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Abstract: Multibond graph models has been introduced for the modelling of multibody systems for Breedveld and
Tiernego [2, 5]. However, these publised papers do not give general methodologies to obtain the mathematical
models. Hence, a junction structure of multibond graph models is proposed. In addition, the steady state response
of systems modelled by multibond graphs in a derivative causality assignment is obtained. An example applying

the propose methodology is solved.
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1 Introduction

By its nature a power conserving description of a sys-
tem, the bond graph method is especially practical
when several physical domains have to be modelled
within a system simultaneously, or when the physics
of domains other that one’s won specialty have to
be understood. This is certainly the case in robotics
where mechanic, hydraulic, pneumatic and electric
systems in several combinations are present [2].

Clearly, modelling of the 3D motion of multi-
body systems is essential in robotics as well as for
the analysis of vehicle dynamics in the automobile in-
dustry. There are numerous bond graph related pub-
lications in each of the two fields. The following pa-
pers are cited: in [2] a method to model mechanical
systems with multibond graphs is described In [3]
it presents a technique which produces explicit La-
grange or Hamilton equations for mechanism dynam-
ics suitable for computer solution.

A bond graph model is derived for the geomet-
ric constraints of a three-axis flight table in [4]. In
[5] it proposes the multibond graph notation in a con-
cise way to represent the behavior of energy, power,
entropy and other physical properties of macroscopic
multiport systems. In [6] describes the history of
the bond graph description of rigid body rotation dy-
namics and resolves a paradox that resulted from the
common Euler Junction Structure (EJS) description
of the exterior product in the Newton-Euler equa-
tion describing rigid body rotation. In [7] decompo-
sition rules are derived for multiport-transformers, -
resistors, -storage elements and -gyrators into 1- and
2-port elements, junctions and bonds.

The steady state response is an important char-
acteristic of a system, for example, some equipment
in electrical machines or in power electrical systems
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requires to know the steady state values for calibra-
tion. A procedure to determine the equilibrium state
of a bond graph model is proposed in [10]. The equi-
librium state of a system applying the bicausality to
a bond graph model is presented in [11]. The steady
state of a system with singular state matrix in the phys-
ical domain is proposed in [12].

In this paper, a junction structure of a multibond
graph model is proposed. The state equation by us-
ing this junction structure for multibody systems mod-
elled by multibond graphs is presented.

New results to determine structural properties for
multibody systems based on the proposed junction of
multibond graphs can be found.

Section 2 describes the typical modelling in bond
graph. The modelling of systems with multibond
graphs is developed in Section 3. The main result of
this paper (scheme of multibond graphs using blocks
and junction structure) is presented in this section.
The proposed methodology is applied to two exam-
ples in Section 4. Finally, Section 5 gives the conclu-
sions.

2 Modelling in Bond Graph

When two components are connected, power interac-
tions are always present. Because power could flow
in either direction, a sign convention for describing
the power variables is necessary . In the bond lan-
guage, the power variables are called effort e (¢) and
flow f (t). The power P (t) flowing into or out of a
port can be expressed as the product of an effort and
a flow variable. Fig 1 shows the graphical representa-
tion of a bond [8].
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Fig. 1: Power bond. A multiport element may store energy and conse-

quently be power discontinuous, or it may be power
continuous. Analogous to the storage of electrical en-
ergy and charge in an ideal electrical capacitor, the
energetic multiport element will be called multiport

The power variables for some physical systems
are indicated on table 1.

Table 1. Power variables.

System Effort (e) Flow (f) capacitor. Also, analogous to an isothermal electrical
. Force (F) Velocity () resistor, the isothermal entropic, non-energetic, power
Mechanical Torque (7) Ang. velocity (w) discontinuous (dissipation of free energy) multiport
Electrical Voltage (v) Current (7) element will be called multiport resistor. Power and
Hydraulic Pressure (P) | Volume flow rate (Q) flow discontinuous multiport element is called multi-
port source, which is a collection of 1-port sources.
Also, bond graph has energy variables called mo- According to the current bond graph terminology, all
mentum p (¢) and displacement ¢ (¢). The momentum non-energetic, power continuous, non-entropic mul-
is defined as the time integral of an effort and the dis- tiport elements belong to a multiport element called
placement is the time integral of a flow variable. generalized junction structure [2, 5].
At each port, both an effort and a flow exist, if
one of the effort or flow variable is an input, the other Efforts e (t) and flows i (t) in a multibond graph
will be the output, the relationship is called causality. are usually written above or below, to the left or to
Hence, effort and flow are in opposite directions. The right of the corresponding multibond respectively, Al-
causal stroke is represented by a short and perpendic- though this representation has been called a vector
ular line made at one end of a bond and the causal bond notation it is not a vector but merely a compo-
stroke indicate the direction in which the effort signal sition of the three bonds, corresponding to the three
is directed which is shown in Fig. 2 [8]. perpendicular axes, in one multibond. The equivalent
bond graph representations as shown in Fig. 3 [2, 5].
e(t)
—
«— —
I :
e L —
. B —_— = £
Fig. 2: Causal bond. f .
-]
f H

Also, the sources, dissipation and storage ele-
ments can be modelled in bond graph and table 2 gives (a) (b)
these elements with causal relations.

Table 2. Causal forms for 1-ports. Fig. 3: Bonds; (a) Single bond; (b) Multibond.

Element Causal Causal
Form Relation
Effort MSe e(t)=E(1) The powerflow is now defined as P = e’ f,
Souree where e’ is the transpose of the column vector
Flow _
cource MSf ——-> JO=F(t)
Resistance R— e= QRI(J() e® 1
Rbk—— f=Dr(e) e=|¢€ | ad f= | fY
T eZ fZ
Capacitance c— e=dx (| fdi)
Ch——  f=ddefe)/dt
Inertance | — £ @1_}[ edi)
| e—d @1@ s A simple multibond graph indicating the variables

is shown in Fig. 4 [5].
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Fig. 4: Multibond graph with efforts and flows.

Multibond graph notation for single port elements
(MS., MSy, I, C, R)is shown in Fig. 5.

:f'R
MSe ———1I

:f”
MSfl:ﬂ

':J'C

Fig. 5: Multibond graph elements.

A special emphasis to consider multiport gyrators
is done in this paper whose constitutive relation for a
multiport gyrator shown in Fig. 6 is [5]

J2 Woz

M3
W/1\M1 ﬁ\ls

T MGeY~— 11

MGY MGY
/ \ / \J1 Wi
1

J3 Wos

——— MGY :X(JWb)
MzJ:Wz [

(a) (b)

Fig. 6: Eulerian junction structure.

M
M = My | =X (Jwp) w
L M3
0 J3wpz  —Jawp2 w1
= —J3wp3 0 Jiwpy wa
Jowpy  —Jrwp 0 w3

where wy = [ Wyl  Wpo  Wp3 ]T is constant.

A multibond graph can be organized into inter-
connected blocks (modulated sources, storage block,
dissipation block, junction structure). Hence, a
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scheme of a multiport system represented by a multi-
bond graph in a predefined integral causality assign-
ment and key vectors is shown in Fig. 7

Modulated Sources
MSe, MST

{}g
Junction Structure <

0,1, MTF — R

Storage

.4
I | —
¢ F—=

AN JL
Igy
Ogy

Gyrator

GY

Dissipation

Fig. 7: Junction structure and key vectors of a multi-
bond graph.

In Fig. 7, (M Se, M S f> represents the effort and

flow modulated multiport sources, storage block for
linear multiport elements is (C, IT), dissipation block
for linear multiport resistors is R and (0,1, MTF)
are the 0 and 1 junctions and M T'F' denotes the mul-
tiport transformers; the multiport gyrators are defined
by GY. The energy variables p and ¢ are associated
with 11 and C multiport elements in iﬁtegral causality
assignment that represent the states variables x € R,
2z € RZis the co-energy vector; u € R denotes the
plant inputs; Igy € % and Ogy € R? are the inputs
and outputs of the multiport gyrators, and D;,, € RT
and D,,; € R denote the relation between the dissi-
pation multiport and the junction structure.

The mathematical model of a multibody system
based on a multibond graph is determined by the
junction structure

o 11 12 11 11 z
. e T I O o
Igy | = SH Sg S13 Si3 Dout

ou
Diy So1 S31 S22 S U

(1)
the entries of S take values inside the set
{0,£I, +K;} where K, is the transformer module
and the constitutive relations for the multiport ele-
ments are

z = Fz )
Ocy = Xayvlgy 3)
Dout — LDm (4)

From the second and third lines of (1) with (3)
and (4)

-1
Igy = (I-SHXay)  (Silz+ SHLDsy, + STiu)
)
Din = (I—SpL) ™' (Shlz + SEXey Iy + Sazu)
(6)
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The solution of (5) and (6) are

Ioy = (I—S2Xgy — SAMSEXqy ) [(S2+
STaMS51) z + (ST3 + STaMSa3) u] (1)
Dy = (I—SgL —SEMxSHL) ™ [(Shi+
S3MxST}) z + (S23 + S3TMLST}) ()
where

L(I—Sy»L)™!
-1
Xeoy (I-SHEXay)

My,
Mx

(©))
(10)

By substituting (7) and (8) into the first line (1)
with (3) and (4)

z = Suz+SHu+S2Qx [(ST+
STIMS31) z + (ST5 + STIMSa3) u] +
S13Qr [(S31 + S3iMxST) z + (Sas+

SHTMxS3}) u] (11)

where
Qx = Xoy [I-(S%+SHUM,SE) Xay|12)
Qr = L[I—(Suu+SEMySH)L] " (13)

from (11) and (2), an equation state of a system mod-
elled by multibond graphs is defined by

= Az + Bu (14)

Be

where
A = [S]]+S1iQx (ST +STMSh}) +
S15Qr (S51 + S5 MxSi)| F (15)
B = Sli+SIQx (S7}+S?M.Sy)
+S13Q1 (Sa3 + SMxS?}) (16)

In the next section, the steady state response for
systems modelled by multibond graphs is presented.

4 Steady State Response

When the dynamic period of a stable system has fin-
ished, the steady state response can be obtained. In
order to obtain the steady state of a system, a deriva-
tive causality for the storage elements of a multibond
graph is assigned (MBGD) which is shown in Fig. 8.
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Modulated Sources

MSe, MSt
{}u
Storage 3_( - — Dout o
1 :> unction Structure < issipation
- 0,1, MTF ] R
C Din
lgy
Ogy
Gyrator
GY

Fig. 8: Multibond graph in derivative causality as-
signment.

The main result of this paper is introduced in the
following lemma.

Lemma 2.

Consider a multibond graph in a derivative
causality assignment whose scheme is shown in Fig.
8, where the junction structure is given by

z I I o,
IG;Y - J11 J11 J12 J13 Dd
% o1 I3 Joo T Z“t
-~
with
Dd, = L'D§ (18)
Ofy = X&yIdy (19)

the steady state response for the state variables is
defined by
(20)

*
Tss = B ugs

where

B*=F ' (J{} + J{iP,Ixp + J3PLIE) (2D

being
Jxp = I+ JNLJas (22)
Jip = Jas+J3INxJI3; (23)
and
N, = Li(1- J22Ld>_1 (24)
Nx = Xy (I —J%%Xdcy>_l (25)
Pr = LY(1-dplf - SBNGIHLY) T (26)
Py = Xby (1-33XE, —IUNLIEXE, ) (27)

Proof. From the third line of (17) with (18) and (19)

-1
% = (I — JQQLd) (J%Q + J2112XdGYIUClT'7Y + J23Q>

(28)
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form the second line of (17) with (18) and (19)

iy = (1- 380
(29)
by solving (28) and (29)

-1
Di, = (T-JoL? - IENXIHLY) [(3h+

VNI &+ (Jos + TN JIZL) } (30)

gy = (1-IBXdy —IBNLIEXL,) (0%
IRNLI) &+ (O + INLIz) ] (B1)
from the first line of (17) with (30) and (31)

1
Xy (1- I8Xy - FANLIEXE, )

z =

NG £ (08 TN) o] 3 g

+Jilpd (1 — JpL? — JI2N 3211 ) (T4
u

JENXIH) 2+ (Jos + J5INxI? )7] + Jidu (32)

from (26), (27) and (32)

[J11 + J17Px (I5] + ITNLI5) +

JUP, (I + IRNY I 2+ [T
+I2Py (324 JUNJos) + IP,

(Jo3 + I3 NxJIT3) | u (33)

g:

then (33) can be written by
z=A"L+Bu (34)

where

FA* =
FB* =

JI+IBEPxIxa +J1APLI A
Jl +J PXJXB +J£PLJLB

bemg Jxa = L+ JUANLIM and I = I+
JI2NxJ3 with JXB and J;p defined by (22) and
(23), respectively. Now, (34) is re-written by

— (A*)—l o (A*)—l B*Q

B e

(35)

by comparing (14) with (35), the relationships be-

tween MBGI and MBGD are
A = A! (36)
B* —~A"'B (37)

for the steady state response & = 0 and using (14)

zss = —A ' Bu (38)

and from (37) and (38), equation (20) is proved. MW
In the next section, the proposed methodology is
applied to an example.

E-ISSN: 2224-266X

—1 °
) (I + IHLDY, + Iu)

132

Gilberto Gonzalez-A,
Noe, Barrera, Gerardo Ayala, Erasmo Cadenas

5 Example

A three-phase electrical system formed by two
sources and a transmission line for each phase is
shown in Fig. 9.

Ra La

Vla

Fig. 9: Three-phase electrical system.

The corresponding multibond graph of the elec-
trical system is shown in Fig. 10.

MSe:V1abc 7:WF:P
o) P
0 TF——— MSe:V2abc
9 11H/
MS‘e:V1dq0 0
1 12

'
I'Labc ———— 1 —2— 0 1=2= MSe:V2dq0

71N

14
P .TF——Msf |[°

15][ Idg0

Df:labc

R:Rabc

GY:X(-WL)

Fig. 10: MBGI of the electrical system.

The key vectors of the multibond graph are

z = py&=e3 2= f3; Din = f1; Dout = €1
T
loy =[5 OGY:%M:[Q e |
and the constitutive relations are
F = diag{Re, Re, R} =R, 39)
L = diag{Le, L¢, L.} = L. (40)
0 wL, O
Xgy = X(—wL)= | wly 0 0 |41
0 0O O

The junction structure of this multibond graph in
an integral causality assignment is

f3
e3 0 -I -I I -I es
fs1=11T 0 0 0 0 ey | (42)
1 I 0 0 0 0 e
N e
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From (14), (15), (16) with (39) to (42), the state
equation of the electrical systems is

T=—[Re+X(~wl)L;' +e1—ex  (43)

The corresponding MBGD of the system is shown
in Fig. 11.

MSe:V1abc —Z—ATF:P

sﬂ/ P

. 10
0 TF———=MSe:VZabc
9 11[
MSe:V1dqo 0
1 12“

iy

I'Labc —=2— 0r==MSe:vV2dq0

3
% 4
T. 14 5
P TF= IMSf R:Rabc

s 1dq0
GY:X(-WL)

Df:labc

Fig. 11: MBGD of the electrical system.

The key vectors for the dissipation elements are
D, = e Doy = f
and the constitutive relation is
Li=diag {L;', L7 L7y = L7044

The junction structure of the MBGD is

873
f3 0 0 I 00 es
s l=10 0 100 fi | @5)
es -I -I 01ITI e
B e

From (20), (21) with (39), (39), (44) and (45)

B LGRE 7’ng
Rg+w22Lg R24+w?L2 0 ’U‘f—vg
—wL q_ 4
Tss = R§+ww2eLg Rgfjreffm 0 v(l) —v%
.0 0 Lo UL~
r (nd
(pg)ss
p3)
3 SSs
The numerical parameters of this system are:
R = 59, L. = 01H, F = ©60Hz,
200 cos (377t)
vibe = | 200cos (377t —120) | V and vt =

200 cos (377t + 120)
100 cos (377t)
100 cos (377t — 120)

100 cos (377t + 120)
The simulation results by using 20-SIM software

of the MBGI are shown in Figs. 12 and 13.

E-ISSN: 2224-266X 133

Gilberto Gonzalez-A,
Noe, Barrera, Gerardo Ayala, Erasmo Cadenas

0.4

+p; {V-s}
+p; {V-s}
p; {V-s}
0.2
0.04183
0 o e
0.2 PN
[ Y
T
i Ex " et P4
0.4 5‘ f kv 03191
i
¥
-0.6
-0.02 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

time {s}
Fig. 12: Response for p3.

By substituting the numerical values into (46)

s = | (p1),, | =] 004233 |V —s (47)
(19)., 0

It can be shown that the response obtained by (47)
is successful respect to the simulation results of Fig.
12.

The (a, b, ¢) components for the electrical current
by applying the Park s transformation is shown in Fig.
13.

10 -
15 {A}
. {A}
13 {A}
I3 {A}
5 1; {A}
15 {A}
AL A AN A A A AN
POV
IREa X X e
° feedlou b foedy )/\\/\\/'\ poms
/ \\ \ VY "/ \ ‘y/ / \ SV
\ VIVAVAVIVAVIVAVAVAVIVAVAV,
S U
-5|
-10
-0.02 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

time {s}
Fig. 13: Response for the (a, b.c) electrical current.

Finally, the analysis and methodologies devel-
oped for bond graphs using the junction structure can
be extended with this paper for multibond graphs.

6 Conclusions

A junction structure of multibond graphs has been
proposed. Hence, the mathematical model of multi-
body systems modelled by multibond graphs can be
obtained. In order to obtain the steady state response,
amultibond graph in a derivative causality assignment
is proposed. An example using the proposed method-
ology have been solved. The advantages for applying
multibond graphs respect bond graphs for multibody
systems are clear: short notation, compact junction
structure and mathematical model. Also, the proposed
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junction structure to determine characteristics (nonlin-
ear observability, controllability, stability, control de-
sign) in the physical domain can be the key for new
results.
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