)dxjj
J(t,s,&)=J(,s)+0| e +e" =

[K (t,s) + j[K (t, XK (x,5) + K, (t, )K'(x, s)]dx}r

+ o[g + e(iiA( J]

where the function K(t,s) expressed with a formula

K(t,s) = exp(.tf - % dx}

0

IV. True an inequation:

AY 51—_1[[(b0 (s)K(s,0) + b, (s)K'(s,0)) +
0

J{bl(s) + Jl'(bo (K (t,s)+b, (1)K'(t,s) dt)ﬂa(s) ds =0,

where function o (t) has a view
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1
o(t) = p(t) + [ R(t,5)p(s)ds,
0

and function R(t,s) —kernel resolvent J(t,s), and

function ¢@(t) may be represented as

1
q)()—% [Ko (1, K (x,0) + Ky (6, X)K (x,0)] dx

V. True an equation:

1 1 1
Ad = N[K(l,0)+ [Ka, s)a(s)ds]+
0

%0 K(, s)[

—Ico(t){N[K(t,O) +£ K(t, s)cr(s)ds]érﬁ; K, s)[

4O _
A(0)

Kl(s,0)+}R(s, K0 4 s
A(s) A(x)

K, (s,0) +}

RS 0K1 40) 4 s gt -
A(s)

A(X)

__TC1(I)|:N[K'(I,O)+U([)+j‘K'([,S)o‘(s)ds]*_ﬁ( 1A((tt0 j~ R(t, X)Kl(XO X]+
1(s.0) | FR(s, 0K, (x0)
] { rERA T dXst}dtio,
where
1+b1(0) 1
X[Kl(s,o) +T R(s,X)K, (x,0) dx] .l
As) 5 A

With reference to 1.7, section 1 it can be seen, that
solution y(t, &) of integral boundary value problem
(1.1), (1.2) at the point t =0 is limited and its first
derivative y'(t, &) at the point t =0 has unlimited

growth of the order o(ij at € > 0. Hence, for
&

creating the boundary value problem solution
asymptotics (2.1), (2.2), let’s preliminarily consider
an auxiliary Cauchy problem with an initial jump,

i.e., consider an equation (2.1) with initial
conditions at the point t = 0:
1
y(0,2) =2, + [ [bo (V) y(t, &) + by (Yt &)]dt, (2.6)
0

y'(0,6) =%,
&

where a:a(g)— regularly dependent on &
permanent, represented as:

2.7)

a(s)zao +eay +%ay + -

Let us define a(g) in such a way, that the solution
y(t,a,&) of the problem (2.1), (2,6) was the

solution of boundary value task (2.1), (2.2), i.e., to
fulfill the second condition (2.2):

1
YL a,8) = a + [[co Oyt ) + ¢, Oy a,2)] dt -(2.8)
0
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2.2 Creating asymptotic solution of Cauchy
problem with an initial jump

Solution y(t,&) = y(t,a,&) of Cauchy problem
(2.1), (2.6) we will search as the sum:

y(t,&) =y, (1) +w,(2), (2.9)

where 7=t/& - boundary-layer independent
invariable, y, (t)-solution’s regular part, defined at

the section [0, 1] and w, (7)-boundary-layer part of

the solution, defined atz > 0.

Preliminarily multiply equations (2.1) by ¢ and
further insert formula (2.9) into equation (2.1).
Thereupon we obtained:

2yL () + ARYL (1) + BO)Y, O) +W, () + Alr)ii, (7) +

+eB(er)W, (7) = &F () + S_I[[Ko(t: X)y, () + Ky (t,X)y; (9] dx+

+gj{|< (t, x)w( j+ K, (t, x)w( ﬂdx

where the point (-)— a derivative per z beyond

integral members and a derivative per x in integral
members. If we make replacement

X=¢, Ox=egds, Ossslzoo, then from here it
&

follows that:

7Y (t) + EAQ) YL (1) + eB(L) Y, (1) + Vi, () + A(er)W, (7) + B(er)w, (r) =

= (1) + sf[Kn(t, XY, (x) + Ky (t,x)y, (0] dx +

+ ST[‘&KO(I,(;S)WH(S) + Ky (t, &)W, (s)] ds.
(2.10)
And now let’s write out separately the equations
with factors, dependent on t, and separately

equation with factors dependent on 7. Then from
(2.10) we obtain following equations separately for

y, (t) and separately forw_(t):

&y (O + Ay (1) +BO)Y. (1) =Ft)+

1
Kot )y, (0 + Ky &)y, (9]dx+ (2.12)
0

+ T[d(o(t,gs)wg (s) + Ky (t, es)W, (s)] ds;
0

W, (7) + A(eT)W, (7) + eB(er)w, () = 0. (2.12)
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Let’s insert (2.9) into initial conditions (2.6),
2.7):

1
10 9.0 =0+ 0.0 500+ bow Lo Lo [ Lo (2.13)
0
(et wean osrsdos)oag [ho0r.0 b0
& & 0
+ T[yog (er)W, )+ by (er)w, (7)) d7,

y.(0)+= w(O)_ [a0+r(z1+s Ay +-- ]

Solutions y, (t) and w_(z) of equations (2.11)

and (2.12) we will search as following series in
terms of a small parameter ¢ :

— 2 “ee
Ye () =Yo(t) + ey () + 7y, () +---, (2.14)
W, (t) = W (t) + ewy (1) + £ 2w, (t) + -
Functions A(er), B(er), bi(er), and K;(t,ss)
expand in series of Taylor development:

AQ) A

A(er) = A(0) + —— m T+... (0) “(er)? +.

B(er) = B(O)+$gr+...+¥(8r) +...,

b; (e7) = b; (0) + bi’](-'O) T4+ bi"(O)Z(Igr)z + i=o01 (2.15)
K, (t, ) = K, (£,0) + Ki’(tﬁo)és - K‘"g’o) ()% +... i=0L

Inserting transformations in due form (2.14),
(2.15) in the equations (2.11), (2.12) we obtain

(Y5O + VO + &2y (0 +..) + AOY M +&yi (O + Y5 () +) + BE) (Yo (1) + &1 (1) (2 16)

+a2y, )+ = F(l)+j[K ()0 () + &1 () + 82y, () ++) + Ky (6 X) (95 () +

+eyi(X)+¢ yz(x)+«~»)}dx+ {s[Ko(t,O) +5Ko(t,0)+W+»‘-Jx
o !

x (o (5) + Wy (8)e + W (8)6% + )| Ky (1,0) +e5K{ (1,0) +%+ Jx

x \Vilg (S) + Vit (S)& + Wy (5)&2 + - )| dis;
(i (944 () + (916 +-- ]

Vg (7) + (2 + & 201, () + -+ (AQ) + A(O) A"(0)( )2 +.)x

(2.17)

B(O) BO e

x(WO(r)+eW1(r)+g W, (7) +-+) +&(B(0) +——76 +

X(WO(T)+(;W1(T)+6 W2(1)+ 9 =0.

Similarly insert transformations (2.14), (2.15)
into initial conditions (2.13). Thereupon we obtain:
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¥0(0) +&y1(0) + 82y, (0) +++++ Wy (0) + &y (0) + £ 2w, (0) + - =

(2.18)

1
=3 +J[bo(t)(y0 O+ &1 () + &2y, O + ) + by O () + i (1) + 87 Y5 (0) + “')]dH
0

+TH(bO (0) + by (0)sr +@(51)2 + ~~-j(wo(r) +a (7) + 82w, () + u-)]+
: ]

+[b1(0) +b](0)er +@(51)2 +4--)(w0 (2) + &t (7) + £2W () +~~)}dr,
ya(O)+ey1(0)+szy;(tw»--%(wo«»+aiv1(0)+szw’z(0)+-»-) =

1
:;(a,J ooy + &%, +-).

We compare factors at like powers & . Thereupon
from (2.16) we obtain

1
AOYHO + B0 = FO + [TKo 609000+ Kyt 05 09] 0+ 0, (2-190)
0

Ay )+ B Y, (1) = R (1) +

. (2.19))
+ [[Ko(t )y (9 + Ky (6 )y (M] dx + A (1), k=1,
0

Where a, () = [K, (L0 () ds, Ay (1) = | Ky (L0, (5) s,
0 0

Flt) =y, @)+ ]{[Kgamwk,,(s) +SKG O (5) + S KILOM, 1(5) +

ot (kS:)! KD (t,O)Wo(S)J+ [sK;(t,O)wk,l(s) + %2' KJ(t,0)W,_,(s) + -+ % Kf“(t,o)we(s)ﬂ ds,
k>1.
(2.20)
Similarly, dealing with (2.17) we will have:
Vilg (7) + A(O)Vip (7) = 0, (2.21y)
i () + AQ) (r) = D (2), (2.21y)
where a function ®@,(z) is expressed
throughw, (z), i<k:
INOES rA'(0>wk_1(r)+-~+%A<k)(0)wo(r)} (2.22)

—[B(O)WH(T)+zB'(0)wk,2(r)+u.+(k’fj)ls(k*”(0)w0(r)} k>1.
Now we compare in (2.18) the factors at like
powers ¢ :

o(0) + w, (0) = &, + ![bo CIACRLICHICICLPP

+ bl(O)TWO(r) dz, Vi,(0) = ap;

1 © @

¥1c(0)+w, (0) = oo ()i () + by Vi ()] dt+ by (0)[ i () + [ [lbo (@)wi 1 () + (2.234)
0 0 0

kalbékfl) )

+ gy ()W o (7) +++-+ D

wo(r)sz;w)ka(r)+---+%b¢“(o>wu “’ﬂ i,

y{(—l(o)—l_wk 0) =a,, k>1.

Let us consider the problems (2.19), (2.21,) and
(2.23,), defining zero-order approximations Y, (t)
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and  w,(z). It follows from here, that
supplementary condition (2.23;) is insufficient
unambiguous definition y,(t) and w,(z) from
equations  (2.199), (2.21). For zero-order
approximation unambiguous definition there is
needed three initial conditions, and initial conditions

(2.23g) consist of two conditions. For one missing
initial condition we use a condition of boundary-

layer solutionw, (7), i.e.,

W (0) =0, W (o0) = 0.

For this purpose, we integrate an equation (2.21)
according to 7 from 0 to oo. Thereafter, owing to

boundary layer rating W, (z) we obtain
W, (0) + A(0)Wy (0) = 0. (2.24).
From that expression with account of initial
condition (2.23,) for w,(z) we obtain:

ay + AQ)W, (0) = 0.

From here we will find the missing initial
condition forw, (7):
%

W (0) = - AQ)

(2.25)

Let’s refer to the equation (2.19,) with an initial
condition (2.23;), (2.25). As the functionA,(t),

entering into an equation (2.19), is defined with the
formula (2.20), then in virtue of boundary layer

rating W, (z) and (2.25) we have:

Ao (t) =Ky (t.0)w, (0) =% Ky(t0) (2.26)

Thus, equation (2.19,) with an initial condition
(2.23) due to (2.25), (2.26) will be as follows:

1
A®)Yo (1) +B(E)Yo () = F &) +Ag (1) + [[Ko (t,X)yo (9 + Ky (t, )y (9] dx,
0

1
¥o(0) = ag +Aq + [[bo (€) yo (1) + by (1) yp (§)] dt, (2.27)
0

where

YO
a( ) (2.28)
_ 0
M) = 85 K1)

By this means, zero-order approximation Y, (t)
of the solution regular part vy, (t), 0<t<l is
defined from integro-differential equation of
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Fredholm-type first order with an integral initial
condition (2.27), and values of initial jumps at the
point t =0 and an integral member of the equation
Ay, A, (t), entering into the problem (2.27), are
defined from the formula (2.28), and zero-order
approximation W, (z) of boundary layer of the

solution  w, (z), r>0 is defined from the

equation(2.21,) with initial conditions (2.23,),
(2.25):

Wo (7) + A(O)Vip (7) = O,

(2.29)

Wo(0) =— Wo (0) = aq

!
m:
Now, let us consider the problems (2.19y),
(2.214), (2.23x), defining k-approximation
Y ), w, (r) of the solution y(t,¢) of Cauchy
task with an initial jump (2.1), (2.6). From
here, it follows that supplementary condition
(2.23x) is not enough for unambiguous
definition of y,(t) and W, (7). To define the
missing initial condition we use the condition
of boundary layer rating solution w, (7):
W, (0) =W (0) =0,  k=>1.

We integrate an equation (2.21y) according to 7
from 0 to o and use the boundary-layer rating
condition. Then we obtain

W, (0) + AQ)w, (0) = _T(Dk (f)dr, k=1 (2.30)
0

If to take into account an initial condition (2.23,)
for w,(0), then from here we have an initial

condition foer ():

k( )=— k>1. (231)

A(O) o = Y2 (0) + f @, (r)dr |

Let us point out, that improper integrals, entering
into (2.30), (2.31), converge (see below). The
problem (2.19,), (2.23y) due to the function

boundary layer rating w, (7) has a view:
Ay ) +BO)Y (1) =F O +A (1) +

1 2.32
+[[Ko (6 X) i (%) + Ky (t, X) yi (0] dx (2:32)
0

k>1.

1
Vi (0) = ~(L-+ by (0))wi (0) + [[bg (V)i (® +by ()i ®] dt + .,
0

Fe(), A
(2.20) and a, is presented as:

where expressed by formulae
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k lb(k 1)( )
(k-1

-]

0

[bo (O)W, 1 (2) + D3 O, () +++++ j +(2.33)

+ [2’0{ Q)i (7) + %2, b(0)Vi , () + -+ i bi"’ (O)vi, (T)ﬂ dr.

Kt
Therefore, the task (2.21y), (2.23y) for w, (7)

with account of (2.31) receives a view:
Wy (7) + A(0)W (7) = @ (7),

1 , o0
w (0) = A(O) { = Yk (0) + ,(.;(Dk (7) df} ' (2.34)
Wi (0) = @ = y¢a(0), k=1,

where @, (r) expressed by the formula (2.22).
Thus, k-approximation vy, (t), k>1 of the
solution regular part vy, (t), 0<t<1 defined

proceeding from the problem (2.32), k-
approximationw, (zr), k>1 of the solution

boundary-layer part w,(z), >0 is defined from
the problem (2.34).

2.3 Determination of solution asymptotic
coefficients of Cauchy problem with an initial
jump

Let us consider the problem (2.27) to determine
zero approximation Y, (t) of the solution regular

party, (t). From here, we have the following task:

B(t)
A()

Yo(0) =ag +Aq + J [0 (1) yo (1) + by () v ()]t
0

Fo(t), (2.35)

Yo(t) +— = Yo(t) =

where the function F, (t) has a view

(2.36)

Fo(t):%[F(t)+Ao(t)]+ )J[ o(6X)Yo () + Ky (%) v (9] ax

and Ag,Ay(t) expressed by formulae (2.28).

Solving the equation (2.35) according to the known
formula for the first-order linear equation, we
obtain,

t
Yo (t) = yo (0)K(t,0) + j K(t,s)Fy(s)ds, (2.37)
0

where the function K(t,s) has a view from the
condition 111. We insert formula (2.37) into (2.36):

Fol) = (F () + Ao (0)+

At

A )jK ot, ><){yG (0)K(x, 0)+j’K(x s)Fy (s,)ds}dwr

(FO+a,0)+

j'K (t,X)| Yo (0)K'(x,0) + Fo(x)+jK (%, s)FO(s)ds}dxf A0

A0,
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Jl'[ t, X)K (x,0)+ Ky (t, X)K'(x,0 ]d><+—tﬁKO x}K (x,8)Fo(s)ds +
0 0 0

At

(2.38)
+ Jl' K, (t, s)Fy(s)ds + } K, (t, x)dx} K'(x,s)F, (s)ds} :
0 0 0

Applying Dirichlet formula for double integral of
the formula (2.38) and introducing indication:

, (2.39)

(F(t)+Aq(t) + yD(O)I[K (t, x)K(x,0) + Ky (t, x)K'(x, 0) dx

(t)’ﬁ A®) §

we obtain the following integral equation of
Fredholm

Fo(t) = fo(t) +}J_(t,s) Fo(s)ds, (2.40)
0

where the kernel J(t,s)has a view from the
condition 111. As the kernel J(t,s) according to the

condition 111 is not located on the integral equation
spectrum (2.40), then integral equation (2.40) at the
section [0,1] has the only solution F,(t) and is

expressed by the formula

Fo(t) = fo(t)+}R(t,s) fo(s)ds, (2.41)
0

where R(t,s) - kernel resolvent J(t,s). Let us
insert now (2.39) into (2.41):

1 YO (0> 1 : i
Fo(t) = —(F(t) +A(D) + j[Ko(t,x)K(x,0)+ Ko (t, X)K (x,O)]dx+jR(t,s)x

YO( )T

{A()

oA R(‘ S) (F(s)+A(s) ds+7y°(0) TTo (60K (40) K 6 0K (x0) i y0(0)jL(t 9 s

LR(t,s)

xj(K (5, X)K(x,0) + K4 (s, X)K'(x,0)) dx 7—(F(t)+A(t))+j' AS)

At

(F(s)+A(s)) ds +

+ yo(O)j{A(t) (Ko (t, x)K(x,0) + K (t, ) K (X, O))} dx+

+IR(t ,S)
As)

Subsequently we have

(Ko (s, x)K(x,0) + K (s, X)K'(X, O))ds} dx.

Fo(t) = () + Yo (0o (1) , (2.42)
where the function w(t) is expressed by the
formula

R(t s)

oft) = 7(F(t)+Ao(t))+I (F(s)+ Aq(s)) ds » (2.43)

A(t)
and the function O'(t) is presented from the

condition 1V.
Now the formula (2.37) in virtue of (2.42) is
presented in the form of the formula

Yo(®) = Yo O K(10)+ [ K(t,9)o(s)ds | + [K(t,sJos)ds - (2:44)
0 0
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Let’s define unknown initial conditiony, (0).

For that purpose, the formula (2.44) is inserted into
initial condition (2.35). Then we will have:

1
Yo(0)=a5 +Aq + Yy (O)”(bo (8)K(s,0) +by (s)K'(s,0)) +
0
+(by(5) +} (by (VK (t,5) +b; ())K'(t,5)) dt)or(s)] ds +

+ }{bl(s) + }(bO OK(L,5) +by (DK '(t,5)) dt}o(s) ds
Or O s
Yo (@{ki[(bo (K0 + by (K (5.0) + [bl(s) * I(bo DKL) +BOKC s»dtjja(s)ds} -
—ag+Ag+ i[bl(s) +}(b0 OK(E,s)+ bl(t)K’(t,s))dt}w(s)ds -
Thereupon we obtain the initial condition y, (0) :

(2.45)
Yo(0) =—|ag +Aq + j{bl(s) +[(by (MK (L, 5) + by DK '(L,5)) dt]w(s) ds

Where A% # 0 is expressed by the formula from
the condition IV. If an expression (2.45) is inserted
into (2.37), we obtain the solution Yy, (t) of regular

part zero approximation of y_(t) solution:

Yo(t) = —{ao +Aq +j{b1(s) +[(bo (K (t,5) + Dby (S)K'(t,5)) dtjw(s) ds} x (2 46)

x K (t,0) + J’ K(t,s)Fy(s) ds
0

or with account of (2.42), (2.45) we have

0

Yo(t) = {ao +Ay+ j[bl(s) +] (b (YK (t,5) + by (S)K (t, 5)) dt]a)(s) ds} X

x(K(t,O) +[K(t,s)o(s) dsJ+jK(t,s)w(s) ds, (2.46)
0 0

where the function o(t) is defined by the
formula from the condition IV, the function w(t) -
from the formula (2.43), which depends on A, (t)
and Ay, A, (t) - from the formula (2.28).

Let us consider the problem (2.29) to determine
zero approximation W, (z),7 >0 of boundary layer
part of w_(7) solution:

Wo (2) + A(O)WO (r)=0,

Hence, directly follows
Wy (7) = age 0", (2.48)

Integrating the equation (2.48) with an initial
condition (2.47), we obtain
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() = e MO

Therefore, zero approximations vy, (t),w,(z) of
solving Cauchy problem with an initial jump (2.1),
(2.6) are fully defined and expressed by formulae
(2.46), (2.49).

To create any approximations w, (), x >1 of the
solution boundary layer part we turn to the problem
(2.34). Let us consider the problem (2.34) for x=1:

Wy (z) + A0 (7) = D4 (7)

,720.

(2.49)

Wy (0) = Ago) {al Vo (0)+ j ®,(7) dr} ,
W, (0) =, - y4(0),

where the function @, (r) due to (2.22) and (2.49)
has a view

@, (7) = ~[A (0)Vy (7) + B(O)Wo (7)] = {rA (0)ag + B(0) (O)} e AOr

From here, it can be seen that the function @, (z)
is the first degree boundary-layer multinomial of

Lyusternik-Vishik. It follows that, improper
integral, entering into an initial condition,
converged. It is possible to make sure that the

solution W, (z) of the problem thereof has a view:
W, (7) = Ly ()e 07 >0,

where L,(r)—a certain multinomial as regard to
7. Therefore, the solution w,(z) is a boundary-

layer multinomial of Lyusternik-Vishik. Let us
assume that, solution of the problem (2.34) to (x-1)-
approximation is a boundary-layer multinomial of
Lyusternik-Vishik

wi(r) = Li(r)e A i=1,k-1,7>0, (2.50)

where L;(z)—a certain known multinomial

according to 7 .then it is possible to prove by an

induction method that the solution w,_(7) to the
problem (2.34) is Lyusternik-Vishik multinomial:

w, (r)=L,(r)e 2O >0, (2.51)
where L (r) —a known multinomial as regard to

T.
Now let us turn to the problem (2.33) with

account of (2.50) to definey (t), x >1 of a regular
of the solution y_(t) of Cauchy problem with
initial (2.1), (2.6):

1
A0+ BOY, (1) = F 1) + A, (1) + [ [Ko . )y, (0 + Ky (t x)y; (0] dx
0

v, @ =a, +A, + [y ®y, ©+b, 6y, O]dtx>1
g (2.52)
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where functions F_(t),A, (t) are expressed by
the formulae (2.20) and a,, A, has a view:

o

e
= g{[bo(O)W 1 (7) + D (OW, 4 (7) +...+ PR

b< - (0)w0(r)]

+[zb{(0>wkfl(r) + ’2—2,bf(0)wx,2 0+ 5550 O (r)ﬂ o (253)
A, = —(]'erl(o)){a,( -y.20)+ J'(I)K(T)dz}, k>1-
A0) 0

Having divided an equation (2.52) to A(t) and
solved it we obtained:

Vo) = v, OKLO) + [K(LSF.(5)ds, (2.54)
0

Where the function F_(t) has a view:

ﬁ(t)—m[F (ORI +}(Ko(t,X)yK(X)+K1(t,X)yL(X))dX} (2.55)
We insert (2.54) into (2.55). Then for F_(t) we
obtain integral equation of Fredholm type (2.40):

1
Feo(t) = f (1) + [ I(t,5)F,(s)ds (2.56)
0
where a constant term f,_(t) has a view:
.(2.57)
ft) 7@[(’: O +A,M)+y, (0)j(K0(t X)K(x,0) + Ky (t, x)K'(x, O))dx]

An integral equation (2.56) due to the condition
Il at the section [0, 1] has the only solution by
means of resolvent R(t,s) of the kernel J(t,s):

F.(t) = fK(t)+}R(t,s) f (s)ds. (2.58)
0
Inserting (2.57) into (2.58), we obtain
F.(t) = o, )+ Y, (0)a(t), (2.59)

where o (t) has a view from the condition IV

and the function @, (t)is expressed by the formula

o, (1) = m(F (O+A, (t))+j (2.60)
Now the formula (2.54) by virtue of (2.59)

presented as

(F (s)+A,(s)ds "

y.()=y, (0)[K(t,0) + } K(t, s)a(s)ds} +}K(t,s)wk (s)ds- (2.61)
0 0

Inserting (2.61) into an integral initial condition
(2.52), we obtain an equation for

determining y . (0) :

A% y.(0)=a, +A, + 'l[{bl(s) + .1[(b0 (t)K(t,s)+ b, (1)K (t, s)dt)}wk(s)ds )
0 s

As in compliance with the condition 1V, the
vaIueAOO;tO, subsequently defining an initial
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condition y_(0) and inserting it into the formula
(2.54), we will have the solution vy, (t):

Y (t) = Aio{ak +A, + }[bl(s) + }(b0 (K (L, 8) +b (K (t,9)) dthK (s) ds}K(t,O) +
0 0 s

+}K(t,s)|?,<(s) ds (2.62)
0

or due to (2.59):

Y () = Aio{ak +A, + j’[bl(s) + }(b0 (OK(t,9) +b (K (t,5)) dtij (s) ds} x
0 0 s

{K(t,O)+jK(t,s)a(s)ds}ﬂl'K(t,s)a)K(s)ds, =1, (2.62)
0 0

where a_, A, and o, (t) are expressed by the

formulae (2.53) and (2.60), and functions
K(t,s),o(t) have a view from the conditions IlI, IV.

Therefore, any regular part asymptotic
approximations vy, (t),0<t<1x>0 and boundary

layer part w, (r),7>0,x>0 of the solution y(t,¢)

of Cauchy problem with an initial jump (2.1), (2.6)
are constructed and expressed by formulae (2.46),
(2.49), (2.51) and (2.62).

Lemma 2.1. Coefficients y_(t),w (z),x >0 of

regular part splitting at 0<t<1l vy (t) and
boundary layer at 7 >0 of the function part w_(7)
have following assessments:

‘yﬁi)(t)‘sc, 0<t<l i=01,
i
AW el (r)e @, 30,k20, (263)
dr'
where A(0)>0,C>0 a certain permanent,

independent on & and L(r)e AO7 —Lyusternik-
Vishik boundary-layer multinomial.

Proof. Let us prove the assessments (2.63) by the
method of mathematical induction. First we will
prove assessments (2.63) for zero approximation

Yo (t) and wy(z). Let us consider the solution

W, (7) of the problem (2.47), which is distinctly
expressed by the formula (2.49):

Wo(e) == 0y "
The function thereof is Lyusternik-Vishik
boundary-layer multinomial of zero degree, i.e.,
_ %
=20
From here there directly follow assessments
(2.63) for w,(z) and wiy(z).

72>0.

L(r)=1.
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Let us consider now the formula (2.46) and its
derivative with account of the function K(t,s)from

the condition I11:

1 1
yo(t) = —O{ao +Ag+ j[bl(s) + [ (b (DK (L, 5) +by KL, 5)) dth(s) ds} x
0 z

1
Ag

x K'(t,0) + Fo(t)+}K’(t,s)FO(s) ds - (2.64)
0

Herein A% =0 and A, are accordingly defined
from the condition 1V and (2.28), functions
Fo(t), @(t) are accordingly expressed by the
formulae (2.42), (2.43), the function K(t,s) takes
the form from the condition IIl, and functions
by (t),b,(t) and permanent a, - derived boundary
conditions (2.2). From (2.46), (2.64) due to the
condition | we directly obtain values (2.63) for
Y, (t) and yg(t). Therefore, values (2.63) have

been proved for zero approximationy,(t)and

W, (7).

Let us assume, that assessed values (2.63)
are true till (x-1)-approximation inclusively. Let us
prove assessed values (2.63) for k-approximation

y.(t) and w, (7). Proceeding from the formula
(2.51) we directly receive assessed values (2.63) for
w_ (7) and W (7). Let us consider the formula
(2.62) and its derivative

yL(t) = Aio{a” +A, +}[b1(s) +j1'(b0(t)K(t,s) +b1(t)K’(t,s))dtja)K (s) ds}K'(t,O) +
0 0 s
t
+F (t)+[K'(t,s)F(s) ds, (2.65)
0

where a,,A, and o, (t) are accordingly defined
from (2.53) and (2.60), and F, (t) is expressed by

the formula (2.59). Evaluating (2.62), (2.65) and
taking into account the conditions I-1V, (2.53),
(2.59), (2.60), we obtain assessed values (2.63) for
y, (t) and y’ (t). Lemma has been proved.

3 Literature Review

Theory of singular perturbed equations
developed in the 50-th, starting with fundamental
works of an academician of Russian Academy of
Sciences Tikhonov A.N [1-3], considering the
qualitative theory of ordinary differential equations
with small parameter upon derivatives. Tikhonov
ANN. proved the theorem on limit transfer,
establishing a connection between the solution of
degenerated (unperturbed) problem, obtained from
the initial task upon a small parameter similar to
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zero and from solution of initial singular perturbed
tasks for the systems of nonlinear ordinary
differential equations.

Member-Correspondent of RAS Lyusternik L.A.
and Vishik M.l. [4,5] elaborated effective
asymptotic technique of singular perturbed linear
ordinary differential equations and the ones in
partial  derivatives; Vasiljyeva A.B. [6]-[12]
developed asymptotic technique of solution of initial
problem researched by Tikhonov A.N. RAS
Member-Correspondent Imanaliyev M.I. [13,14]
elaborated asymptotic technique of solution of
singular perturbed systems of nonlinear integro-
partial differential equations, which gained further
development in many subsequent works and got
named the boundary function method. At present,
there are various modifications of the method
thereof in the works of Trenogin V.A. [15],
Tupchiyev V.A. [16-18], Butuzov V.F. [19-22] and
the others. In particular, there offered an angular
boundary function method for equations in partial
derivatives in the areas, the boundaries of which
contain angular points.

Among other directions there should be
mentioned the methods of VKB-type, developed in
the works of an academician Maslov V.P [23], S.A.
Lomov’s method of regularization [24-27],
allowing to reduce a singular perturbed task to a
well-formed perturbed one.

Important direction in singular perturbation
theory is connected with the works of RAS
academicians Pontryagin L.S. [28,29], Mischenko
Ye.F. and an academician of Russian academy of
pedagogical sciences Rozov N. H. [30-35], having
contributed much into relaxation vibrations theory
development.

A number of directions is connected with the
works of such scientists as Iljin A.M. [36]
(combination method); Rozhkov V.I. [37,38], who
elaborated technique of steps for equations with
divergent argument in case of little delay; Khapayev

MM. [39-41] researched linear differential
equations with small parameter upon higher
derivative in the equation critical point

neighborhood.

Works of Vazov V. [42], Cole J. [43], Nayfeh
A.H.[44,45], Chang K. and Howarth F.[46] made
sufficient contribution into the theory of singular
perturbed differential equations development.
Among asymptotic methods there should be noted a
mean type method by Krylov-Bogolyubov-
Mitropoljsky [47]. Obtained by Bogolyubov N.N.
and Mitropoljsky Yu.A. results, became the basis
for new researchers, for instance, Filatov A.N.
[48,49] proved the theory on mean type method
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substantiation for standard differential equations
system and for the first time applied the method
thereof for integro-partial differential equation with
a small parameter. Number of tasks, upon solution
of which there can be used the mentioned
techniques is big and continuously grows.

Particular interest in singular perturbation theory
represents the so-called tasks with initial jump.
Originally, the task for nonlinear second order
differential equations with a small parameter at
higher derivative has been studied by Lyusternik
L.A and Vishik M.I [50], in case of power growth in
the initial point, and by Kasymov K. A. [51], in case
of exponential increase, and there has been noted
the following phenomenon: solution of singular
perturbed initial problem upon a small parameter
vanishing tends to the solution of ordinary
unperturbed equation, but with changed initial
condition. It is accepted to call that phenomenon as
the one with initial jump and peculiar feature of it is
the fact, that those tasks solution derivatives are
unlimited at discontinuity upon a small parameter
vanishing to zero. Apart from that, it turns out, that
some boundary value problems for singular
perturbed equations are equivalent to Cauchy
problem with initial jump.

In certain works of Kasymov K. A. [52-57] and
his disciples, devoted to research of boundary value
problem for singular perturbed equations and
systems, there studied such tasks, in which the
presence of solution initial jump was grounded with
an appropriate solution’s mode of behavior and its
derivatives in discontinuity point of the considered
section. In particular, initial jump phenomenon took
place where the unlimited growth of the solution
derivative was observed upon a small parameter
vanishing.

In multiple works, devoted to the equations with
a small parameter, there considered integro- partial
differential equation type:

g"=Fx Y, [Ktxyxe),y'(xe) dx),
0

where &>0- a small parameter, o« equals
either to t— Volterra type equation, or 1-Fredholm
type. At that, there studied, generally, such
asymptotic techniques of solutions, known to
ordinary differential equations. Asymptotic mode of
Cauchy problem solution for singular perturbed
integro-partial differential equation, of the type
thereof, is completely similar to asymptotic
techniques of Cauchy problem solution for singular
perturbed ordinary differential equation.
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Asymptotics of those two tasks solution (for
ordinary differential and integro- partial differential
equations) has similar type, and difference lies in
the fact, that the equations for asymptotic regular
members factors, in case of integro- partial
differential equations are more complex, comparing
to ordinary differential equations case [10,13].
Therefore, addition of an integral member into an
equation has brought just to a certain loss of
simplicity of the solution asymptotics creation, but
solution’s qualitative behavior has not changed. In
that respect, such problems as (Cauchy task and
boundary wvalue problems represent certain
theoretical and practical interest, in which addition
of an integral member leads to qualitative change of
the solution mode and detection of such
conformities in the behavior of integro- partial
differential equations solutions, which are not
typical of the ordinary differential equations.
Studying properties of such tasks solutions is a
topical subject of the research in singular perturbed
equations theory.

In the works [58,59] there is analyzed the
following boundary value problem for linear
singular-perturbed integro-partial differential
equations system of Fredholm type :

1
! "+B C =F Ko (t, ,€) dX,
"+ Ao+ Bo 02+ Coly = FolO)+[ Kot atxa) 6 (9 )

1
y'+A )2 +B (t)z+Cy(t)y = Fl(t)+J Ky (t, x)z(x, €) dx,
0

z2(0,e)=ay, z(Le)=a;, Yy(0,&)=h,
And in the works [60,61] boundary value
problem for linear tertiary integro-partial differential
equation at higher derivative of the type:

L.y=gy"+ Ay +B@)y' +C()y =

=F (t) + ‘:i: [KO (t, X)y(X7 g) + Kl(t, X)y’(X, g)] dX, (120)
0

1
y0.6) =20, y(0.e)=a, [y(t.e)dt=a,.
0

In the task (1,) unperturbed (singular) problem
has a view:

1
A (1)Z'+ By (1)Z +Co (1) = Fo () + [ Ko (t, X)Z,(x) d, (1.30)
) :
1
Y+ A7 +By()Z+Ci ()7 = Fit)+ [ Ky (t,)Z(x) dx,
0

1
ZW)=a;, ¥(0)=[z(t)dt,
0
And in the problem (2,) unperturbed tasks

represented in the type:

LoV = AQ)Y" +BR)Y +C()Y = (149
Ao

1
= F®O + [ [Ko (6, 0700 + Ky (6, )7 (0] dx,
0
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1
yO)=a, [y dt=a,.
0

In those works there studied such boundary
tasks, in which the presence of a solution initial
jump was substantiated by an appropriate behavior
pattern of the solution and its derivatives in
discontinuity (jump), i.e. in the point t=0. In
particular, the phenomenon of zero-order initial
jump was valid where the unlimited growth of the
first solution derivative or the second derivative
solution in the jump point upon a small parameter
vanishing was observed. In the task (1,) the first

derivative z'(0,&) has unlimited growth order1 at
£

e—0,ie 2'(0,¢) = O(lj, and in the problem (2,)
&
the second derivative y"(0,&) has unlimited order

growth O(Ej, i.e. y"(o,g):o(lj. It follows that
& &

the solution of z(t,&)boundary value problem (1)

has a zero order jump and there appears an ordinary

initial jJump A, =7(0)—a, #0, and the solution of

y(t,&) boundary value problem (2,) possesses a

phenomenon of an initial first order jump and an
ordinary initial jump of A, =y'(0)-a, type takes
place.

Thus in case of (1,) an unperturbed equations

system (3,) can be solved with conditions:
1

Z(0)=a +A,, ¥(0)=[7(t) dt,
0
In case of the task (2o) an unperturbed equation
(40) — with type conditions.

1
V(O =a,+4;, [Y(t)dt=a,,
0

If initial jumps are known as A, and A,

(generally they are unknown), and unperturbed
equations in the tasks (1,) and (20) do not change,
i.e., they are obtained from (1o), (20) at £=0. It
appears that wunder certain conditions such
association breaks.

In the paper herein there is analyzed a linear
Fredholm type integro-partial differential equation
of the second order with a small parameter at higher
derivative with integral boundary value conditions.

4 Results
There obtained the following new scientific
outcomes in the work:
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1.There have been created asymptotic Cauchy
function representations and boundary functions of
an integral boundary value problems by means of
fundamental system of singular perturbed linear like
differential equation solutions. There obtained
Green functions, expressed with Cauchy functions
and boundary functions.

2.We obtained analytical solution representation
of an integral boundary problem.

3. We received in the space of continuous
functions the asymptotic per small parameter
solution assessments of integral boundary problem
and it is stated that integral boundary value problem
at discontinuity possesses the phenomenon of zero
order initial jump..

5 Conclusion

Work’s outcomes represent a theoretical value. We
obtained asymptotic formulae for end problem
solution Thesis’s results can be applied in scientific
researches on the singular perturbed equation
theory.  Obtained asymptotic  decomposition
solutions are applicable as initial approximations for
numerical techniques implementation.
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