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Abstract: This paper examines the linear complexity of new generalized cyclotomic binary sequences of period
2p™ recently proposed by Yi Ouang et al. (arXiv:1808.08019v1 [cs.IT] 24 Aug 2018). We generalize results
obtained by them and discuss author’s conjecture of this paper.
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1 Introduction

The cyclotomic classes and the generalized cyclo-
tomic classes are often used for design sequences with
high linear complexity, which is an important charac-
teristic of sequence for the cryptography applications
[2]. Recently, new generalized cyclotomic classes
were presented in [8]. The linear complexity of new
generalized cyclotomic binary sequences with period
p™ was studied in [9, 4, 7]. A new family of binary
sequences with period 2p™ based on the generalized
cyclotomic classes from [8] was presented in [6]. Yi
Ouang et al. examined the linear complexity of these
sequences for f = 2", where p = 1+ef and r is a pos-
itive integer. They offered new studying method of the
linear complexity of these sequences. Their method
based on ideas from [4].

In this paper we show that for study of the lin-
ear complexity of new sequence family from [6] we
can use only old the method from [4]. Furthermore,
it will be enough for obtaining more generalized re-
sults than in [6] and for the proof and the correction
of the conjecture of the authors of this paper. Here we
keep the notation and the structure of [4], i.e., in Sect.
2 we introduce some basics and recall the definition
of a generalized cyclotomic sequence and the conjec-
ture from [6]. Section 3 is dedicated to the study of
the linear complexity of this family of cyclotomic se-
quences. Section 4 concludes the work in this paper.

We will study the linear complexity of new se-
quence family from [6] when p is not a Wieferich
prime, i.e. 2P~1 # 1 (mod p?). It was shown that
there are only two such primes, 1093 and 3511, up to
6 x 10'7 [1, 3].
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2 Preliminaries

Throughout this paper, we will denote by Z  the ring
of integers modulo N for a positive integer N, and by
Z’ the multiplicative group of Zy.

First of all we will recall some basics of the linear
complexity of a periodic sequence and introduce the
generalized cyclotomic sequences proposed in [6].

2.1 Linear Complexity

Let s*° = (sg,$1,52,...) be a binary sequence of
period N and S(z) = sg + s1z + - + sy_1zV L
It is well known (see, for instance, [2, Page 171]) that
the linear complexity of s* is given by

L(s*) = N —deg (gcd (:pN - 1,5(93))).
So, if N = 2p" then we see that

L(s*) = 2p™ — deg (gcd ((a:p" —1)2, S(:U)))

Thus, if «,, is a primitive root of order p™ of unity
in the extension of the field [F5 (the finite field of two
elements) then in order to find the linear complexity
of a sequence it is sufficient to find the zeros of S(x)
in the set {a’,i = 0,1,...,p" — 1} and determine
their multiplicity.

2.2 New Generalized Cyclotomic Sequences
Length 2p”

Let p be an odd prime and p = ef + 1, where e, f
are positive integers. Let g be a primitive root modulo
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p™. It is well known [5] that an odd number from g
or g + p™ is also a primitive root modulo 2p for each
integer j > 1. Hence, we can assume that g is an odd
number. Further, the order of g modulo 2p7 is equal
to p(2p’) = p?~1(p — 1), where () is the Euler’s
totient function. Below we recall the definitions of
generalized cyclotomic classes introduced in [8] and
[6].

Let n be a positive integer. For j = 1,2,--- | n,
denote d; = p’ ! f and define

D(()pj) _ {gt.dj (modpj) |0<t< e} , and
1<i<dy,
D(()ij) _ {gt.dj (mod?pj) 10 <t< e} , and

D& = 4ipl) = {gix (mod2p’) : z € Déz;ﬁ)})

i =

1<i<d;. (1)

The cosets Dgpj), i = 0,1,---,d; — 1, are
called generalized cyclotomic classes of order d;
with respect to p/. It was shown in [8] that

@) @) (»’)
{Dop D, DY),
for each integer j > 1 and for an integer m > 1.
Also {D(()ij), Dfp]), ey Dc(f_p_Jl)} forms a partition

J
of Z;pj for each integer j > 1 and for an integer
m > 1.

Let f be a positive even integer and b an integer
with 0 < b < p"~1 f. Define four sets

} forms a partition of Z;
P

n dj—1 ,
(2p™) i (2p7)
CO Ts U p ’ (D(Zfb) (mod d;)
j=li=d;/2
(207) .
- 2D(wrb) (mod dj)> U{p"}, and
n d;j/2—1
2p™
( ’ U U p ( z+b (mod dj)
j=1 1i=0
(2p7)
J 2D(i+b) (mod dj)> U {0},
n dj/2—1

5(%210") U

Jj=

dr1
(2p7) n
N U D(sz) (mod dj)) U{p"}, and
i=d; /2

2pj
( U 2D (i+b) (mod dj)
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n dj/2—1

~ J

& =Ur (U D) sy
j=1 1=0

-1

(2p%)
U U 2D") moddj))u{o}' )
i=d; /2

It is obvious that Zg,n = C((]an) U C£2pn) = 8})2]9”) U

2pn 2pn 5(2p™ .
CP?) and 6PV = eI = 0=
0,1. Families of balanced binary sequences s> =
(so, $1,82,...) and §° = (8¢, 81, S2, ... ) of period

p" can thus be defined as in [6], i.e.,

ifi (mod p") € C(()zpn), 3)
if i (mod p") € C§2pn).

and

: 0, ifi(modp") €
' 1, ifi (mod p™) €
In the case of f = 27, the linear complexity of s
was estimated in [6], where a conjecture about the lin-
ear complexity of these sequences was also made as
follows.
Conjecture. (1) If 2¢ = —1 (mod p) but 2¢ £
—1 (mod p?), then the linear complexity L(s®) =
2p" — (p—1).
(2) If 2¢ = 1 (mod p) but 2¢ # 1 (mod p?),
then the linear complexity L(5°) = 2p" —(p—1) —e.

KN

OOOO

2.3 Main Result

This subsection will study the linear complexity of
5§, § in (3) and (4) for some even integers f. The
main result in this paper is given as follows.

Theorem 1 Let p = ef + 1 be an odd prime with
2P=1 =£ 1 (mod p?) and f is an even positive integer:
Let ord ( ) denote the order of 2 modulo p and v =
ng (ord )? f)

(i) Let s> be a generalized cyclotomic binary se-
quence of period p"™ defined in (3). Then the linear
complexity of s* is given by

L(s%) = 2p"™ —r-ordy(2),

whereO<r<W(1)

Furthermore, the linear complexity

L(s) = {0 TP L =1/
2p™, ifv:10r21)|£, or f =w.
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(ii) Let 5°° be a generalized cyclotomic binary se-

quence of period p" defined in (4). Then for the linear

complexity of 3°° we have
2p" —2r - ord,(2) < L(s™°) < 2p" —r - ordp(2),

where 0 < r < %;1. Furthermore, the linear com-
ordp(2)
plexity

2p" —3(p —

1)/2  ifv=f;

lf’U| ,orv=2v# f.

Corollary 2 Let f = 2". Then:
(i) The linear complexity of s*°

2p" —p+1,

is given by

ifv=[/2

otherwise .

(ii) The linear complexity of $°° is given by

L(goo) — {ziz - 3(p - 1)/27

ifv=f;

otherwise .

Remark 3 Suppose 2 = ¢g" (mod p) for some in-
teger u. It is easily seen that gcd ( )

ged(u, f).  Thus the condition 2° 1 ( od p
in Con]ecture from [6] is eqmvalem‘ to v =
ged (Ord ,f) = f and the condition 2° = —1

(mod p) is equzvalent tov = f/2. In the case that
f = 27 for a positive integer r, the integer v is also
a power of 2, which either equals f or f/2 or divides
f/4. Hence Conjecture from [6] is included in Theo-
rem I as a special case. Here we make the correction
of Conjecture (ii).

If 2 is a primitive roots modulo p then v = 1.

For the proof of Theorem 1 we will use the same
definitions and same method that as [4].

Let S(z) = so+s12+ -+ + 82pn_1a:2p"_1 and
S(x) = 50 + 17 + -+ + 39y _122P" 1 for the gen-
eralized cyclotomic sequences s°°, $°° defined in (3)
and (4), respectivly. Then,

Z xt andS

tec?™)

Za: 5)

tecP™)

For simplicity of presentation, we define polyno-
mials as in [4]

>

tep®)

1<j<n, 0510 <dj,

(6)

E-ISSN: 2224-2872 160

Vladimir Edemskiy

and
dj/2-1
J J
H @) = 3 ER) eaa)@) 0<k<d;,
=0

T (@) =Y H (@), m=12--,n.
@)

Notice that the subscripts 7 in Dgp j), Hi(pj)(:c) and

Ti(p J)(x) are all taken modulo the order d;. In the
rest of this paper the modulo operation will be omitted
when no confusion can arise.

Let Fy be an algebraic closure of Fy and «,, €
F5 be a primitive p"-th root of unity. Denote o =

i

an ,j=12....n—1.

The properties of considered polynomials were
studied in [4]. We have here the following statement.

Lemma 4 [4] For any a € D(pj), we have

(i) T (b = 1T mm%>+@ﬁ—nm

(mod 2)f0r0<l<m and
(ii) T (ag) + T p(a) = 1.

(iii) Let p be a non-Wieferich prime. Then
T () & {0,1} form > 1.
(iv) Let p be a non-Wieferich prime. Then

Ti(p )(ozm) + T(+f/)2(am) # 1 form > 1.

Throughout this paper an integer v will be such that
2 = g" (mod p™). Now we will show that the study-
ing of linear complexity of above sequences is equiv-

alent to the investigation of properties of Ti(p ™) (x)

Proposition 5 Let o, be a p"-th primitive root of
unity and let 2 = g* (mod p™). Given any element
a € Zyn, we have

(i) S(a2) =1+ T (%) + T ) (a2); and
(ii) S(ag) = Ty (a8) + T, (a8).

. . . at —
Proof: (i) Since Zte o JDﬁffbi —
> by (1), it follows from our

i)
tep" I D)

definitions and Lemma 4 that

S(a) = 1+ T (a2) + T (0.

b+u

(ii) Similarly we have

S(a%) = T (%) + 1) ().

We now examine the value of Tb(p n)(afl) +

Tb(iu) (o) for some integers i € Zpn
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Proposition 6 Let p be a non-Wieferich prime. Then
S(ab) # 0and S(a%) # 0 fori € Zyn \ p"~*Zy.

Proof: This is sufficient to prove that Tb(p n)(aﬁl) +

Tb(iu)( n) g {07 1} for ¢ S Zp" \pnilzp and b =
0,1,---,d, — 1. As it was shown in [4] that without

loss of generality it is enough proof, Tép m)(am) +
TP () € {0,1} for m > 1.

We consider two cases.

1. Let T (am) + T (0rm)
(1" () = T (a
case Tép ") (o) € {0,1}. We obtain a contradiction
with Lemma 4 (iii).

2. Let TP () + T (i) = 1.

It then follows from Lemma 4 (i)
T (om) + T

(i1 u(@m) =
i > 1. Hence Tép Vam) = T (am).

2tu
Denote w = gcd(2u,d,,). Since p is a non-
Wieferich prime, it follows by [4] that w divides f.
Since the subscript of Ti(p )(m) is taken modulo d,,,,
it is easily seen that

= 0. Since

m) = 0, we see that in this

that
1 for any integer

Tépm)(am) Tl(wm)( m), forany integeri > 1.

®)

By Lemma 4 (ii) from the last formula we have

Tépn;;(am) = éf;%“w(am) or T(pm)(am) =
Tcgp /;ﬂf( m). Then we get that Cg /%(am) =
T}I/);L)(am). Thus, by Lemma 4 (ii) we obtain that
Tép Nam) +1= T}Z/);n)(am). But the latest equality
is not possible for m > 1 by Lemma 4 (iv). O

By Proposition 6, we only need to study the value
of Tb(p Nad) + Tb(p )(al) for integers i in the set
p"1Z,. Suppose i = p"la, a € Dgp). Then, it
follows from Proposition 5 and Lemma 4 that

() =14 Hy (on) + Hyp (ea),
where k = b+ (mod f). The following proposition
examines the value of H. ,gp ) (1) + H ,gi)u(al) accord-
ing to the relation between f and ord,(2).

Proposition 7 Let p = ef + 1 be an odd prime
with [ being an even positive integer and v =

gcd(ﬁpé), f). Then,
i) [{kez P @)+ Y () =0} =

foifv=1,
0, ifvlf/2orv=2v# f.

E-ISSN: 2224-2872

161

Vladimir Edemskiy

(ii)Hk: € Z; | HP (an) + HP) (an) = 1}‘ -
[ ifv=f/2,
0, ifv=1, orv= for2v|f/2.
. Qi — p—1
Proof: Since ord,(2 ) = =T
ged(u, f) = gcd(ord 7 f) = v [4].
(i) Forv = f thlS statement is clear.

Let v|f/2 or v = 20 # f. We
shall prove this case by contradiction. Suppose

H,ﬁ”)(al) + H,gi)u(al) = 0 for some integer k.

Since (H]Igp)(al))2 = H,gzjr)u(al), it follows that

H,gp) (a1)) € {0,1}. By [4] this is not possible for
v|f/2orv=20v# f.

(ii) For v = f/2 this statement is clear. If v = f
then 2 € D(()p) and we have H,gp)(al)—I—ngp)(al) =1.
This is impossible

Suppose H(p)( 1)+ H,g’jr)u( 1) = 1 for some in-
teger k. Without loss of generality, we assume k£ = 0
and H” (a1) = HP (o) + 1.

In the case when v # f. Since ged(u, f) =
gcd(o(r%;(lg) , f) = v, by a similar argument as in the
proof of Proposition 6 we get

it follows that

Hif (o) = Hy) (on) = -+ = Hy}}(en).

So, if 2v divides f/2, then H{)(a1) =
Héi?f/% (1) = Hép)(al), which is a contradiction.

Let v = 1. Then we get Hi( )(al) + H(_I;)l(al) +
1 =0,i =0,1,....f — 1 and then E® (ay) +
E§§>f/2(a1)+ 1=0, i=0,1,....,f —1. In[4]
it was shown that this is impossible. g
Proof of Theorem 1. Recall that the linear complex-
ity of s is given by

L(s>) =N —deg (gcd ((l‘pn —1)% S(m)))

(i) From Proposition 6 we know S(a) # 0 for i €

L \ D" 1Z For the remaining set p™~ 1Zp, ifi =0,
then S(1) = 1; if i € p"~'Z%, we have

S(ad) =1+ HP (o) + HP) ()

3 *
for some integer a € Z,,.

Suppose H,gp)(a‘f) + ngi)u(ozi‘) = 1 for some
integer k. Then

H(P)

1= (HP(an)+H) (0}) = HT),

(a1)+H,§_’32u(a1)7
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and so on (here u Z 0 (mod f))). So, we have

,p" =1} = rord,(2).

. . . p—1
where 7 is an integer with 0 < r < @)

Further, by (5) we see that

{i: S(al)=0,i=1,2,...

n dj/2-1
n—j
EICE 3D SHEED SR
j=1 =0 teD(sz)

i+b (mod dj)

Hence, of S(al) = Tb(pn)(afl).
a root of S(z) and S’(x) then 1 + T(pn)( L) +
(Tb(pn)(aﬁl)) = 0 and T(p )( ¢) = 0. It is not possi-
ble and any root of S(z ) is simple.

Then the statement of this theorem follows from
Proposition 6.

. Z .
So, if o}, is

(i1) In this case

S(ak) = HP (af) + HP) (a$)

n +u

for some integer a € Z,.
Then as earlier we again get

{i: S( ,p" =1} = rordy(2).

where 7 is an integer such that 0 < r <

al)=0,i=1,2,...

-1

or p(2)
Here, by (5) we see that
n d;/2—1
SERS 3 VHED S
j=1 =0 (2p7)
tEDH»I;) (mod dj)

and also ol S(al) = Tb(pn)(ozfl). If v = f then it
follows from [4] that

{i: TP (0h) =0,i=1,2,...,p" =1} = (p—1)/2.

Then the statement of this theorem follows from
Proposition 6.

0
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