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1 Introduction

The past few years the world experienced an eco-
nomic meltdown in part due to inappropriate manage-
ment of financial securities. A derivative financial se-
curity may be defined as a security whose value de-
pends on the value of other more basic underlying
variables which may be priced or traded securities,
prices of commodities or stock indices [5].
The Black-Scholes equation is a partial differential
equation that governs the value of financial deriva-
tives. Determining the value of derivatives had been
a problem in finance for almost 70 years since 1990.
In the early 70s, Black and Scholes made a pioneer-
ing contribution to finance by developing a Black-
Scholes equation under very restrictive assumptions
and the option valuation formula. Scholes obtained
a Nobel Prize for economics in 1997 for his contri-
bution (Black had passed on in 1995 and could not
receive the prize personally) [5].The widely used
one-dimensional model (one state variable plus time)
is described by the equation

ut +
1

2
A2x2uxx +Bxux − Cu = 0 (1)

with constant coefficients A, B and C. [2]

Lie group theory is applied in the mathematical
model of finance. In their work ([2]), Ibragimov and
Gazizov determined the complete symmetry analysis

of the one-dimensional Black-Scholes equation and
constructed invariant solutions for some examples. In
the present project we determine the same using Euler
formulas.

The one-dimensional Black-Scholes equation (1)
is transformed using the following change of vari-
ables.

ux =
∂u

∂x

xux =
∂u
∂x
x

=
∂u

∂ lnx

(2)

Let

r = lnx, then
∂r

∂x
=

1

x
∂x

∂r
= x

(3)

We therefore express

xux =
∂u

∂r
(4)
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Also,

uxx =
∂

∂x
(
∂u

∂x
)

x2uxx = x2
∂

∂x

(∂u
∂x

)
= x

{ ∂
∂x
x

(∂u
∂x

)}
= x

{ ∂

∂ lnx

(∂u
∂x

)}
= x

{ ∂

∂r

(∂u
∂x

)}
= x

{ ∂

∂r

(1
x

∂u

∂ lnx

)}
= x

{ ∂

∂r

(1
x

∂u

∂r

)}
= x

{
− 1

x2
∂r

∂x

∂u

∂r
+

1

x

∂2u

∂r2

}
= x

{
− 1

x

∂u

∂r
+

1

x

∂2u

∂r2

}
= −∂u

∂r
+
∂2u

∂r2

(5)

Therefore

xux = ur

x2uxx = urr − ur
(6)

where r is given by (3). We substitute for (8) in equa-
tion (1) and define

D = B − A2

2
,

then the Black-Scholes one dimensional equation
transforms to

ut +
1

2
A2urr +Dur − Cu = 0. (7)

Therefore

xux = ur

x2uxx = urr − ur
(8)

where r is given by (3). We substitute for (8) in equa-
tion (1) and define

D = B − A2

2
,

then the Black-Scholes one dimensional equation
transforms to

ut +
1

2
A2urr +Dur − Cu = 0. (9)

2 Solution of determining equation

The infinitesimal generator for point symmetry admit-
ted by equation (10) is of the form

X = ξ1(t, r)
∂

∂t
+ ξ2(t, r)

∂

∂r
+ η(t, r)

∂

∂u
(10)

Its first and second prolongations are given by

X(2) = X + η
(1)
t

∂

∂ut
+ η(1)r

∂

∂ur
+ η(2)rr

∂

∂urr
(11)

where X is defined by equation (10).
The determining equation is given by

η
(1)
t +

1

2
A2η(2)rr +Dη(1)r − Cη = 0 (12)

when
urr = (− 2

A2
)[ut +Dur − Cu] (13)

where we define the following from ([1],[3])

η = fu+ g

η
(1)
t = gt + ftu+ [f − ξ1t ]ut − ξ2t ur

η(1)r = gr + fru+ [f − ξ2r ]ur − ξ1rut

η(2)rr = grr + frru+ [2fr − ξ2rr]ur − ξ1rrut

+ [f − 2ξ2r ]urr − 2ξ1rutr

(14)

The substitutions of η(1)t , η
(1)
r and η

(2)
rr in the deter-

mining equation yields that

gt + ftu+ [f − ξ1t ]ut − ξ2t ur + (
1

2
A2){grr + frru

+ [2fr − ξ2rr]ur − ξ1rrut + [f − 2ξ2r ]

(− 2

A2
[ut +Dur − Cu])− 2ξ1rutr}+ (D)[gr + fru

+ [f − ξ2r ]ur − ξ1rut]− Cfu− Cg = 0

(15)

We set the coefficients of ur, utr, ut and those free of
these variables to zero. We thus have the following
defining equations

utr : ξ1r = 0, (16)
ut : −ξ1t + 2ξ2r = 0 (17)

ur : −ξ2t +A2fr +Dξ2r −
1

2
A2ξ2rr = 0, (18)

u0r : gt +
1

2
A2grr +Dgr − Cg = 0, (19)

u : ft +
1

2
A2frr +Dfr − 2Cξ2r = 0 (20)

WSEAS TRANSACTIONS on SYSTEMS 
DOI: 10.37394/23202.2021.20.10 Tshidiso Masebe

E-ISSN: 2224-2678 77 Volume 20, 2021



From defining equation (17) we have that

ξ2rr = 0 (21)

Thus
ξ2 = ar + b (22)

which can be expressed using Euler formula with in-
finitesimal ω as

ξ2 =
a sin(ωri ) + bϕ cos(ωri )

−iω
where ϕ = sin(

ω

i
).

(23)

We differentiate equation (23) with respect to r and t
and obtain the following equations

ξ2r = a cos(
ωr

i
)− bϕ sin(

ωr

i
), (24)

ξ2rr =
−ω
i
a sin(

ωr

i
)− ω

i
b ϕ cos(

ωr

i
), (25)

ξ2t =
ȧ sin(ωri ) + ḃϕ cos(ωri )

−iω
(26)

and from defining equation (17) we have ξ1t = 2ξ2r
which implies that

ξ1 = 2at cos(
ωr

i
)− 2btϕ sin(

ωr

i
) + C. (27)

We substitute for equations (24), (25) and (26) in the
defining equation (18) to get the expression for fr
given by

fr = cos(
ωr

i
)
{
− ωbϕ

2i
− ḃϕ

A2iω
− Da

A2

}
+ sin(

ωr

i
)
{
− ωa

2i
− ȧ

A2iω
+
Dbϕ

A2

} (28)

Integrating equation (28) with respect to r gives the
expression for f

f = sin(
ωr

i
)
{
− bϕ

2
− ḃϕ

A2ω2
− Dia

A2ω

}
+ cos(

ωr

i
)
{a
2
+

ȧ

A2ω2
− Dibϕ

A2ω

}
+ k(t)

(29)

We use the equations (28) and (29) to get the expres-
sions for frr and ft given by

frr = sin(
ωr

i
)
{
− ω2bϕ

2
− ḃϕ

A2
+
Daω

A2i

}
+ cos(

ωr

i
)
{ω2a

2
+

ȧ

A2
+
Dbωϕ

A2i

} (30)

and

ft = sin(
ωr

i
)
{
− ḃϕ

2
− b̈ϕ

A2ω2
− Diȧ

A2ω

}
+ cos(

ωr

i
)
{ ȧ
2
+

ä

A2ω2
− Diȧϕ

A2ω

}
+ k′(t)

(31)

We substitute for the equations (24), (28), (30) and
(31) in the defining equation (20) and solve the equa-
tion

sin(
ωr

i
)
{
− ḃϕ

2
− b̈ϕ

A2ω2
− Diȧ

A2ω
+ 2Cbϕ

}
+ cos(

ωr

i
)
{ ȧ
2
+

ä

A2ω2
− Diḃϕ

A2ω
− 2Ca

}
+ k′(t)

+ sin(
ωr

i
)
{
− bA2ω2ϕ

4
− ḃϕ

2
+
Daω

2i

}
+

cos(
ωr

i
)
{aA2ω2

4
+
ȧ

2
+
Dbωϕ

2i

}
+

cos(
ωr

i
)
{
− Dbωϕ

2i
− Dḃϕ

A2iω
− D2a

A2

}
+

sin(
ωr

i
)
{
− Daω

2i
− Dȧ

A2iω
+
D2bϕ

A2

}
= 0

(32)

We collect all the coefficients of sine function together
and equate them to zero. Similarly with the cosine
function. For the coefficients of sine function we
have:

− ḃϕ

2
− b̈ϕ

A2ω2
− Diȧ

A2ω
− bA2ω2ϕ

4
− ḃϕ

2

− Daω

2i
+
Daω

2i
− Dȧ

A2ωi
− D2bϕ

A2
+ 2Cbϕ = 0

(33)

which simplifies to a second-order ordinary linear dif-
ferential equation

b̈+ ḃA2ω2 +
bA4ω4

4
− D2b

A2
+ 2CA2ω2b = 0 (34)

Solving for equation (34) we proceed as follows. Let

β =
A2ω2

2
, and

k1 = −D
2

A2
− 2C

(35)

We also set

α1 = bβ2 − k, then

α̇1 = ḃβ2,

α̈1 = b̈β2

(36)
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Equation (34) transforms to

α̈1 + 2α̇1 + α1β
2 = 0. (37)

To find the solution of equation (37) we proceed as
follows. We set

α1 = cz (38)

where c = c(t), z = z(t). Then

α′
1 = c′z + cz′ (39)

α′′
1 = c′′z + 2c′z′ + cz′′ (40)

We substitute for equations (38), (39) and (40) in
equation (37) and after rearranging we solve the equa-
tion

cz′′ + (2c+ 2c′)z + (c′′ + 2c′ + β2c)z = 0 (41)

The choice for c is such that

2c+ 2c′ = 0, (42)

whence
c = e−t. (43)

The equation (41) simplifies to

z′′ + (β2 − 1)z = 0 (44)

The solution for (37) is now written

α1 = e−t
(
C1

sin ω̄ cos ω̄t

ω̄

)
+ C2e

−t sin ω̄t

ω̄

(45)

so that when β = ±1 or ω → 0 the solution for z is
linear, and we define

ω̄ =
√
β2 − 1 (46)

We substitute for b in equation (36) to obtain that

b =
e−t

β2

{(
C1

sin ω̄ cos ω̄t

ω̄

)
+ C2e

−t sin ω̄t

ω̄

}
+

D2

β2A2
+

4C

β

(47)

Similarly for the coefficients of the cosine function we
have

ȧ

2
+

äϕ

A2ω2
− Diḃϕ

A2ω
+
aA2ω2ϕ

4
+
ȧ

2

+
Dbωϕ

2i
− Dbωϕ

2i
− Dḃϕ

A2ωi
− D2a

A2
+ 2aC = 0

(48)

which simplifies to a second-order ordinary linear dif-
ferential equation

ä+ ȧA2ω2+
aA4ω4

4
− aD2

A2
− 2aA2ω2C = 0 (49)

Solving for equation(49) we find the solution for a to
be

a =
e−t

β2

{(
C3

sin ω̄ cos ω̄t

ω̄

)
+ C4

sin ω̄t

ω̄

}
+

D2

β2A2
− 4C

β

(50)

and we also have that

k′(t) = 0 ⇒ k(t) = C5 (51)

We differentiate equations (47) and (50) to obtain ex-
pressions for ȧ and ḃ

ȧ = −e
−t

β2

(
C3

sin ω̄ cos ω̄t

ω̄

+ C4
sin ω̄t

ω̄

)
+
e−t

β2

(
− C3 sin ω̄ sin ω̄t+ C4 cos ω̄t

)
(52)

Similarly

ḃ = −e
−t

β2

(
C1

sin ω̄ cos ω̄t

ω̄
+ C2

sin ω̄t

ω̄

)
+
e−t

β2

(
− C1 sin ω̄ sin ω̄t+ C2 cos ω̄t

) (53)

We substitute for equations (35),(47),(50),(51),(52)
and (53) in equation (29) and get the expression for
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f given as

f = sin(
ωr

i
)
{
− C1ϕe

−t sin ω̄ cos ω̄t

2β2ω̄

− C2ϕe
−t sin ω̄t

2β2ω̄
− D2ϕ

2β3A2
− 4Cϕ

β
+
C1ϕe

−t sin ω̄ cos ω̄t

2β3ω̄

+
C2ϕe

−t sin ω̄t

2β3ω̄
+
C1ϕe

−t sin ω̄ cos ω̄t

2β3

− C2ϕe
−t cos ω̄t

2β3
− C3Diωe

−t sin ω̄ cos ω̄t

2β3

− C4Diωe
−t sin ω̄t

2β3
− D3iω

2β3A2

}
+ cos(

ωr

i
)
{C3e

−t sin ω̄ cos ω̄t

2β2ω̄
+
C4e

−t sin ω̄t

2β2ω̄

+
D2

2β3A2
− 4Cϕ

β
− C3e

−t sin ω̄ cos ω̄t

2β3ω̄
− C4e

−t sin ω̄t

2β3ω̄

− C3e
−t sin ω̄ sin ω̄t

2β3

− C4e
−t cos ω̄t

2β3
− C1ϕDiωe

−t sin ω̄ cos ω̄t

2β3

− C2ϕDiωe
−t sin ω̄t

2β3
− D3ϕiω

2β3A2

}
+ C5

(54)

2.1 Infinitesimals

The linearly independent solutions of the defining
equations (15) lead to the infinitesimals

ξ1 = cos
(ωr
i

){2te−t
β2ω̄

{(
C3 sin ω̄ cos ω̄t

)
+ C4 sin ω̄t

}
+

2tD2

β2A2

}
− sin

(ωr
i

){2tϕe−t
β2ω̄{(

C1 sin ω̄ cos ω̄t
)
+ C2 sin ω̄t

}
+

2tϕD2

β2A2
+ C6

}
(55)

ξ2 = sin
(ωr
i

){ e−t

−β2ωω̄i

(
C3 sin ω̄ cos ω̄t

+ C4 sin ω̄t
)
− D2

iωβ2A2

}
+ cos

(ωr
i

){ e−tϕ

−β2ωω̄i

(
C1 sin ω̄ cos ω̄t

− C2 sin ω̄t
)
− D2ϕ

iωβ2A2

}
(56)

f = sin(
ωr

i
)
{
− C1ϕe

−t sin ω̄ cos ω̄t

2β2ω̄

− C2ϕe
−t sin ω̄t

2β2ω̄
− D2ϕ

2β3A2

− 4Cϕ

β
+
C1ϕe

−t sin ω̄ cos ω̄t

2β3ω̄

+
C2ϕe

−t sin ω̄t

2β3ω̄
+
C1ϕe

−t sin ω̄ cos ω̄t

2β3

− C2ϕe
−t cos ω̄t

2β3
− C3Diωe

−t sin ω̄ cos ω̄t

2β3

− C4Diωe
−t sin ω̄t

2β3
− D3iω

2β3A2

}
+ cos(

ωr

i
)
{C3e

−t sin ω̄ cos ω̄t

2β2ω̄
+
C4e

−t sin ω̄t

2β2ω̄

+
D2

2β3A2
− 4Cϕ

β
− C3e

−t sin ω̄ cos ω̄t

2β3ω̄

− C4e
−t sin ω̄t

2β3ω̄
− C3e

−t sin ω̄ sin ω̄t

2β3

− C4e
−t cos ω̄t

2β3
− C1ϕDiωe

−t sin ω̄ cos ω̄t

2β3

− C2ϕDiωe
−t sin ω̄t

2β3
− D3ϕiω

2β3A2

}
+ C5

(57)

2.2 The symmetries

According to (15), the infinitesimals: (57), (55)
and (56), lead to the generators

X1 =
(
− 2te−tϕ

β2ω̄
sin ω̄ cos ω̄t sin

(ωr
i

)) ∂
∂t

+
(e−tiϕ
β2ω̄ω

sin ω̄ cos ω̄t cos
(ωr
i

)) ∂
∂r

+
{
− e−tϕ

2β2ω̄
sin ω̄ cos ω̄t sin

(ωr
i

)
+
e−tϕ

2β3ω̄
sin ω̄ cos ω̄t sin

(ωr
i

)
+
e−tϕ

2β3
sin ω̄ cos ω̄t sin

(ωr
i

)
− Diϕωe−t sin ω̄ cos ω̄t

2β3
cos
(ωr
i

)}
u
∂

∂u

(58)
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X2 =
(
− 2te−tϕ

β2ω̄
sin ω̄t sin

(ωr
i

)) ∂
∂t

−
(e−tiϕ
β2ω̄ω

sin ω̄t cos
(ωr
i

)) ∂
∂r

+
{
− e−tϕ

2β2ω̄
sin ω̄t sin

(ωr
i

)
+
e−tϕ

2β3ω̄
sin ω̄t sin

(ωr
i

)
− e−tϕ

2β3
cos ω̄t sin

(ωr
i

)
− Diϕωe−t sin ω̄t

2β3
cos
(ωr
i

)}
u
∂

∂u

(59)

X3 =
(2te−t
β2ω̄

sin ω̄ cos ω̄t cos
(ωr
i

)) ∂
∂t

+
( e−ti

β2ω̄ω
sin ω̄ cos ω̄t cos

(ωr
i

)) ∂
∂r

+
{ e−t

2β2ω̄
sin ω̄ cos ω̄t cos

(ωr
i

)
− e−t

2β3ω̄
sin ω̄ cos ω̄t cos

(ωr
i

)
− e−tϕ

2β3
sin ω̄ sin ω̄t cos

(ωr
i

)
− Diωe−t sin ω̄ cos ω̄t

2β3
sin
(ωr
i

)}
u
∂

∂u

(60)

X4 =
(2te−tϕ
β2ω̄

sin ω̄t cos
(ωr
i

)) ∂
∂t

+
(e−tiϕ
β2ω̄ω

sin ω̄t sin
(ωr
i

)) ∂
∂r

+
{ e−t

2β2ω̄
sin ω̄t cos

(ωr
i

)
− e−t

2β3ω̄
sin ω̄t cos

(ωr
i

)
+
e−t

2β3
cos ω̄t cos

(ωr
i

)
− Diωe−t sin ω̄t

2β3
sin
(ωr
i

)}
u
∂

∂u

(61)

X5 =
2tD2

β2A2

(
cos
(ωr
i

)
− ϕ sin

(ωr
i

)) ∂
∂t

+
D2

ωβ2A2

(
ϕ cos

(ωr
i

)
+ sin

(ωr
i

)) ∂
∂r

− D2iω

2β3A2

(
sin
(ωr
i

)
+ ϕ cos

(ωr
i

))
u
∂

∂u

(62)

X6 = u
∂

∂u
(63)

X7 =
∂

∂t
(64)

X8 =
4C

β

(
ϕ sin

(ωr
i

)
− cos

(ωr
i

))
u
∂

∂u
(65)

The defining equation (19) gives an infinite symmetry

X∞ = g(t, r)
∂

∂u
(66)

2.3 Invariant solutions through the symme-
try X3

The invariants are determined from solving the equa-
tion

X3I =
(2te−t
β2ω̄

sin ω̄ cos ω̄t cos
(ωr
i

))∂I
∂t

+
( e−ti

β2ω̄ω
sin ω̄ cos ω̄t cos

(ωr
i

))∂I
∂r

+
{ e−t

2β2ω̄
sin ω̄ cos ω̄t cos

(ωr
i

)
− e−t

2β3ω̄
sin ω̄ cos ω̄t cos

(ωr
i

)
− e−tϕ

2β3
sin ω̄ sin ω̄t cos

(ωr
i

)
− Diωe−t sin ω̄ cos ω̄t

2β3
sin
(ωr
i

)}
u
∂I

∂u
= 0

(67)

The characteristic equation of (67) is given by

dt

2te−t sin ω̄ cos ω̄t cos

(
ωr
i

)
β2ω̄

=
dr

e−ti sin ω̄ sin ω̄t cos

(
ωr
i

)
β2ω̄ω

=
du

ue−t
{ 1

sin ω̄ cos ω̄t cos
(
ωr
i

)2β2ω̄
− 1

sin ω̄ cos ω̄t cos
(
ωr
i

)2β3ω̄
− 1

sin ω̄ sin ω̄t cos
(
ωr
i

)2β3
− 1

Diω sin ω̄ cos ω̄t sin
(
ωr
i

)2β3}

(68)
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From equation (68) we have that

dt

2te−t sin ω̄ cos ω̄t cos

(
ωr
i

)
β2ω̄

=
dr

e−ti sin ω̄ sin ω̄t cos

(
ωr
i

)
β2ω̄ω

(69)

simplifies to
dt

t
= 2

ω

i
dr (70)

whose solution is

t = Ce
2ωr
i (71)

The first invariant is given by

ψ1 =
e

2ωr
i

t
(72)

From equation (68) we also have that

dr

e−ti sin ω̄ sin ω̄t cos

(
ωr
i

)
β2ω̄ω

=
du

ue−t
{ 2β2ω̄

sin ω̄ cos ω̄t cos
(
ωr
i

)
− 2β3ω̄

sin ω̄ cos ω̄t cos
(
ωr
i

)
− 1

sin ω̄ sin ω̄t cos
(
ωr
i

)2β3
− 2β3

Diω sin ω̄ cos ω̄t sin
(
ωr
i

)}

(73)

Equation (73) simplifies to

(
β − 1− ω̄ −Diωω̄ tan(ωi )

2β
)(
ω

i
)dr =

du

u
(74)

We integrate equation (74) and obtain

βωr

2βi
− ωr

2βi
− ω̄ωr

2βi

−
Dω̄ω ln |cos(ωri )|

2β
+ C = lnu

(75)

We approximate

βωr

2βi
− ωr

2βi
− ω̄ωr

2βi

−
Dω̄ω ln |cos(ωri )|

2β
≈ ωr

i

(76)

Integrating equation (73) we obtain

u

e
ωr
i

= C (77)

The equation (77) simplifies to

u

e
ωr
i

= ψ2 (78)

which is our second invariant. If we define

ψ2 = h(ψ1) (79)

where ψ1 is given by equation (72), then an invariant
solution is given by

u = e
ωr
i h(ψ1) (80)

We differentiate equation (80) with respect to t and
twice with respect to r and get the following expres-
sions for ut, ur and urr.

ut = −2ωr

i

e
3ωr
i

t2
h′(ψ1) (81)

ur =
ω

i
e
ωr
i h(ψ1) +

2ω

it
e

3ωr
i h′(ψ1) (82)

urr =− ω2e
ωr
i h(ψ1)−

2ω2

t
e

3ωr
i h′(ψ1)

− 6ω2

t
e

3ωr
i h′(ψ1)−−4ω2

t2
e

5ωr
i h′′(ψ1)

(83)

We substitute for equations (81), (82) and (83) in the
original equation (9) and get the following equation

− 2ωr

i

e
3ωr
i

t2
h′(ψ1)− ω2e

ωr
i h(ψ1)

− A2ω2

t
e

3ωr
i h′(ψ1)−

3A2ω2

t
e

3ωr
i h′(ψ1)

− 2A2ω2

t2
e

5ωr
i h′′(ψ1)+

Dω

i
e
ωr
i h(ψ1) +

2Dω

it
e

3ωr
i h′(ψ1)− Ce

ωr
i h(ψ1) = 0

(84)

Equation (84) is a second order equation in h(ψ1).We
rearrange it in the order of derivatives of h(ψ1), and
apply equation (35)

− 4β

t2
e

5ωr
i h′′(ψ1)− h′(ψ1){

2ωr

i

e
3ωr
i

t2

+
4β

t
e

3ωr
i +

6β

t
e

3ωr
i

− 2Dω

i
e

3)ωr
i }+ h(ψ1){

Dkω

it
e
ωr
i

− βe
ωr
i − Ce

ωr
i } = 0

(85)
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Letting ω → 0 equation (85) simplifies to

−4β

t2
h′′(ψ1)−

4β

t
h′(ψ1)−

6β

t
h′(ψ1)−βh(ψ1)−Ch(ψ1) = 0

(86)
which can be simplified to

4βh′′(ψ1)

t2
+

10βh′(ψ1)

t
+(β+C)h(ψ1) = 0. (87)

We eliminate t from equation (87) by applying the fol-
lowing change of variables. From equation (72) we let

dλ = tdψ1,

h(ψ1) = h
(88)

then
h′(ψ1) = thλ (89)

and

h′′(ψ1) =
d
dψ1

{thλ} (90)

= dt
dψ1

hλ + tdhλdψ1

= dt
dψ1

hλ + t dhλ1
t
dλ

= t2{hλλ − hλe
− 2ωr

i }

For ω → 0 equation (90) simplifies to

h′′(ψ1) = t2{hλλ − hλ} (91)

The substitution of equations (89), (91) transforms
equation (87) to

4βhλλ + 6βhλ + (β + C)h = 0. (92)

The solution to equation (92) is given by

h = C1e
(
−3β−

√
9β2−4β(β+C)

4β
)(λ)

+ C2e
(
−3β+

√
9β2−4β(β+C)

4β
)(λ)

(93)

Thus the invariant solution is

u = e
ωr
i {C1e

(
−3β−

√
9β2−4β(β+C)

4β
)(λ)

+ C2e
(
−3β+

√
9β2−4β(β+C)

4β
)(λ)}

(94)

However the equation (94) can be expressed as

u = e
ωr
i {C1e

(
−3β−i

√
−(9β2−4β(β+C))

4β
)(λ)

+ C2e
(
−3β+i

√
−(9β2−4β(β+C))

4β
)(λ)}

(95)

0.5 1.0 1.5 2.0 2.5 3.0

0.5

1.0

1.5

2.0

2.5

3.0

Figure 1: Plot of the solution in (101) .

This simplifies to

u = e
ωr
i {C1e

−3
4
λe−i∆λ + C2e

−3
4
λei∆λ}

where ∆ =

√
−(9β2 − 4β(β + C))

4β

(96)

Since ∆ < 0, we express equation (96) as

u = e
ωr
i {C1e

−3
4
λ sin(∆λ)

+ C2e
−3
4
λ cos(∆λ)}

(97)

We however advance the same reason that for equa-
tion (97) to return to the linear form as ∆ → 0 it has
to be transformed to be

u = e
ωr
i {C1e

−3
4
λ sin(∆λ)

−i∆
+ C2e

−3
4
λϕ

cos(∆λ)

−i∆
}

where ϕ = sin(
∆

i
)

(98)

2.3.1 Solutions for equation 98

This equation (98) has some few solutions as ω → 0.
We recall that

λ = t
∫ ψ2

ψ1
d e

2ωr
i

t (99)

= e
2ωr
i

∫ ψ2

ψ1

d 1
t
1
t

= −C0e
2ωr
i ln t

1.1 Solution 1

u = Ae
ωr
i e−

3
4
λ sin(∆λ)

−i∆ (100)

= Ae
ωr
i e(

3
4
C0e

2ωr
i ln t) sin(∆(−C0e

2ωr
i ln t))

−i∆

as ω → 0, the solution becomes

u =
3

4
C0t (101)

One of the assumptions of the Black-Scholes
model is that the option value is perfectly linear. The
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Figure 2: Plot of the solution in (103) .

linearity of the graph illustrates an important feature
of the Black-Scholes model in that it provides an ex-
cellent approximation to the value of the option with
variable volatility as long as mathematical expectation
of the volatility is known ([4])

1.2 Solution 2

u = Ae
ωr
i e−

3
4
λ sin(∆λ)

−i∆ (102)

= A(cos(ωr)− sin(ωr)e(
3
4
λ) sin(∆λ)

−i∆

as ω → 0, the solution becomes

u = Ae(
3
4
λ) sin(∆λ)

−i∆
(103)

This invariant solution is consistent with one of
the solutions obtained by Ibragimov and Gazizov
in their paper ([2].)

The plot of this invariant solution is given in Figure
(2).

1.3 Solution 3

u = Aωe
ωr
i e

− 3
4

∫ ψ1+ω
ψ1

dψ1
sin(∆

∫ ψ1+ω
ψ1

tdψ1)

−i∆ω

= Aωe
ωr
i e

− 3
4

∫ ψ1+ω
ψ1

dψ1 d

dω
[
sin(∆

∫ ψ1+ω
ψ1

tdψ1)

−i∆
]

= Aωe
ωr
i e

− 3
4

∫ ψ1+ω
ψ1

dψ1 dψ1

dω

d

dω
[
sin(∆

∫ ψ1+ω
ψ1

tdψ1)

−i∆
]

= Aωe
ωr
i e

− 3
4

∫ ψ1+ω
ψ1

dψ1 2re
2ωr
i

it
[
cos(∆

∫ ψ1+ω
ψ1

dψ1)

−i∆
]t

= Aωe
ωr
i e

− 3
4

∫ ψ1+ω
ψ1

dψ1 2re
2ωr
i

it
t

= Aω
2re

3ωr
i

i
(104)

But

ωe
3ωr
i = ω cos(3ωr)− iω sin(3ωr)

ω2e
3ωr
i = ω2 cos(3ωr)− iω2 sin(3ωr)

=
1

ω
{ω3 cos(3ωr)− iω3 sin(3ωr)}

(105)

-4 -2 2 4

-2

-1

1

2

Figure 3: Plot of the solution in (108).

and

ω3r2 cos(
ωr

i
) = ω2e3ωr

ω2e
3ωr
i =

1

ω

1

r2
ω2e3ωr

e
3ωr
i =

1

ω

1

r2
e3ωr

(106)

We substitute in equation (102) and obtain

u = Aω
2r

i

1

ω

1

r2
e3ωr (107)

as ω → 0, the solution becomes

u =
2A

ir
(108)

The plot of this invariant solution is given in Fig-
ure (3).

2.4 Conclusion

In this paper, new symmetries were obtained for the
Black-Scholes equation, and one was used to deter-
mine group invariant solutions. Some of the symme-
tries are comparable to the ones [2].

3 APPENDIX A: Euler’s formulas
and the infinitesimal ω

It is well-known that Lie’s group theoretical meth-
ods seek to reduce procedures for solving differential
equations of any challenging form to simple ones that
may also have the form

a0ÿ + b0ẏ + c0y = 0, (109)

for y = y(x), with parameters a0, b0 and c0. It is also
that accepted Euler’s formulas are suitable for solving
such equations. They are:

y =


e
− b0

2a0
x (
Ae−ω̃x +Beω̃x

)
, b20 > 4a0c0,

A+Bx, b20 = 4a0c0,

e
− b0

2a0
x
[A cos(ω̃x)]

+Be
− b0

2a0
x
[sin(ω̃x)], b20 < 4a0c0

(110)
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where ω̃ =
√
b20 − 4a0c0/(2a0).

But there is a problem with this system: It does
not reduce to y = A+Bx when b0 = c0 = 0. This is
because Euler did not solve the equation to get the for-
mulas. There has never been a need to do so, primarily
because the formulas have been very successful in ap-
plications, and they still are.

The need for an exact solution here, is driven
by the desire understand solutions for equation (9)
through symmetry methods. It is impossible through
Euler’s formulas. To get such exact formula, first let

y = βz,

with β = β(x) and z = z(x), so that

ẏ = β̇z + βż,

and
ÿ = β̈z + 2β̇ż + βz̈.

These transform (109) into

a0

(
β̈z + 2β̇ż + βz̈

)
+ b0

(
β̇z + βż

)
+ c0βz = 0.

That is,

a0βz̈+
(
2a0β̇ + b0β

)
ż+
(
a0β̈ + b0β̇ + c0β

)
z = 0.

(111)
Choosing β to satisfy 2a0β̇+b0β = 0 simplifies equa-
tion (111). That is,

β = C00e
−b0
2a0

x
,

for some constant C00. Equation (111) assumes the
form

z̈ = − a0β̈ + b0β̇ + c0β

a0β
z.

That is,

z̈ =

(
b20 − 4a0c0

4a20

)
z.

But z̈ can be written as żdz/dx. Therefore,

ż
dż

dz
=

(
b20 − 4a0c0

4a20

)
z,

or

żdż =

(
b20 − 4a0c0

4a20

)
zdz.

That is,

ż2

2
=

(
b20 − 4a0c0

4a20

)
z2

2
+ C01,

for some constant C01. That is,

ż =

√(
b20 − 4a0c0

4a20

)
z2

2
+ C01,

or
dz√(

b20−4a0c0
4a20

)
z2 + 2C01

= dx.

That is,

dz√
A2

00 − z2
=

√
−b

2
0 − 4a0c0

4a20
dx,

with A2
00 = 2C01/

√
− b20−4a0c0

4a20
. Hence,

z =
2C01√

− b20−4a0c0
4a20

sin

(√
−b

2
0 − 4a0c0

4a20
x+ C02

)
,

for some constant C02. That is,

y = C00e
−b0
2a0

x 2C01√
− b20−4a0c0

4a20

sin

(√
−b

2
0 − 4a0c0

4a20
x+ C02

)
.

Letting

ω̄ =

√
−b

2
0 − 4a0c0

4a20

we have
y = C00e

−b0
2a0

x 2C01
ω̄ sin (ω̄ x+ C02) ,

or
y = C00e

−b0
2a0

x
2C01 [ sin(C02)

ω̄ cos (ω̄ x) +

cos (C02)
sin(ω̄ x)

ω̄ ].
A reduction to the trivial case ÿ = 0 requires that
sin(C02) = C03 sin(ω̄) and cos(C02) = C04 cos(ω̄).
That is, C2

03 + C2
04 = 1. Hence,

y = C00e
−b0
2a0

x
2C01 [C03 sin(ω̄)

ω̄ cos (ω̄ x) +

C04 cos (ω̄)
sin(ω̄ x)

ω̄ ],
or simply

y = C00e
−b0
2a0

x
2C01

C03 sin (ω̄) cos (ω̄x)

ω̄

+C00e
−b0
2a0

x
2C01

C04 sin(ω̄ x)
ω̄ . (112)

It is very vital to indicate that if the parameters ω̄ in
the denominator and sin (ω̄) are absorbed into the co-
efficients C01 and C03, then formula (112) would re-
duce to one of Euler’s formulas. But the consequences
would be fatal, as formula (112) would not reduce to
y = A+Bx when b0 = c0 = 0, that is, when ω̄ = 0.

Unfortunately, this result cannot be found in any
university textbook.
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APPENDIX B: Useful limit results

It is true that

lim
µ→0

{
sin
(µt
i

)
µ

}
=
t

i
.

This can be written in the form

lim
µ→0

{
sin
(µx
i

)
µ

− t

i

}
= 0,

or

lim
µ→0

{
sin
(µt
i

)
µ

− t

i
cos

(
µt

i

)}
= 0.

Removing the ‘lim’ for greater clarity:

sin
(µt
i

)
µ

=
t

i
cos

(
µt

i

)
.

That is,

sin

(
µt

i

)
=
t

i
µ cos

(
µt

i

)
, (113)

or

cos

(
µt

i

)
=
i

t

sin
(µt
i

)
µ

.

We then have

cos
(µt
i

)
µq

= µ
cos
(µt
i

)
µq+1

.

Carrying out the derivative on the right hand side:

cos
(µt
i

)
µq

=
−µ
(
t
i

)
sin
(µt
i

)
+ cos

(µt
i

)
µq+1

.

Substituting (114):

cos
(µt
i

)
µq

=
−µ2

(
t
i

)2
cos
(µt
i

)
+ cos

(µt
i

)
µq+1

.

That is,

µ cos

(
µt

i

)
= µ2t2 cos

(
µt

i

)
+ cos

(
µt

i

)
, (114)

which can be expressed in the form

µ2 cos

(
µt

i

)
− µ3t2 cos

(
µt

i

)
=
i

t
sin

(
µt

i

)
.

(115)
Since sin

(µt
i

)
= 0 for µ small, it follows then that

µ2 cos

(
µt

i

)
= µ3t2 cos

(
µt

i

)
. (116)

Since eµt ca be expressed in the form cos(µt/i) +
i sin(µt/i), then

µ2eµt = µ3t2 cos

(
µt

i

)
, (117)

so that

√
µeµt/4 =

[
µ3 cos

(
µt

i

)] 1
4 √

t, (118)

or

√
µe−µt/4 =

[
µ3 cos

(
µt

i

)] 1
4 √

t, (119)

Therefore (119) and (123) can then be written in the
form

u =

√
µ[

µ3 cos
(µt
i

)] 1
4
√
t
ϕ(η), (120)

with µ = ω4(ω2 − 1) in the case of (119) and µ =
ω4(ω2 + 1) for (123). That is,

u =
1√

(ω2 − 1)t ω2
ϕ(η) (121)

for (119), and

u =
1√

(ω2 + 1)t ω2
ϕ(η) (122)

for (121).
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