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Plenary Lecture 1

On Ulam's Type Stability

wlll

Professor Janusz Brzdek
Pedagogical University of Cracow
Department of Mathematics
Krakoéw, Poland
E-mail: jbrzdek@up.krakow.pl

L

Abstract:

Cite often {e.g.. in applications) we have to do with functions that satisfy some equations only
approximately. There arises a natural guestion what errors we commit when we replace such
functions by the exact solutions to those equations. Some tools to evaluate them are provided
within the theory of the Ulam {also Hyers-Ulam) type stability.

The issue of Ulam’s type stability of (first, functional, but next also difference, differential and
integral) equations has been a very popular subject of investigations for the last nearly fifty vears
(see, e.g., |3, 8.0, 10]). The main motivation for it was given by 5.0, Ulam in 1940. The following
definition somehow describes the main ideas of such stability notion for equations in n variables
(R4 stands for the set of nonnegative reals).

Definition 1. Let A be o nonempty sef, (X, d) be o metric space, C C R_,_An be nonempty, T mop
Cinto Ry™, and Fu, Fo map a nonempty D C X4 into X AT We sy thot the equation
-Fl{:‘?{'rl:-“*rxﬂ}:'FZ{:D{II:-'“:-ITJ [”
is T stable provided for every £ € C and g € D with
d[,ﬂcpn{xl... . 11""],.}"2&,9.;.{11,...@“}] <e(T1,....Tn), Tl,...,Tn e A,

there is a solution @ € D of equation (1) such that d(p(z), po(x)) < Te(z) for z € A.

1.

The next two theorems contain examples of some resolts on stability of the additive Cauchy
equation (see |3|] and of a linear difference equation of higher order (see [7]).

Theorem 1. Let By and Es be two novmed spaces, ¢ 2 0 and p # 1 be fived real numbers, Let
I By — Es be such thai

If(x+y) — flz) = fll < clllell” + [ly]*). =y € E\ {0}
If p < 0, then f is additive (i.e.. flz+y) = flz)+ fly) for z,y € Ev). If p =2 0 and Es is
complete, then there s o unique additive T 1 By — Ey with
1) - T@) < . =B\ (0}
= Tor—1 _1 )

Theorem 2. Let T be either M or Z, X be o Banach spoce over F e {RB, C}, (by)net be 0 sequence
inX,.a,...;am e F. d =0 and ry,...,ry € T be the roots of the characteristic equation of the
difference equation

Tnim = G1Tntm—1 + - + GmTn + by, neT. (2]

ISBN: 978-1-61804-260-6 10
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Suppose that |ri| #1 fori=1,...,m and (Yn)ner & a sequence in X with
Un4m — M1 lnym—1 — -+ — miln — Ei‘ra” < 4, neT.

Then there exists a sequence (T )ger in X such that (2) holds and

g — @all < ° T
Un — Tn|| = : nel.
|1_ |II|| |1 _llrull
The lecture contains some basic motivations, definitions and results connected with the notion
of the Ulam ({but also the Hvers-Ulam) type stability. A general method will also be presented
tor investigations of that stability, e.g., of the following linear (difference, differential, functional)
equations of higher orders:
bnp(n+m) +bnpn+m—1)+---+bhpn+ 1)+ bop(n) = G(n),

bt ™ (2) 4+ b1 ™V (2) 4 - - + b (2) + Bow(z) = G(2),
Al FTTE - -1 - o) Al Y —
blrz-.—q " z))+ -Ff‘lrz—l\,ul.r..l}{Hrz |.r-,-,- + -+ bl\.ul.r.fl.r*-,'] aa h”:r"x‘-; - GI-.".II'
It works for analogons integral equations, as well, In many cases, functions satisfving such equations

approximately generate the exact solufions to them (see, e.g., |2]). That method can be described

in the ferms of fixed points in suitable function spaces {for related results see, eg., |1, 5, 6]). Some
examples of simple applications of it are provided.
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