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1 Introduction 
Fuzzy modus ponens (FMP) and fuzzy modus 
tollens (FMT) are two fundamental patterns of 
general fuzzy reasoning [32]. In [32] Lotfi A. Zadeh 
proposed the Compositional Rule of Inference (CRI) 
for FMP and FMT. In [26] Wang presented the 
Triple Implication Principle (TIP) with total 
inference rules of fuzzy reasoning. Since the 
inception of the triple I method [26], many papers 
have researched the fuzzy inference method 
[1,3,4,5,7,8,10,15,19,23,34]. However unfortunately 
Lotfi (Zadeh) was not discovered that that the 
underlying semantic of his’s CRI is unclear, 
ourselves authors find that Lotfi (Zadeh)’s fuzzy 
reasoning result does completely not satisfy the 
reductive property. 

Reductive Property is one of the essential and 
important properties in the applications of the fuzzy 
inference mechanism [2,6,9,11-14,18,21,24-27,30].  

This paper shows a basic and original fuzzy 
reasoning method that can draw a novel study 
direction of the approximate inference in fuzzy 
systems with uncertainty. For realization of this 
syudy direction this work is based on the recent 
paper’s idea presented by the several authors, which 
is to obtain a new conclusion by the vertical moving 
distance operation between the antecedent and the 
given premise(observation), which is based on the 
paper [10]; “Son-Il Kwak, Un-Sok RYU, Kum-Ju 
KIM, and Myong-Hye JO, A Fuzzy reasoning 
Method based on Compensating Operation and its 

Application to Fuzzy Systems, Iranian Journal of 
Fuzzy Systems, 16(3), pp. 17-34, 2019”. This paper 
is based on [10]. 

In this paper we propose a new criterion function 
for checking of the reductive property about the 
fuzzy reasoning result for fuzzy modus ponens and 
fuzzy modus tollens. And then, unlike fuzzy 
reasoning methods based on the similarity measure, 
we propose a new fuzzy reasoning method based on 
distance measure (DM) presented in [21].  

The rest of this paper is organized as follows. In 
section 2, we discuss backgrounds for FMP and 
FMT about the fuzzy reasoning methods based on 
fuzzy relation. In section 3, a new criterion function 
and fuzzy reasoning method are presented, 
respectively. In section 4, the reductive property of 
CRI and TIP, AARS and our method are checked. 

 

2 Backgrounds 
Generally known fuzzy reasoning methods are FMP 
and FMT in the fuzzy system with 1 input 1 output 
1 rule. General form of FMP in [5] is as follows. 

*

*

:Conclusion
,:Premise,　 Rule;

Bisy

AisxBisythenAisxif   (1) 

General form of FMT in the paper [5] is as 
follows.  

*

*

:Conclusion
,:Premise,　 Rule;

Aisx

BisyBisythenAisxif (2) 

, where )(),(* XFAXFA   are fuzzy sets defined 
in the universe of discourse X , )(),(* YFBYFB   
are fuzzy sets defined in the universe of discourse 
Y . In the fuzzy system with 1 input 1output n rules, 
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we rewrite the definition for reductive property of 
fuzzy inference method in [5]. According to [5,10], 
the equation (2) can be written as follows, because 
FMT is opposite to FMP. 

AisxC

BisyAisxthenBisyif

:onclusion
,:Premise,　 Rule;   (3),

 where AA 1 , BB 1 . For equation (1), (2), an
d (3), according to Zadeh’s viewpoint, Rule is r
epresented by some fuzzy relation. For example,
 where 

z
  is Zadeh’s implication, the fuzzy rel

ation of the rule is presented as follows. 
)()1(),()(),( baabayBxAyxR zz   (4) 

In the paper [34], authors listed 4 most important 
implication operators and the corresponding 
t-norms. As mentioned in [34], Łukasiewicz’s 
implication ba L  and the corresponding t-norm 

ba L , Gödel’s ba G  and ba G , R0’s 
ba R0

  and ba R0
 , and Gougen’s ba G0

  and 

ba G0
  are described as follows, respectively. 

)1(0,)1(1  babababa LL
    (5) 

baba
baifb

baif
ba GG 
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



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1,        (6) 
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
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baif
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


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,
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3 New Reductive Property Criterion 

Function and Fuzzy Reasoning 

Method 
 

3.1 Motivation and Importance of New 

Fuzzy Reasoning Method 

 
3.1.1 Motivation 

The reductive property is one of the essential and 
important properties in the fuzzy reasoning [18,30]. 
But a lot of fuzzy reasoning methods have some 
shortcomings. The motivations obtained from some 
shortcomings are as follows. 
∙  As mentioned in [21,22], the underlying 

semantic of CRI is unclear, its reasoning result 
does completely not satisfy the reductive 
property. Therefore reasoning method that does 
satisfy the reductive property must be studied. 

∙ As pointed out in [8], shortcoming of TIP is that 
it cannot be applied in fuzzy control. Therefore 
fuzzy reasoning method that can be applied in 

fuzzy control must be researched. 
∙ As presented in [17], the some fuzzy reasoning 

methods based on the fuzzy relation have the 
contradict that they can be applied to the 
practical problem, for example fuzzy control, 
but do not satisfy the reductive property, vice 
versa. Therefore fuzzy reasoning method that 
has not some contradict must be studied. 

∙  As mentioned in [23], the fuzzy reasoning 
methods based on similarity measure (SM) 
depend strongly on the similarity measure and 
the modification function, and do not 
completely satisfy the reductive property. 
Therefore fuzzy reasoning method that does not 
depend on the similarity measure and the 
modification function must be researched. 

∙  As presented in [26], due to many fuzzy 
reasoning methods based on SM do use 
nonlinear operators, the fuzzy sets of reasoning 
result are non-normal and non-convex ones. 
Therefore in fuzzy reasoning processing, linear 
operators must possibly be used. 

∙  According to [2,6,13-16], a lot of fuzzy 
reasoning methods mathematically seem that 
they are all accompanied with a common 
shortcoming, that is, information loss. One of the 
reasons that do not satisfy the reductive property 
is to refer to losses of information occurred in 
reasoning processes. Therefore, information loss 
must possibly be reduced in fuzzy reasoning 
processing. 

∙ As shown in [5,14,15,18], the criterion function 
for checking of fuzzy reasoning results has only 
2 values, i.e., ‘1’ or ‘O’ for satisfaction of the 
reductive property, ‘0’ or ‘’ for non-satisfaction 
of one. That is, this evaluation is too strict for the 
reductive property. Therefore criterion function 
for checking of fuzzy reasoning result must 
possibly be defined flexibly. 

Comprehensively, in order to overcome existing 
shortcomings presented in [2,5,6,8,13-17,18,21, 
22,24, and 30], fuzzy reasoning method based on 
new methodology or idea must be developed 
without some losses of information and with smooth 
evaluation for the reductive property. From the 
above mentioned facts, we try to develop a new 
fuzzy reasoning method with respect to the 
information loss and reductive property. This is a 
motivation of this paper. 
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3.1.2 Possibility and Importance 

In a lot of papers fuzzy reasoning methods based on 
SM are proposed. Their basic idea is to consider the 
similarity measure of the consequent )(yB  and the 
fuzzy reasoning conclusion )(* yB  if the antecedent 

)(xA  is similar to the given premise )(* xA  for FMP. 
This idea is right. By the way we consider 
following: 
∙ Similarity measure and distance measure have 

inverse proportional relation. That is, “the 
antecedent )(xA  is similar to the given premise

)(* xA ” is approximately equal to “the antecedent 
)(xA  is closer to the given premise )(* xA ”. Here 

“similar” is correspondent to similarity measure, 
“closer” to distance measure. if )(xA  is 
completely equal to )(* xA  then the similarity 
measure is 1 and distance measure is 0. 

∙ The fuzzy reasoning methods based on similarity 
do not require the calculation of fuzzy relation or 
implication. However the fuzzy reasoning results 
obtained by the similarity methods depend 
strongly on the similarity measure and the 
modification function. 

∙ The fuzzy reasoning methods based on similarity 
do use nonlinear, i.e., max, min operator. Thus 
fuzzy reasoning methods based on similarity 
measure have a lot of information loss [26]. But 
fuzzy reasoning methods based on distance 
measure can be used linear operator for example 
summation and subtraction, thereby information 
loss can be reduced. 

∙ And the similarity measure has closed interval 
[0,1] and distance measure [0,m], where m  is a 
finite number, 0m . 

According to these facts, fuzzy reasoning based 
on distance measure (DM) is possible. This is a 
possibility and an importance of our paper. 

 

3.2 Reductive Property Criterion Function 
The reductive property is one of the essential 
properties in the applications of the fuzzy inference 
mechanism [5,16]. According to [16,28], four cases 
of the premise for FMP in Class 1 are as follows; 

Case 1: AisA* , 
Case 2: )( 2* AAveryisA  , 
Case 3: )( 2

1* AAlessormoreisA  , 
Case 4: )1(* AAnotisA  . 

Since FMT is opposite to FMP, according to 

[16,28], four cases of the given premise for FMT in 
Class 1 are as follows; 

Case 6: )1(* BBnotisB  , 
Case 7: verynotisB* )1( 2

1
BB  ,  

Case 8: lessormorenotisB* )1( 2
1

BB  ,  
Case 9: BisB* . 

And four cases of the Premise for FMP in Class 2 
are as follows; 

Case 1: AisA* , 
Case 2: )( 2* AAveryisA  , 
Case 3: )( 2

1* AAlessormoreisA  , 
Case 5: oftiltedslightlyA *  )..( AtsA  . 

And four cases of the given premise for FMT in 
Class 2 are as follows; 

Case 6: )1(* BBnotisB  , 
Case 7: )1( 2* BBverynotisB  , 
Case 8: )1( 2

1* BBlessormorenotisB  , 
Case 10: )..(* BtsBoftiltedslightlyB  . 

What conclusion *B  for FMP and *A  for FMT 
can be obtain? For this, Table 1 shows reductive 
property of FMP and FMT based on [5, 18]. In 
Table 1, Case 4 and 8 are criterion based on the 
paper [18], Case 5 and 10 criterion based on the 
paper [5], for FMP and FMT, respectively. In other 
words, Case 1, Case 2, Case 3, and Case 4 are 
criterion functions based on the paper [18], Case 6, 
Case 7, Case 8, and Case 10 are criterion functions 
based on the paper [5]. In the paper [5], authors 
mentioned that their proposed method is based on 
the assumption that the premise *A  is slightly 
different from the antecedent of fuzzy rule A  and 
thus the conclusion *B  is slightly different from 
the consequent B  of fuzzy rule, therefore, they do 
not expect a reasonable conclusion if the premise 

*A  is different from the antecedent A  too much. 
Unlike the classical reasoning, if the given premise 

*A  is not exactly equal to the antecedent A , we 
can still obtain fuzzy reasoning result *B . However 
we know that if the given premise *A  and the 
antecedent A  are totally different, then the fuzzy 
reasoning result *B  might be unreasonable or 
uninformative. Then in practical applications, a 
group of fuzzy rules called rule base is used to avoid 
the incorrect fuzzy reasoning result caused by the 
deviation between the given premise *A  and the 
antecedent A . As obviously mentioned in the paper 
[9], if the given premise *A  is slightly different 
from the antecedent A  then the fuzzy reasoning 
conclusion *B  is slightly different from the 
consequent B . According to combination of the 
paper [5] and [18], for example the antecedent fuzzy 
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set ][smallA  and consequent fuzzy set ][largeB  , we can obtain the following Table 1. 

Table 1 New Reductive property criterion for FMP and FMT based on [5,18] 

FMP 
BisythenAisxif 　   

*Aisx  [5,18] *Bisy  [5,18] New Reductive property criterion 
FMPRPCF  of *Bisy , (%)  

Case 1 AA *  BB *  100)/1(
1

* 


rbb
r

k

kkl

 

Case 2 2* AA   BorBB 2*   100)/1(or100)/1(
1

*

1

2*  


rbbrbb
r

k

kkl

r

k

kkl

 

Case 3 2/1* AA     BorBB 2
1*   100)/1(or100)/1(

1

*

1

* 2
1

 


rbbrbb
r

k

kkl

r

k

kkl

 

Case 4 AA  1*  BB  1*  100)/)1(1(
1

* 


rbb
r

k

kkl

 

Case 5 AtsA ..*   BtsB ..*   100)/..1(
1

* 


rbtsb
r

k

kkl

 

FMT 
 AisxthenBisyif 　   

*Bisy  [5,18] *Aisx  [5,18] New Reductive property criterion 
FMTRPCF  of *Aisx , (%)  

Case 6 BB  1*  AA 1*  100)/)1(1(
1

* 


raa
r

k

kkl

 
 

Case 7 2* 1 BB   AorAA  11 2*  100)/)1(1(or,100)/)1(1(
1

*

1

2*  


raaraa
r

k

kkl

r

k

kkl

 
 

Case 8 2* 1

1 BB   AorAA  11 2
1*  100)/)1(1(or,100)/)1(1(

1

*

1

* 2
1

 


raaraa
r

k

kkl

r

k

kkl

 
 

Case 9 BB *  AA *  100)/1(
1

* 


raa
r

k

kkl

 
 

Case 10 BtsB ..*   AtsA ..*   100)/..1(
1

* 


ratsa
r

k

kkl

 
 

In Table 1 Class 1 and Class 2 are as follows.  
∙ Class 1; Case 1, 2, 3, and 4  for FMP, and Case 

6, 7, 8, and 9 for FMT.  
∙ Class 2; Case 1, 2, 3, and 5 for FMP, and Case 6, 

7, 8, and 10 for FMT.  
Since FMT is opposite to FMP, Case 1 

corresponds to Case 6, Case 2 to Case 7, Case 3 to 
Case 8, Case 4 to Case 9, and Case 5 to Case 10, 
respectively. The criterion function for reductive 
property can be defined as the difference between 
the consequent of fuzzy rule and conclusion of the 
fuzzy reasoning. For this, several concepts based on 
the Table 1 are defined as follows. 

Definition 3.1 Let fuzzy sets )(),( * XFAXFA l  , 
)(YFB  and )(* YFBl  , )...,,2,1,,2,1( rksl   , 

for FMP be their antecedent vectors 
],...,,...,,,[ 21 rk aaaaA  the given premise 

vector ]...,,...,,,[ ***
2

*
1

*
rlkllll aaaaA  , and the 

consequent vector ]...,,...,,,[ 21 rk bbbbB  . And then 
let the fuzzy reasoning conclusion be 

]...,,...,,,[ ***
2

*
1

*
rlkllll bbbbB  . Then the error 

),( * BBE l
 between the conclusion *

l
B  and 

consequent B , and the error ),( * AAe l
 between the 

given premise *
lA  and the antecedent A  are 

defined as follows, respectively. 

]...,,...,,,[]...,,...,,,[),(
]...,,...,,,[]...,,...,,,[),(

21
***

2
*
1

*
21

***
2

*
1

*

rkrlkllll

rkrlkllll

aaaaaaaaAAe

bbbbbbbbBBE



 (9) 

Remark 3.1 In Definition 3.1, let us fuzzy sets 
)(),( * XFAXFA l  , )(YFB  and )(* YFBl  , 

sl ,,2,1(  , )...,,2,1 rk  . These fuzzy sets are 
called normal fuzzy sets in case that their vectors 
satisfy the following conditions: 

]1,0[]...,,...,,,[ 21  rk aaaaA , 
]1,0[]...,,...,,,[ ***

2
*
1

*  rlkllll aaaaA , 
]1,0[]...,,...,,,[ 21  rk bbbbB  ,
]1,0[]...,,...,,,[ ***

2
*
1

*  rlkllll bbbbB , 
according to [18,31]. For an example of fuzzy sets, 

 0,0,0,3.0,1)( xA ,  1,3.0,0,0,0)( yB  are 
normal fuzzy sets. In other words normal fuzzy set 
should include 0 and 1. In this paper we deal with 
normal fuzzy sets mentioned above. 

Remark 3.2 Unlike Remark 3.1, fuzzy sets are 
called non-normal fuzzy sets in case that their 
vectors satisfy the following conditions: 

]1,0(]...,,...,,,[ 21  rk aaaaA )1,0()1,0[  oror , 
]...,,...,,,[ ***

2
*
1

*
rlkllll aaaaA  )1,0()1,0[]1,0(  oror  

)1,0()1,0[]1,0(]...,,...,,,[ 21  ororbbbbB rk
 

]1,0(]...,,...,,,[ ***
2

*
1

*  rlkllll bbbbB )1,0()1,0[  oror . 
For example,  1.0,1.0,2.0,3.0,1)( xA and 

 1,7.0,5.0,4..0,2.0)( yB  are non-normal fuzzy sets. 
In other words, non-normal fuzzy set does not 
include 0 or 1. 
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Remark 3.3 In real world, when fuzzy sets are 
applied, engineers and designers generally use 
normal fuzzy sets. In this paper we do not deal with 
non-normal fuzzy sets. 

Definition 3.2 This Definition 3.2 is to generalize 
of the criterion for FMP shown in Table 1 according 
to [2,4,21-23]. The lth reductive property criterion 
function l

IFRFMPRPCF 
 for the Case l (l=1, 2, 3, 4, 

and 5, from Table 1) in FMP can be illustratively 
defined as equation (10). 

kk

r

k

kkl

r

k

kkl

r

k

kkl

r

k

kkl

r

k

kkl

r

k

kkl

r

k

kkl
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boftiltiedslightlybts

forrbtsb

forrbb

forrbb

rbb
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RPCF




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




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
































































..

5Case,100)/..1(

4Case,100)/)1(1(

3Case,100)/1(

or,100)/1(

2Case,100)/1(

or,100)/1(

1Case,100)/1(

1

*

1

*

1

*

1

*

1

2*

1

*

1

*

2
1

 (10) 

In Case 5 the given premise is AtsA ..*  , and 
conclusion BtsB ..*  . Definition 3.2 is a criterion 
function based on the Table 1 obtained by [5,18]. 

Definition 3.3 The reductive property criterion 
function 

FRFMPRPCF 
 for FMP of a fuzzy reasoning 

method (or algorithm) is defined as follows. 

(%),1
1



 
S

l

l

FRFMPFRFMP RPCF
S

RPCF    (11) 

Remark 3.4 According to Definition 3.3 and 
Table 1, Class 1 contains Case 1, 2, 3, and 4 for 
FMP, and Case 6, 7, 8, and 9 for FMT, and then 
Class 2 contains Case 1, 2, 3, and 5 for FMP, Case 
6, 7, 8, and 10, for FMT, therefore S  is 4 in 
equation (11). 

Definition 3.4 Since FMT is opposite to FMP, let 
us consider the equation (3) instead of equation (2) 
for FMT. Now let fuzzy sets )(YFB , )(* YFBl  , 

and )(XFA  be antecedent vectors 
...,,1,1[ 21 bbB   ]1...,,1

rk
bb   , the given premise 

vector ]...,,...,,,[ ***
2

*
1

*
rlkllll bbbbB  , and the consequent 

vector ]1...,,1...,,1,1[ 21 rk aaaaA   of fuzzy rule. 
And the conclusion )(* XFAl   be 

]...,,...,,,[ ***
2

*
1

*
rlkllll aaaaA   ,,,2,1( sl   )...,,2,1 rk  . 

Then for FMT the error ),( * AAE l
 between the 

fuzzy reasoning conclusion *
lA  and consequent 

A  of fuzzy rule, and the error ),( * BBe l
 between 

the given premise *
lB  and their antecedent B  are 

defined as follows, respectively. 

]1...,,1...,,1,1[]...,,...,,,[),(
]1...,,1...,,1,1[]...,,...,,,[),(

21
***

2
*
1

*
21

***
2

*
1

*

rkrlkllll

rkrlkllll

bbbbbbbbBBe

aaaaaaaaAAE





(12) 

Definition 3.5 The lth reductive property criterion 
function l

IFRFMTRPCF 
 for the Case l (l=6, 7, 8, 9, 

and 10, from Table 1) in FMT can be illustratively 
defined as follows. 
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forratsa

forraa

forraa

raa

forraa

raa

forraa

RPCF












































































..

10Case,100)/..1(

9Case,100)/1(

8Case,100)/)1(1(

or,100)/)1(1(

7Case,100)/)1(1(

or,100)/)1(1(

6Case,100)/)1(1(

1

*

1

*

1

*

1

*

1

*

1

2*

1

*

2
1

(13) 

In Case 10 the given premise is tiltedslightlyB *  
BtsBof .. , Conclusion AtsAoftiltedslightlyA ..*  . 

Definition 3.5 is also a criterion function based on 
the Table 1 obtained by [5,18]. 

Definition 3.6 The reductive property criterion 
function 

FRFMTRPCF 
 for FMT are defined as 

follows. 

(%),1
1



 
s

l

l

FRFMTFRFMT RPCF
S

RPCF     (14) 

The reductive property of fuzzy reasoning can be 
considered as the reductive property of a fuzzy 
reasoning method or algorithm = average of 
(reductive property for FMP and reductive property 
for FMT). 

Definition 3.7 The criterion function for checking 
of the reductive property of fuzzy reasoning method 
is defined as arithmetic average value of 

FRFMPRPCF 
 

and 
FRFMTRPCF 

. 
(%)),(2

1
FRFMTFRFMPFR RPCFRPCFRPCF    (15) 

Remark 3.5 In equation (13)-(15), indexes are 
the same as equation (10)-(11). According to above 
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two definition, when the reduction property criterion 
function 

FRFMPRPCF 
=100(%) and 

FRFMTRPCF 
 

=100(%), then the reductive property of fuzzy 
reasoning method (or algorithm) is completely 
satisfied. This means that the given consequent 
vector(resp. the given antecedent vector) is equal to 
fuzzy reasoning result vector, that is, 

rkbb kk ...,,2,1,*  , i.e., BB * , (resp. 

rkaa kk ...,,2,1,*  , i.e., AA * ), for FMP (resp. 
FMT). In other words, the larger 

FRFMPRPCF 
 (resp. 

FRFMTRPCF 
) is, the more the result of fuzzy 

reasoning satisfies the reductive property, and the 
smaller 

FRFMP
RPCF


 (resp. 

FRFMTRPCF 
) is, the less it 

satisfies. At worst, when criterion function 

FRFMPRPCF 
=0(%) and FRFMT

RPCF
 =0(%), then the 

fuzzy reasoning method does not completely satisfy. 
Therefore the reductive property criterion function 
about every reasoning method in the fuzzy systems 
satisfies 1000  FRFMPRPCF , 1000  FRFMTRPCF  
for FMP and FMT, respectively. These definitions 
differ largely from the several previous ones [2,4,8]. 
Therefore according to our definition method the 
fuzzy reasoning result can be more correctly 
evaluated, and effectively used in a lot of the 
practical problems. 

Now let us discuss checking for the reductive 
property of fuzzy reasoning method.  

Example 3.1 Assume that the fuzzy sets of the 
rule are given as  0,0,0,3.0,1)( xA , 

 1,3.0,0,0,0)( yB , and the given premise for FMP  
 0,0,0,3.0,1)()(*  xAxA , the premise for FMT  
 1,3.0,0,0,0)()(*  yByB , then the new conclusion 

reasoning result by any fuzzy reasoning method (for 
instance WW) is obtained as  1,4.0,1.0,0,0)()(*  yByB  
for FMP,  0,1.0,4.0,7.0,1)()(*  xAxA  for FMT, 
respectively. At this time according to our new 
method, the criterion function is calculated as 

(%)673896()( 2
1

2
1   IWWFMTIWWFMPWW RPCFRPCFRPCF . 

Consequently, the reductive property of a fuzzy 
reasoning method WW is satisfied as 67(%). But 
according to [2], since )()(* yByB   for FMP and 

)()(* xAxA   for FMT, the reductive property of a 
fuzzy reasoning method WW is not satisfied as 
0(%), thus their evaluation is strict and not right. 

Example 3.2 Let us consider the reductive 
property of Example 1 and 2 in [7]. The fuzzy sets 
of the rule are as  0,0,0,3.0,1][ small , 

 1,3.0,0,0,0][ large and the premise 
 0,3.0,1,3.0,0][ medium . The conclusions by CRI 

are obtained as  1,1,1,1,1)(* yB  for FMP, and 
 1,1,1,7.0,3.0)(* xA  for FMT. According to our 

Definition 3.3, 3.6, and 3.7, the reductive property 
of a fuzzy reasoning method WW is as follows. 

  )(2
1

IWWFMTIWWFMPWW RPCFRPCFRPCF  
(%)385.66)5.8927.43(2

1   
Now let us consider the difference of ours and 

[17]’s checking method. [17]’s checking method is 
very strict and has some weakness. [16]’s weakness 
is as follows. For the same Case such as Example 
3.1, according to [17]’s checking method, reasoning 
result are    1,3.0,0,0,0)(1,4.0,1.0,0,0)(*  yByB  
for FMP, and  0,1.0,4.0,7.0,1)(* xA  

 0,0,0,3.0,1)(  xA  for FMT, respectively. Then 
the reductive property of the fuzzy reasoning 
method WW is not satisfied by the criterion of 
Table 1, that is, it is not flexible and soft. For this 
evaluation, considering by [17]’s viewpoint, it is 
satisfied as 0(%) or is not satisfied as 100(%), vice 
versa. So in order to overcome [17]’s weakness, we 
generalized and extended the criterion for FMP and 
FMT shown in Table 1 according to [17]. Frankly 
speaking, even though reasoning results are 
obtained as )()(* yByB   for FMP, and )()(* xAxA   for 
FMT, respectively, our checking method can discuss 
the degree of coincidence between the given 
premise and the antecedent of fuzzy rule. In other 
words our proposed criterion function (15) tries to 
calculate the percentage degree of coincidence 
between the consequent )(yB  (resp. )(xA ) of fuzzy 
rule and the conclusion )(* yB  (resp. )(* xA ) of the 
reasoning, and then calculate the average of 2 
percentage degrees of coincidence for FMP and 
FMT. 

Remark 3.6 The higher the degree of 
coincidence between )(yB  (resp. )(xA ) and )(* yB  
(resp. )(* xA ) is, the better the reductive property of 
FMP (resp. FMT) is. Therefore as shown in 
Example 3.1 and 3.2, our new checking method of 
the reductive property is softer and better in 
accordance with general human understanding and 
practical problems than [17]’s one. 

 
3.3 New Fuzzy Reasoning Method For FMP 
In this subsection we define several concepts and 
equation about new FMP-DM method based on 
distance measure. The news in this subsection are 
that; ① according to definition of difference vector, 
discrete sign vector, Euclidian distance measure, 
quasi-fuzzy reasoning result, maximum and 
minimum of the quasi-fuzzy reasoning result, the 
fuzzy reasoning conclusion result for solving FMP 
based on distance measure is proposed, ② 
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according to Principle for solving of FMP-DM 
Problem, new theorem for FMP-DM solution is 
proposed and proved. 
According to the paper [25], distance measure is as 
follows. Let )(0 RF  be all continuous fuzzy subsets 
of R  whose  -cuts are always bounded intervals. 
These will be called fuzzy numbers and are the 
fuzzy sets most widely used in practical 
applications. We need to be able to compute the 
distance between any fuzzy set A  and B  in 

)(0 RF . We know how to find the distance between 
two real numbers yx, . The distance is 

),( yxDMyx  . We also know how to find the 
distance between two points in 2R . The function 

),( yxDM  used to compute distance is called a 
distance measure (DM). The basic properties of 
DM, i.e., ),( yxDM  for every yx,  in real space 
R  are:  
∙ ;0),( yxDM  i.e., distance is not negative; 
∙ );,(),( xyDMyxDM   i.e., distance is symmetric; 
∙ ;0),( yxDM  if and only if ;yx   i.e., we get 

zero distance only when yx  . 
∙ ),(),(),( yzDMzxDMyxDM  ; i.e., it is shorter 

to go directly from x to y instead of first going 
to intermediate point z. 

Definition 3.8 Let the antecedent A  and the 
given premises *

lA  for FMP be their discrete vector 

]...,,...,,,[ 21 rk aaaaA , ]...,,...,,,[ ***
2

*
1

*
rlkllll aaaaA  , 

respectively, where *, klk aa are individual element of 
*, lAA , which are membership values in its fuzzy set, 

respectively. For FMP the individual elements 
kl  

of difference vector ],,,,,,[ 21 rlkllll   , 
rk ...,,2,1(  , )...,2,,1 Sl  , are defined as follows. 

kklkl aa  * , for FMP                (16) 

Definition 3.9 Let a discrete sign vector be 
),,2,1(],,,,,,[ 21 slppppp rlkllll   . Then 

element klp  of the sign vector is defined by two 
ways, i.e., formP )1,0,1(   and formP )1,1(  , for 
FMP, as following equation, respectively. 

formP )1,0,1(   















0,1
0,0
0,1

)(
kl

kl

kl

klkl signP








   (17) 

formP )1,1(    







 0,1

0,1)(
kl

kl
klkl signP




   (18) 

Definition 3.10 (See [21,22]) For FMP, the 
distance measure ),( * AADM l

 between the 
antecedent fuzzy set A  and the given premise *

lA  
by using Euclidian distance measure is defined as 
follows. 

 
2/1

1

2** /),( 







 



raaAADM
r

k

kkll

, for FMP    (19) 

Definition 3.11 The quasi-fuzzy reasoning result 
lB

~  for FMP can be defined as follows. 

















5Case,),(..
4Case,),(1
3and2,1,Case,),(

~
*

*

*

ifPAADMBts

ifPAADMB

ifPAADMB

B

ll

ll

ll

l

 (20) 

Definition 3.12 The maximum 
l  and minimum 

l  of the quasi-fuzzy reasoning result 
lB

~  are 
defined as follows, respectively. 

l
rk

l B
~max

1 
 ,   

l
rk

l B
~min

1 
   for FMP       (21) 

Definition 3.13 The fuzzy reasoning conclusion 
result for solving FMP based on DM can be defined 
as equation (22), in this paper. 

(FMP-DM)     
ll

ll
l

B
B










~
*              (22) 

Where sl ,,2,1   is index of the given 
premises *

lA  for FMP, that is, *
lB  is fuzzy 

reasoning conclusion by the lth given premise *
lA  

for FMP. And )(XFΦ  is an empty set, X  is 
universe of discourse, and Xx , )(XFA . Here, 

ll AA
~,*  and A  are the fuzzy sets in )(XF . The 

equation (22) is an standardization expression of the 
quasi-fuzzy reasoning result 

lB
~  for FMP. The 

proposed method expressed by equation (22) is 
called distance measure method for the FMP with 
single input single output fuzzy system in this paper, 
for short FMP-DM. When combined *

lB  and *
lA , 

the fuzzy reasoning conclusion *B  for FMP-DM 
can be described as follows. 


s

l

l
BB

1

**



 ,   for FMP-DM         (23) 

Where   is not max, but means the union of 
individual fuzzy sets obtained by fuzzy reasoning 
for FMP. Consequently, as defined in subsection 
3.2, the criterion function 

FRRPCF  for checking of 
the reductive property of fuzzy reasoning method is 
reflecting the degree of consistency between 
consequent B  and conclusion *B  by equation 
(23), which is based on the degree of consistency 
between the antecedent A  and the given premise 

*A  for FMP. Therefore it can be reasonable to 
consider the degree of consistency between 
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conclusion *B  and consequent B  to evaluate the 
reductive property (or reducibility) of FMP with 
considering the degree of consistency between the 
antecedent A  and the given premise *A . For 
classical 2-valued logic, general modus ponens may 
be interpreted as if “ BisythenAisxif  ” and “

AA * ” then “ BB * ”. According to fuzzy logic, we 
hope to provide logical analysis for fuzzy modus 
ponens. Based on distance measure, FMP solution 
can be interpreted as if “ BisythenAisxif  ” and “

AtocloserisA* ” then “ BtocloserisB* ”. From the 
logical analysis of FMP solution, we can find that 
the conclusion *B  not only relates to *A  and “

BisythenAisxif  ”, but also relates to the distance 
measure of *A  and A . How to select ),( * BBDM  
to make the conclusion of fuzzy reasoning more 
reasonable? We hope that ),( * BBDM  is equal to 

),( * AADM . And this property is proper with respect 
to fuzzy reasoning. Our aim is to search the fuzzy 
sets *B  such that the distance measure ),( * BBDM  
should be fully supported by distance measure 

),( * AADM . That is, following equation should be 
satisfied. 

),(),( ** AADMBBDM  , for FMP     (24) 
There are a lot of fuzzy subsets on Y that satisfy 

the equation (1). We hope the fuzzy subset as the 
conclusion of fuzzy reasoning satisfying the 
reductive property to be selected as correctly as 
possible. 

Principle for Solving of FMP-DM Problem. 
The FMP-DM conclusion *B of equation (1) for a 
distance measure is the fuzzy subset of Y satisfying 
equation (24).  

According to this principle, theorem of FMP-DM 
is as follows. 

Theorem 3.1 Assume that distance measure is 

Euclidean metric, then the FMP-DM solution of the 

equation (1) satisfying the equation (24) is 

described as follows. 

















5Case)),,(..(
4Case)),,(1(
3and2,1,Case)),,((

*

*

*

*

ifBBDMBtsf

ifBBDMBf

ifBBDMBf

B
  (25) 

, where f  is standardization operator. Therefore 

there is no information loss of the fuzzy reasoning 

processing by f . 
Proof. 

(ⅰ) Let’s consider for Case 1, Case 2, and Case 
3. For FMP-DM it is evident that if ΦAAl *  
then 0* B . When ΦAAl *  then the fuzzy 
reasoning conclusion for FMP is obtained as 

follows. 

)/()~()/()~()/()~(
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l
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l
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l
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l
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l
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l

l








 
(ⅱ) Let us consider for Case 4. The proof of (

ⅱ) is similar to (ⅰ), so it is abbreviated. 
(ⅲ) Let us consider for Case 5. The proof of (

ⅲ) is also similar to (ⅰ), thus it is also abbreviated.  
Thus we have proved that fuzzy reasoning 

conclusion *B for FMP-DM obtained by the 
equation (25) satisfies the equation (24). The 
information loss is guaranteed by maximum 

l  and 
minimum 

l  of quasi-reasoning result 
lB

~  in 
above equation for FMP. □  

Proposed fuzzy reasoning method FMP-DM is 
as follows. 
Step 1; Compute difference vector between the 

antecedent A  and the given premises *
lA  

according to (16). 
Step 2; Compute the sign vector is defined by 

formP )1,0,1(   and formP )1,1(   according 
to the equation (17), (18). 

Step 3; Compute the distance measure ),( * AADM l
 

between the antecedent fuzzy set A  and the 
given premise *

lA  according to (19). 
Step 4; Compute maximum and minimum for 

quasi-fuzzy reasoning result 
lB

~  for FMP 
according to the equation (20). 

Step 5; Compute the quasi-fuzzy reasoning result 
lB

~  according to the equation (21). 
Step 6; Obtain fuzzy reasoning conclusion result for 

solving FMP according to the equation (22). 
Below an example for FMP-DM is shown. 

Example 3.3 Let us consider for FMP-DM in 
Class 1. According to distance measure for FMP, 
FMP-DM can be obtained as the equation (22). For 
the antecedent  0,0,0,3.0,1A , the consequent 

 1,3.0,0,0,0B , for four Cases, fuzzy reasoning 
results are as follows. In Case 1, the given premise 
is AA * , distance measure DM  is calculated as 
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0DM , quasi-reasoning result B
~  for FMP-DM is 

calculated as  13.0,0,0,0~
B , since 

  BBB  1,3.0,0,0,0~* , therefore the reductive 
property is 100(%). In Case 2, 3, and 4, the 
reductive property is calculated as 91.16(%), 92.83 
(%), and 68.25(%), respectively. Thus total 
reductive property criterion function value for 
FMP-DM presented in this paper is obtained as 

DMFMPRPCF 
=87.7285 (%). 

Example 3.4 Let us consider another example for 
FMP-DM in Class 1. For example, let the fuzzy rule 
is “if x is A then y is B”, consequent B=[0.2 0.4 0.5 
0.7, 1], the quasi-reasoning result β = B, ξ = 1 and η 
= 0.2 when the premise is “x is A”. It’s obviously 
that the reasoning result *B  is not equal to B . A 
lot of detailed calculations are carried out in this 
article, but full text entirely based on two examples 
in reference paper. 

 
3.4 New Fuzzy Reasoning Method For FMT 
The news in this subsection are as follows; ① 
according to definition of difference vector, discrete 
sign vector, Euclidian distance measure, quasi-fuzzy 
reasoning result, maximum and minimum of the 
quasi-fuzzy reasoning result, the fuzzy reasoning 
conclusion result for solving FMT based on distance 
measure is proposed, ②  on the basis of new 
principle for solving of FMT-DM problem, new 
theorem for FMT-DM solution is proposed. In this 
subsection we define several concepts and equation 
about new FMT-DM based on DM in [24]. 

Definition 3.14 Let the antecedent B  and the 
given premises *

lB  for FMT be their discrete vector 
]...,,...,,,[ 21 rk bbbbB  , and ]...,,...,,,[ ***

2
*
1

*
rlkllll bbbbB 

, )...,,2,1( rk  , respectively. Where kb , and *
klb  are 

individual elements of B  and *

l
B , which are 

membership values in its fuzzy set, respectively. For 
FMT the individual elements 

kl  of difference 
vector ],,,,,,[ 21 rlkllll    are defined 
as follows. 

 
kklkl bb  * , for FMT            (26) 

Definition 3.15 Let a discrete sign vector be 
),,2,1(],,,,,,[ 21 slppppp rlkllll   . Then 

element klp  of the sign vector is defined by two 
ways, i.e., formP )1,0,1(   and formP )1,1(  , 
for FMT, as following equations, respectively. 

formP )1,0,1(   















0,1
0,0
0,1

)(
kl

kl

kl

klkl signP








 (27) 

formP )1,1(    







 0,1

0,1)(
kl

kl
klkl signP




  (28) 

Definition 3.16 (See [21,22]) For FMT, the 
distance measure ),( *

BBDM
l

 between the antecedent 
fuzzy set B  and the given premise *

lB  by using 
Euclidian distance measure is defined as follows, 
according to the paper [21,22]. 

 
2/1

1

2** /),( 







 



rbbBBDM
r

k

kkll
, for FMT    (29) 

Definition 3.17 The quasi-fuzzy reasoning result 

lA
~  for FMT can be defined as follows. 

















01Case,),(..
9Case,),(
8and7,6,Case,),(1

~
*

*

*

ifPBBDMAts

ifPBBDMA

ifPBBDMA

A

ll

ll

ll

l

 (30) 

Definition 3.18 The maximum 
l  and minimum 

l  of the quasi-fuzzy approximate reasoning result 

lA
~  are defined as follows, respectively. 

l
rk

l A
~max

1 
 ,   

l
rk

l A
~min

1 
  for FMT     (31) 

Definition 3.19 The fuzzy reasoning results for 
solving of fuzzy modus tollens based on DM is 
defined as equation (32). 

(FMT-DM)   
ll

ll
l

A
A










~
*           (32) 

Where sl ,,2,1   is index of the given 
premises *

lB  for FMT, that is, *
lA  is fuzzy 

reasoning conclusion by the lth given premise *
lB  

for FMT. And )(YFΦ  is an empty set for FMT, 
also Y  is universe of discourse, and Yy , 

)(YFB . Here, 
ll BB

~,* , and B  are the fuzzy sets in 
)(YF . The equation (32) is a standardization 

expression of the quasi-fuzzy reasoning result 
lA

~  
for FMT. The proposed method expressed by 
equation (32) is called distance measure method of 
fuzzy reasoning for FMT with single input single 
output fuzzy system in this paper, for short 
FMT-DM. When combined *

lB  and *
lA , the fuzzy 

reasoning conclusion *A  for FMT can be described 
as follows. 


s

l

lAA
1

**



 ,   for FMT            (33) 

Where   is not max, means the union of 
individual fuzzy sets obtained by fuzzy reasoning 
for FMT. Consequently, as defined in subsection 
3.1, the criterion function 

FRRPCF  for checking of 
the reductive property of fuzzy reasoning method is 
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reflecting the degree of consistency between 
consequent A  and conclusion *A  by equation 
(32), which is based on the degree of consistency 
between the antecedent B  and the given premise 

*B  for FMT. Therefore it can be reasonable to 
consider the degree of consistency between the 
fuzzy reasoning conclusion *A  and consequent A  
to evaluate the reductive property (or reducibility) of 
FMT with considering the consistency between the 
antecedent B  and the given premise *B . For 
classical 2-valued logic, general modus ponens may 
be interpreted as if “ BisythenAisxif  ” and 

AA *  then BB * . According to fuzzy logic, we 
hope to provide logical analysis for fuzzy modus 
ponens. Based on distance measure, FMP solution 
can be interpreted as if “ BisythenAisxif  ” and 
“ AtocloserisA* ” then “ BtocloserisB* ”. From the 
logical analysis of FMP solution, we can find that 
the conclusion *B  not only relates to *A  and “

BisythenAisxif  ”, but also relates to the 
distance measure of *A  and A . How to select 

),( * BBDM  to make the conclusion of fuzzy 
reasoning more reasonable? We hope that 

),( * BBDM  is equal to ),( * AADM . And this 
property is proper with respect to fuzzy reasoning. 
Our aim is to search the fuzzy sets *B  such that 
the distance measure ),( * BBDM  should be fully 
supported by distance measure ),( * AADM . Let us 
consider FMT-DM. Here our aim is to search the 
fuzzy sets *A  such that the distance measure 

),( * AADM  obtained by the fuzzy reasoning 
conclusion and the consequent should be fully 
supported by distance measure ),( * BBDM  obtained 
by the given premise and the antecedent. That is, 
following equation for FMT should be satisfied. 

),(),( ** BBDMAADM    , for FMT     (34) 
There are a lot of fuzzy subsets on X that satisfy 

the equation (3). We try to select the fuzzy subset as 
the conclusion of fuzzy reasoning satisfying 
equation (34). 

Principle for solving of FMT-DM Problem. 
The FMT-DM conclusion *A  of the equation (3) 
for a distance measure is the fuzzy subset of X 
satisfying the equation (34).  

According to this principle, FMT-DM method is 
as follows. 

Theorem 3.2 Assume that distance measure is 

Euclidean metric, then the FMT-DM solution of the 

equation (3) satisfying the equation (34) is 

expressed as follows. Where f  is standardization 

operator. Hereby there is no information loss of the 

fuzzy reasoning processing by f . 

















01Case)),(..(
9Case)),,((
8and7,6,Case)),,((

*

*

*

*

ifAADMAtsf

ifAADMAf

ifAADMAf

A   (35) 

As known from the equation (25) and (35), FMT 
is opposite to FMP. So its proof is omitted here. 

Proposed fuzzy reasoning method FMT-DM is 
as follows. 
Step 1; Solve difference vector between the 

antecedent B  and the given premises *
lB  

according to the equation (26). 
Step 2; Solve the sign vector is defined by 

formP )1,0,1(   and formP )1,1(   according 
to the equation (27), (28). 

Step 3; Solve the distance measure ),( *
BBDM

l
 

between the antecedent fuzzy set B  and the 
given premise *

lB  according to (29). 
Step 4; Solve maximum and minimum for 

quasi-fuzzy reasoning result 
lA

~  according to 
the equation (30). 

Step 5; Solve the quasi-fuzzy reasoning result 
lA

~  
according to the equation (31). 

Step 6; Decide fuzzy reasoning conclusion result for 
solving FMT according to the equation (32). 

 
4 Checking of CRI, TIP, AARS, and 

Proposed DMM 
The most general forms of the CRI solutions of 
FMP and FMT are as equation (36) and (37). 
(FMP-CRI)  )))()(()(()( ** yBxAxAyB

Ux

 


  (36) 

(FMT-CRI) )))()(())(()( ** yBxAyBxA
Vy

 


 (37) 

FMP-CRI and FMT-CRI reductive properties 
based on equation (36) and (37) for Class 1 are 
shown in Table 2.  

The reductive property of FMP-CRI and by 
Łukasiewicz, Gödel, R0 and Gougen are more than 
FMT-CRI with respect to [2], respectively. 

The general forms of the TIP are as follows. [26] 
(FMP-TIP) )))()(()(()( ** yBxAxAyB

Ux

 


 (38) 

(FMT-TIP) )))())()((()( ** yByBxAxA
Vy

 


 (39) 

 

Table 2 FMP-CRI and FMT-CRI reductive property in Class 1 
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FMP-CRI 
Premise )(* xA  

FMP-CRI-Conclusion )(* yB  and Reductive Property 
FMP- CRI -Łukasiewicz FMP- CRI -Gödel 

[1, 0.3, 0, 0, 0] [0, 0, 0, 0.3, 1] 100 % [0, 0, 0, 0.3, 1] 100% 
[1, 0.09, 0, 0, 0] [0, 0, 0, 0.3, 1] 95.8 % [0, 0, 0, 0.3, 1] 95.80% 
[1, 0.548, 0, 0, 0] [0.248, 0.248, 0.248, 0.548, 1] 85.14 % [0, 0, 0, 0.548, 1] 100% 
[0, 0.7, 1, 1, 1] [1, 1, 1, 1, 1] 74.00 % [1, 1, 1, 1, 1] 74.00 % 

ICRIFMPRPCF 
 88.73 % 92.45 % 

FMT-CRI  
Premise )(* yB  

FMT-CRI-Conclusion )(* xA  and Reductive Property 
FMT-CRI-Łukasiewicz FMT-CRI-Gödel 

[1, 1, 1, 0.7, 0] [1, 1, 1, 1, 1] 74.00 % [1, 1, 1, 1, 1] 74.00 % 

[1, 1, 1, 0.91, 0] [1, 1, 1, 1, 1] 78.20 % [1, 1, 1, 1, 1] 78.20% 

[1, 1, 1, 0.452, 0] [1, 1, 1, 1, 1] 69.05 % [1, 1, 1, 1, 1] 69.05 % 

[0, 0, 0, 0.3, 1] [1, 1, 1, 1, 1] 26.00 % [1, 1, 1, 1, 1] 26.00 % 

ICRIFMTRPCF 
 61.81 % 61.81 % 

      FMP-CRI  
Premise )(* xA  

FMP-CRI-Conclusion )(* yB  and Reductive Property 
FMP- CRI -R0 FMP- CRI -Gougen 

[1, 0.3, 0, 0, 0] [0, 0, 0, 0.3, 1] 100 % [0, 0, 0, 0.3, 1] 100 % 
[1, 0.09, 0, 0, 0] [0, 0, 0, 0.3, 1] 95.80 % [0, 0, 0, 0.3, 1] 95.80% 
[1, 0.548, 0, 0, 0] [0.548,0.548,0.548,0.548,1] 67.14 % [0, 0, 0, 0.548,1] 100% 
[0, 0.7, 1, 1, 1] [1, 1, 1, 1, 1] 74.00 % [1, 1, 1, 1, 1] 74.00% 

ICRIFMPRPCF 
 84.23 % 92.45 % 

FMT-CRI  
Premise )(* yB  

FMT-CRI-Conclusion )(* xA  and Reductive Property 
FMT-CRI-R0 FMT-CRI-Gougen 

[1, 1, 1, 0.7, 0] [1, 1, 1, 1, 1] 74.00 % [1, 1, 1, 1, 1] 74.00 % 

[1, 1, 1, 0.91, 0] [1, 1, 1, 1, 1] 78.20 % [1, 1, 1, 1, 1] 78.20 % 

[1, 1, 1, 0.452, 0] [1, 1, 1, 1, 1] 69.05 % [1, 1, 1, 1, 1] 69.05% 

[0, 0, 0, 0.3, 1] [1, 1, 1, 1, 1] 26.00 % [1, 1, 1, 1, 1] 26.00 %   

ICRIFMTRPCF 
 61.81 % 61.81 % 

In equation (38) and (39),   is implication by 
equation (5)-(8),   is its corresponding t-norm, 
and 

YyXx 
 ,  are maximum operator and minimum 

operator with respect to Xx  , Yy  , respectively. 

FMP-TIP and FMT-TIP Reductive property in Class 
1 is shown in Table 3. 

Table 3 FMP-TIP and FMT-TIP 
Reductive property in Class 1 

FMP-TIP-Łukasiewicz 88.73 % 
FMP-TIP-Göde l 92.45 % 
FMP-TIP-R0 84.23 % 
FMP-TIP-Gougen 92.45 % 
FMT-TIP-Łukasiewicz 44.69 % 
FMT-TIP-Gödel  44.69 % 
FMT-TIP-R0 44.69 % 
FMT-TIP-Gougen 44.69 % 

From the experimental result we know that the 
reductive property of FMT-TIP by Gödel and 
Gougen are more than Łukasiewicz and R0, the 
reductive property of FMT-TIP is equal to all. 

Next, we check the reductive property of 
Approximate Analogical Reasoning Schema 
(AARS). The AARS modifies the consequent based 
on the similarity (closeness) between the given 
premise *

A  and the antecedent A . In [22], 
distance measures (DM) for FMP (resp. FMT) is as 
follows. 

  
2/1

1

2*
2 /)()(),( * 








 



nxxAADDM
n

i

iAiA


     (40) 

 
2/1

1

2*
2 /)()(),( * 








 



nyyBBDDM
n

i

iBiB


    (41) 

The similarity by DM is then defined as follows. 
1)1(  DMSAARS
           (42) 

If the rule is fired, then the consequent is 
modified by a modification function which could 
appear in one of the two forms for FMP and FMT 
i.e. more or less form and, fuzzy membership value 
reduction form, for short, reduction form, according 
to [22], respectively. 

(FMP-AARS-more or less form) 
 AARSSBB /,1min*             (43) 

(FMT-AARS-more or less form) 
 AARSSAA /,1min*             (44) 

(FMP-AARS-reduction form) 
AARSSBB *             (45) 

(FMT-AARS-reduction form)  
AARSSAA *             (46) 

In equation (43)-(46) AARSS  is similarity by 
equation (42), min  is minimum, and   is 
algebraic product, respectively. 

The reductive property of FMP-AARS and 
FMT-AARS shown in Table 4 are less than 
FMP-CRI and FMT-CRI with respect to [2], 
respectively. 

Table 4 FMP-AARS and FMT-AARS in Class 1 
formlessormoreAARSFMP   77.10(%) 
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formreductionAARSFMP   76.43(%) 
formlessormoreAARSFMT   37.14 % 

formreductionAARSFMT   39.20 % 

Next, FMP-DM and FMT-DM reductive 
properties are shown in Table 5. When compared 
with Table 2, FMP-DM and FMT-DM reductive 
property are more than FMP-CRI and FMT-CRI, 
respectively. 

Table 5 FMP-DM and FMT-DM in Class 1 
formpDMFMP )1,0,1(   88.06 (%) 

formpDMFMP )1,1(   87.64 (%) 
formpDMFMT )1,0,1(   88.06 (%) 

formpDMFMT )1,1(   92.98 (%) 

Next, 13 methods are compared for FMP and 
FMT. (Table 6) From Table 6, in this paper, the 
reductive properties about TIP, CRI, and AARS are 
improved by our proposed DMM. From the 
experiment results, the reductive property ranking 
of the fuzzy reasoning methods in Class 1 are as 
follows; DMM, CRI, TIP, and AARS, respectively. 
Next, we compare and analyze about CRI, TIP, 
AARS and proposed method for Class 2. 

Table 6 Comparisons of CRI, TIP, AARS DMM in Class 1 
Fuzzy Reasoning Method FRRPCF  

proposed 
DMM 

formP )1,0,1(   88.060 % 
formP )1,1(   90.310 % 

CRI 

Gödel; G 77.131 % 
Gougen; Go 77.131 % 
Łukasiewicz; L 75.273 % 
R0 73.023 % 
Zadeh; Rz 70.098 % 

TIP 

Gödel; G 68.570 % 
Gougen; Go 68.570 % 
Łukasiewicz 66.711 % 
R0 64.461 % 

AARS reduction form 57.818 % 
more or less form 57.121 % 

The reductive properties of four fuzzy reasoning 
methods for Class 2 are shown in Table 7.  

Table 7 Comparisons of CRI, TIP, AARS DMM in Class 2 
Fuzzy Reasoning Method FRRPCF  

CRI 

Rz 77.83 % 
Łukasiewicz 77.83 % 
Gödel 86.38 % 
R0 77.83 % 

 Gougen 86.38 % 

TIP 

Łukasiewicz 62.01 % 
Gödel 62.08 % 
R0 57.95 % 
Gougen 62.08 % 

AARS more or less 56.59 % 
Reduction 57.25 % 

Proposed 
DMM 

formP )1,0,1(   95.02 % 
formP )1,1(   91.55 % 

In Table 7, the given premises of fuzzy rule (1) 
are ]0,0,0,2.0,1[..*  AtsA , ]1,2.0,0,0,0[..*  BtsB . 
From Table 7, we can see that, the best is our 
proposed method, next best CRI, TIP, and the 

lowest AARS in Class 2, this result is similar as in 
Class 1. The reductive properties of the 4 fuzzy 
reasoning methods are comprehensively shown in 
Table 8. 

Table 8 The comprehensive reductive properties of 
the 4 fuzzy reasoning methods for Class 1 and 2 

Method DMM CRI TIP AARS 
FMP (%) 92.430 87.719 92.458 86.700 
FMT (%) 92.428 69.555 35.195 27.663 

Average (%) 92.429 78.637 63.827 57.182 

Through the experiments we have obtained that 
proposed FMP-DM and FMT-DM methods are in 
accordance with human thinking. 
 

5 Comparison with Respect to Fuzzy 

Control 
In this section we compare with [17]’s fuzzy 
reasoning method based on fuzzy relation and our 
proposed method based on distance measure with 
respect to fuzzy control. Let us consider [16]’s 
method and [32]’s CRI by the equation (1), (2). 
According to [16] fuzzy reasoning style is based on 
the idea converting the fuzzy conditional sentence 
of 《 BisythenAisxif 　 》 to the fuzzy relation 
for FMP and FMT. That is,  

》) (》《》《 Risyx,BisyAisx √   (47) 
In fuzzy control, 2 antecedents are usually used 

as follows. 
》《》《》《 2211 BisyAisxandAisx    (48) 

Equation (48) is divided as equation (49). 

》) (》《》

》) (》《》《

222

111

Risy,xBisyAisx
and

Risy,xBisyAisx

√

√





《

 (49) 

By expressing like this, we can consider ),( yx  
to the names of objects, R  is the predicate, and 
this is a Theorem. Denoting fuzzy rule 《

BisythenAisxif 　 》  as BA , then fuzzy 
relation BA  is defined as fuzzy implication 

)()(),( vuvu BABA   . At this time, R may be 
changed according to what implication BA  is 
used. They are as follows. 

),/())(1()()([
))1(()(m

 uuvu

VABAR

A

VU

BA 








    (50) 
),/())]()(1(1[ vuvuBAR

VU

BAa 


 

      (51) 
),/()()(c  uvuBAR

VU

BA




        (52) 





VU

BAp uuBAR ),/()()( 

        (53) 
Using fuzzy relation R R Rc m a, ,  instead of 

BA , conclusion B  is obtained by FMP-CRI. 
In the same way, conclusion 

*A  is obtained by 
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FMT-CRI. There are sg RR ,  methods beside 
fuzzy relation R R Rc m a, , . In [16] they are as 
follows. 

ν)/(u,(v)μ(u)μBUVAR
VU

BsAss 




    (54) 








 )()(,0

)()(,1)()( s vuif

vuif
vu

BA

BA
BA 




  (55) 
ν)/(u,(v)μ(u)μBUVAR

VU

BgAgg 




   (56) 










)()(),(
)()(,1

)()( g vuifv

vuif
vu

BAB

BA

BA





     (57) 

By combining fuzzy relation sR  and gR , 

four fuzzy relations are obtained. And by 
introducing the accommodation in multi-value 
logic, several fuzzy relations are obtained. The 
several fuzzy reasoning results calculated for FMP 
and FMT presented in [17] are shown in Table 9 
and 10, respectively. By the same way in different 
cases fuzzy reasoning results and reductive 
property criterion functions are calculated 
according to proposed DMM. Total calculated 
results are shown in Table 11 for FMP and FMT. 
Comparison of [13,17]’s and DMM is shown in 
Table 12. 

Table 9 FMP reasoning results by different fuzzy relation ([See 16,17]) 
Fuzzy reasoning A very A more or less A not A 

mR  [32] B2
1  

B )15(2
1  

B )53(2
1  1 

aR  [32] )1(2
1

B  )4523(2
1

BB    1452
1  B  1 

cR  [13] B  B  B  
B2

1  

sR , gR  [17] B  2
B  5.0

B  1 

sgR , ssR
gsR , ggR  [17] B  2

B  5.0
B  B1  

Table 10 FMT reasoning results by different fuzzy relation ([See 16,17]) 

Fuzzy reasoning not B not very B not more or less B B 

mR  [32] 
A5.0    AA   )15(2

1  )1()53(2
1

A  
AA    

aR  [32] A2
11  )4121(2

1
AA    )413(2

1
A  1 

cR  [13] A5.0  
A )15(2

1  
A )53(2

1  A  

sR  [17] A1  21 A  5.01 A  1 

gR  [17] 
A5.0  )1()15( 2

2
1

A  )1()53( 5.0
2
1

A  1 

sgR  [17] 
A1  21 A  5.01 A  A5.0  

ggR  [17] 
A5.0  )1()15( 2

2
1

A  )1()53( 5.0
2
1

A  A5.0  

gsR  [17] 
A5.0  )1()15( 2

2
1

A  )1()15( 2
2
1

A  A  

ssR  [17] A1  21 A  5.01 A  A  

Table 11 Proposed FMP-DM and FMT-DM Reductive Property for [17]’s problem 
Antecedent; A=[0, 0.25, 0.5, 0.75, 1] Consequent; B=[0, 0.25, 0.5, 0.75, 1] 

The given premise; )(* xA  Conclusion; )(* yB =? RPCF 
][largeA   *A [0, 0.250, 0.500, 0.750, 1] *B [0, 0.250, 0.500, 0.750, 1] 100 % 

2][largeAvery   *A [0, 0.063, 0.250, 0.563, 1] *B [0, 0.087, 0.337, 0.587, 1] 97.28 % 
2
1

][largeAlessormore   *A [0, 0.500, 0.707, 0.866, 1] *B [0, 0.404, 0.654, 0.904, 1] 96.26 % 
][1 largeAnot   *A [1, 0.750, 0.500, 0.250, 0] *B [0.727, 1, 0.500, 0, 0.273] 79.06 % 

RPCF-FMP-DM-average  93.15% 

Fuzzy Rule Antecedent; 1-B=[1, 0.750, 0.500, 0.250, 0]  Consequent; 1-A=[1, 0.75, 0.5, 0.25, 0] 
The Given Premise; )(* yB  Conclusion; )(* xA ? RPCF 

][1 largeBnot   *B [1, 0.750, 0.500, 0.250, 0] *A [1, 0.750, 0.500, 0.250, 0] 100 % 
2][1 largeBverynot   *B [1, 0.938, 0.750, 0.438, 0] *A [1, 0.913, 0.663, 0.413, 0] 97.28 % 

2
1

][1 largeBlessormorenot 

 
*B [1, 0.500, 0.293, 0.134, 0] *A [1, 0.596, 0.346, 0.096, 0] 96.26 % 

][largeB   *B [0, 0.250, 0.500, 0.750, 1] *A [0.273, 0, 0.500, 1, 0.727] 79.06 % 
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RPCF-FMT-DM-average  93.15% 

Table 12 Comparison of [13,17]’s and proposed method 

No Fuzzy Reasoning Method Reductive Property 
For FMP 

Reductive Property 
For FMT 

Reductive 
Property 

Fuzzy Control 
Capability 

1 Mizumoto [17] ssR  100 % 100 % 100 % No 

2 Proposed DMM DMM 93.15% 93.15% 93.15% Yes  

3 Mizumoto [17] sgR  100 % 75% 87.5% No 

4 Mizumoto [17] sR  75% 75% 75% No 

5 Mizumoto [17] ggR  75% 0 % 37.5% No 

6 Mizumoto [17] gsR  75% 0 % 37.5% No 

7 Mizumoto [17] gR  50 % 0 % 25% No 

8 Mamdani [13] cR  25% 0 % 12.5% Yes 

Next let us about the fuzzy control based on 
different fuzzy reasoning methods. As shown in 
[33], the mathematical model of the control object is 
as follows.  

)(2),(20),exp()]1/(1[)( ssTsTSsG      (72) 
where target value is 40r , sampling time 
1t (s), error )(tyre  , change of error 

)()1( tytye  . The increment u  of fuzzy 
control obtained by fuzzy reasoning is calculated as 
follows. 

)()1()( kukuku            (73) 
where, parameter   is amplification 

coefficient, k  discrete time. Analysis for the 
reductive property of 14 fuzzy reasoning methods 
from [17] and proposed DMM can be summarized 
as follows. From Table 11 the reductive property of 
the fuzzy reasoning method ssR  (100%) is more 
than proposed DMM (93.15%). However the 

reductive property of 
sg

R , sR , ggR
, gsR , gR

, and 

cR  (87.5%, 75%, 37.5%, 37.5%, 25%, and 12.5%) 
are less than proposed DMM, respectively. And 
since the fuzzy reasoning methods mR , aR , #R , 

R , Ｖ
R , and *

R  do not satisfy the reductive 
property, which cannot be applied to the practical 
problems, for example fuzzy control. The reductive 
properties of fuzzy reasoning methods for 

cssgss
RRRR ,,, , and proposed DMM are shown in Fig. 

1. 

Fig. 1 The reductive properties of fuzzy reasoning 
methods for 

cssgss RRRR ,,,  and DMM 

According to the experimental result, proposed 
DMM, cR , mR , aR , and so on, can be applied to 
fuzzy control. Especially the fuzzy reasoning 
method cR  presented by E. H. Mamdani in [19] 
was widely used not only fuzzy control but also 
pattern recognition, expert system, modeling, 
predication, system analysis, diagnosis, retrieval 
system, learning system, and so on. As mentioned in 
[13-16], the fuzzy relation based reasoning methods 

ssR , 
sgR , sR , ggR , 

gsR , and gR  cannot be 
applied to fuzzy control. 

Those of reasons can be described as follows. 

Theorem 5.1. Fuzzy reasoning methods based 

on the fuzzy relation sR  and gR  do not satisfy the 

convergence of the fuzzy control. 
Proof.  
Let Uu 0  be crisp input information, )( 0' u

A
  

membership function fuzzificated by 0u . For every 
crisp information 0u , the fuzzy reasoning result by 

sR  and gR  are always obtained as 1 or 0 for sR , 

and 1 or )(B  for gR , that is, according to CRI 
[32], conclusions )(* 

B
 of fuzzy reasoning 

method sR  and gR  are calculated as follows, 
respectively. 


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, where )}()({ 0' uuh AAu
   is a degree of 

matching of the fuzzy rule. From the equation (74) 
and (75) we can know that when input information 

)( 0uA  is changed according to 0u  then )(* 
B

 
is not changed and fixed as crisp value 1 and 0, and 
fuzzy set )(B

, therefore the convergence of the 
fuzzy control cannot be guaranteed. □ 

As mentioned in [16,17] these are logical 
contradiction between the reductive property (i.e., 
human thinking) and the practical problem (e.g. 
fuzzy control).  

Theorem 5.2. Fuzzy reasoning methods based 

on the fuzzy relation ssR , 
sgR , sR , ggR , 

gsR , and 

gR  do not satisfy the convergence of the fuzzy 

control. 
Proof. 
From Theorem 5.1 we can easily know the 

convergence of the fuzzy control. When the fuzzy 
relation ssR , 

sgR , sR , ggR , 
gsR , and gR  are 

applied to fuzzy control, for different input 
information different reasoning results are not 
obtained, but same ones are calculated, respectively. 
That is, those have not their convergence. This is 
illustratively proofed by the extension of equation 
(74) and (75). □ 

Theorem 5.3. Fuzzy reasoning methods based 

on the fuzzy relation cR , mR , 
pR  and aR  do 

satisfy the convergence of the fuzzy control. 
Proof. 

For different input information, different 
reasoning results are obtained by cR , mR , 

pR  and 

aR . For simplicity let us consider only the fuzzy 
relation cR . For crisp information Uu 0 , let 

)}()({ 0' uuh
iAAu

i    be degree of matching of 

the ith rule, and ni ,,2,1   number of rules, 
then the individual fuzzy reasoning results by cR  
are as follows. 

)()()}()({
)]}()([)({)(

0

0

'

'*





iii

iii

BiB
c

AAu

B
c

AAuB

huu

uu




(76) 

The final fuzzy reasoning result )(* 
B

 by 
fuzzy relation cR  is calculated as follows. 


n

i

BiB i
h

1

)}({)(*



             (77) 

From equation (77), we can see that when degree 
of matching ih  is changed then )(* 

B
is also 

changed according to ih , therefore the fuzzy 
reasoning by Mamdani’s cR  [13] does satisfy the 

convergence of the fuzzy control. □ 
Theorem 5.4. Proposed method DMM does 

satisfy the convergence of the fuzzy control and has 

not information loss with respect to [2, 33]. 
Proof. 

For different input information, different 
reasoning results are obtained by proposed method 
DMM. From Definition 3.10, for every crisp input 
information Uu 0 , Euclidian distance measures 

))(),(( 0 uAuADM i
 between the given premise and ith 

rule are not equal to. That is, 

))(),(())(),((
))(),(())(),((

00

00 21

uuDMuuDM

uuDMuuDM

ni AAAA

AAAA











  

(78) 
From the proposed method, Vv 0  satisfying 

following equation must be obtained. 
))(),(())(),(( 00 uuDMvvDM

ii
AABB

   (79) 
Our aim is to find 0v  satisfying the equation 

(73). Then Euclidian distance measures 
))(),(( 0 vvDM

i
BB

  between the fuzzy reasoning 
conclusion and the consequent of ith fuzzy rule are 
obtained as follows. 

))(),(())(),((
))(),(())(),((

00

00 2

vvDMvvDM

vvDMvvDM

ni

i

BBBB

BBBB













 
(80) 

Where Vv 0  is defuzzificated value of the 
fuzzy reasoning result. Thereby the fuzzy reasoning 
results are different. In other words for small input 
information, corresponding small reasoning results 
are obtained, whereas, for big input information, 
corresponding big reasoning results are obtained, 
which means that reasoning method has in itself 
convergence. Our method does satisfy the reductive 
property and can be applied to the fuzzy control and 
so on.  

Proposed method DMM has not information 
loss. Its reason is as follows. Let quasi-fuzzy 
reasoning result be 

i
B
~ , then following equation is 

satisfied. 
iAABB

PuuDMvv
iii




))(),(()()( 0~    (81) 
Thus the fuzzy reasoning result of ith rule is 

calculated as follows from Definition 3.13. 

ii

iB

B

v
i

i 









)(
)(

~

*

                (82) 
Where 

i
rk

i
B
~max

1 
  and 

irki
B
~min

1 
  are maximum and 

minimum of the quasi-fuzzy reasoning result, 
respectively. By these operations the information 
losses are overcame. Since the standardization 
operation is used in equation (82), thereby our 
proposed DMM has not any information loss. Final 
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crisp reasoning result 0v  mentioned in equation 
(79) and (80) is calculated as follows. 












n

i

ii

n

i

iii

vB

vvB

v

1

*

1

*

0

)(

)(
                (83) 

Where Vvv
i
,0 . From equation (77) we can see 

that 0v  has not the information loss. Thus the proof 
of this Theorem 5.4 is completed. □ 

From the theorem 5.1-5.4, we know that 
proposed method DMM and cR  by Mamdani have 

control capacity, whereas, sgR , sR , ggR
, gsR , gR

 
have not it. 
 
6 Conclusions 
This paper shows a basic and original fuzzy 
reasoning method that can draw a novel study 
direction of the approximate inference in fuzzy 
systems with uncertainty. Our research results can 
be summarized as follows. 

We first proposed reductive property criterion 
function for checking of the fuzzy reasoning result. 
And then, unlike well-known fuzzy reasoning 
methods based on the similarity measure, we 
proposed a principle of new fuzzy reasoning method 
based on distance measure, for short, DMM, and 
then presented two theorem for FMP and FMT. 

The CRI, TIP and AARS use not only linear 
operators but also nonlinear operators, thus they 
have the information loss in fuzzy reasoning. 
Otherwise our method uses linear operators, which 
has not the information loss in fuzzy reasoning, and 
is more than CRI, TIP and AARS with respect to the 
reductive property. We compared 13 fuzzy 
reasoning methods for FMP and FMT. 
Consequently our proposed DMM is illustratively 
better than AARS, TIP, and CRI with respect to the 
reductive property, and in accordance with human 
thinking. 

We discussed that fuzzy reasoning methods 

based on the fuzzy relation sR  and gR
 do not 

satisfy the convergence of the fuzzy control, 
whereas, fuzzy reasoning methods based on the 

fuzzy relation ssR , sgR , sR , ggR
, gsR , and gR

 
do not satisfy the convergence of the fuzzy control. 
And we fined that fuzzy reasoning methods based 

on the fuzzy relation cR , mR , pR  and aR  do 
satisfy the convergence of the fuzzy control. 

Consequently we pointed out conclusion that 
proposed method does satisfy the convergence of 
the fuzzy control and has not information loss. 
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