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1.  Introduction 
Numerical weather prediction (NWP) models are 

techniques used to predict the future state of the weather by 
solving a set of equations which govern the behavior of the 
atmosphere. The models used today for research and 
operational weather forecasting are very large and 
complicated. They can be understood by professional 
meteorologists only after long periods of study. The physical 
processes in the climate system span an enormous range of 
spatial and temporal scales, and even understanding the 
process of small-scale convective cloud in the atmosphere is 
complicated. The simplified numerical model described in 
paper has been done for teaching purposes. 

A simple numerical model in dry air with horizontal grid 
steps of 1 km has shown by experiments that a time step of 

0.3

 seconds is too large for the model without the deep 
convection approximation [1]. But with the deep convection 
approximation one can use a time step of 

0.4

 seconds and get 
reasonable results in numerical experiments on the vertical 
movement of air over a heated surface representing a city heat 
island [2]. Time steps of 0.2  seconds and  

0.4

 seconds are 
used, give stable results for the model without the deep 
convection approximation and the model with the deep 
convection approximation, respectively [1]. The same results, a 
simple numerical model in moist air has shown that a time step 
of 0.3  seconds is too large for the model without the deep 
convection approximation but the model with the deep 
convection approximation can use a time step of 0.4  seconds 
[3]. 

2. Model Discription 
In the model there is one horizontal dimension, the vertical 

dimension, and the time dimension. The variables are located 
on a staggered grid with stretched grid spacing in the vertical 
dimension and constant grid spacing in the horizontal 
dimension. 

The molecular viscosity terms are omitted; the body forces 
are friction at the Earth's surface in the horizontal momentum 
equation and gravity in the vertical momentum equation; 
heating and cooling of the air occur at the Earth's surface; 
kinetic energy and potential energy in the temperature equation 
are omitted; the Coriolis force is omitted; no distinction is 
made between liquid water and ice; the effects of the moisture 
on the thermodynamic properties of the air are neglected; rain 
is not included; and the deep convection approximation is used. 

The deep convection approximation [4] is 

 
0

0 ,u w w

x z z
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where 0  is calculated from a steady background 
temperature profile and the assumption of hydrostatic 
equilibrium in the undisturbed atmosphere. 

The steady background temperature profile is an 
approximation to the annual mean upper air temperatures at 
Bangkok represented by the formula 

 0 302 0.00675 ,T z   (2) 

where 0T  is in kelvins. 
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TABLE I.  LIST OF SYMBOLS 

Symbol Description 

x  Horizontal distance 

z  Vertical height 

t  Time 

g  Acceleration of gravity 

R  Gas constant for air 

vc  Specific heat of air 

  Air density 

u  Horizontal velocity 

w  Vertical velocity 

T  Temperature 

0z  Roughness length of the surface 

sq  Surface heating rate per unit area 

,i k  Horizontal and vertical cell indices 

s  Saturated vapor density 

v  Water vapor density 

cm  Condensed cloud water per unit volume 

L  Latent heat of condensation of water 

 

2.1. Governing Equations 
The model equations listed below are derived from the 

fundamental system of partial differential equations of 
computational of fluid dynamics [5]. The temperature and 
moisture equations used depend on whether or not the air is 
saturated. A simple equation for the saturation vapor density of 
water as a function of temperature is obtained by integrating 
the Clausius Clapeyron equation [6] assuming that the latent 
heat of condensation of water vapor is constant and water 
vapor is an ideal gas. 

 The density equation 

The density equation without the deep convection 
approximation is 

 ,D u w

Dt x z




  
   

  
 (3) 

and the density equation with the deep convection 
approximation is 
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 The vertical velocity equation 
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 The wind equation 
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The last term is horizontal friction, which is applied only in 
the layer of air of thickness z  at the Earth’s surface where the 
roughness length is 0z  

Unsaturated air 

 The temperature equation 

  s
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The surface heating term is applied only in the layer of air 
at the Earth’s surface. 

The water vapor equation 

  v

v
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 (8) 

The condensed cloud water equation 

  0cm   (9) 

Saturated air 

 The temperature equation 
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The water vapor equation 
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The condensed cloud water equation 
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2.2. Finite difference set up 

The domain of the model is divided into a 25 100  array of 
cells. The horizontal resolution is one kilometer. A vertical 
coordinate s  is used in accordance with the transformation 

275 25z s s   in order to give thin layers at the Earth’s 
surface and thick layers at the top of the troposphere [7]. The 
model variables are evaluated at points on an Arakawa-C grid. 
The horizontal velocity is on the left side of the cell, the 
vertical velocity is on the bottom of the cell, and other 
variables are in the center of each cell, as shown in Fig1.  

The leapfrog method is used to calculate the model 
variables at next time step. The Euler method is used for the 
first time step. First and second order finite difference 
approximations are used in the modeling of space derivatives. 
In the row of cells at the Earth’s surface one-sided second order 
difference approximations to derivatives with respect to z  are 
used. 

 

 

The initial values of the model variables in each cell are 
functions of the height of the cell above the Earth’s surface, but 
are constant along the horizontal rows of cells. The temperature 
equation is given by 

 0 2302.211 0.3375 0.16875 ,kT k k    (13) 

where 1, 2,...,25.k   

It is assumed the initial values of the velocity, surface 
heating and amounts of cloud water are zero everywhere. The 
initial values of the temperature and density satisfy the 
hydrostatic equation, and the initial values of vapor density are 
calculated on the assumption that the dew point depression 
below the initial air temperature is a constant at all heights. 
The model variables are fixed at the boundary. 

2.3. Numerical Experiments 

 Four different experiments were done on the performance 
of the model in various cases as given below to study the 
effects of a heated area and cooling area in the middle of the 
domain: 

o A heated area in the middle of the domain in the model 
without the deep convection approximation. 

o A heated area in the middle of the domain in the model 
with the deep convection approximation. 

o A cooling area in the middle of the domain in the model 
without the deep convection approximation. 

o A cooling area in the middle of the domain in the model 
with the deep convection approximation. 
 
 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. The model variables are evaluated on an Arakawa-C grid with the stretched grid. The horizontal velocity is on the left side of the cell, the vertical velocity 
 is on the bottom of the cell, and other variables are in the center of each cell. 
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3. Results and Discussion 
Experiments with heating and cooling at the earth's surface 

to examine the convection and cloud produced. Main objective 
is to find the vertical velocities and cloud water amounts given 
by the model in these experiments and determine whether or 
not they are similar to vertical velocities and cloud water 
amounts observed in real clouds. 

TABLE II.  OBSERVED MAGNITUDES OF THE VERTICAL VELOCITY AND 
 CLOUD WATER [6]. 

 Normal Low Cloud Thunderstorm 

Vertical Velocity -11m s  -110 m s  

Cloud Water 30.1g m  31g m  

 

3.1. Heated Surface Experiments 

To study the vertical motion of the air with heating in the 
surface layer (due to solar radiation heating), the initial and 
boundary conditions are as following: 

 The horizontal and vertical velocities are zero 
everywhere. 

 Boundary values are fixed the same as initial values. 

 The surface heating in the middle of the domain is 
shown in Fig. 2 defined by the equation: 

   
 

250.5
* 100 ,

i

sq i q e




  

where sq  is in -2 *Wm , q  is the highest heat which is 
500 -2W m ,  and i  is the horizontal cell index. 

 The earth's surface is smooth (surface roughness 0z  is 
0.01 m).  

 The temperature lapse rate -1is 0.00675 K m .  

 The dew point depression is 0.16 K   at all heights. 

 Time steps 0.2 second and 0.4 second are used in the 
models without and with the deep convection 
approximation, respectively. 

 The numerical method gives symmetric results. The model 
with the deep convection approximation in moist air gives the 
same results as dry air [2] with no condensation of water vapor 
for 56 minutes. High cloud forms after 58 minutes. Condensed 
cloud water in the model with the deep convection 
approximation is produced slower and less than condensed 
cloud water in the model without the deep convection 
approximation. 

   

 

 

 

Fig. 2. The surface heating in the middle of the domain. 

 

 The warm air due to surface heating thus reduces in density 
and become lighter. The air at the ground level that contain 
water vapor begins to rise, expand, and cool. Wind circulation 
is produced. Clouds are formed when the humid air is cooled 
below a critical temperature and the water vapor condenses. 
Because the air is stable the circulation and cloud produced do 
not extend to heights above two or three kilometers.  

 The results show that this circulation and low clouds 
expected in the real atmosphere are well represented by the 
model without the deep convection approximation. The use of 
the deep convection approximation, on the other hand, gives an 
unreasonable circulation pattern, with velocities which are too 
small and clouds produce too high up in the troposphere as 
shown in Table III. 

 Tables II and IV, the model without the deep convection 
approximation gives the values of velocity and condensed 
cloud water close to observed values of velocity and cloud 
water. The model with the deep convection approximation 
gives velocities and clouds which are too small. 

TABLE III.  THE TOTAL TIME, WIND CIRCULATION, MAXIMUM 
 CONDENSED CLOUD WATER, AND MAXIMUM VERTICAL 
 VELOCITY OF SURFACE HEATING EXPERIMENTS. 

 The model without the deep 
convection approximation 

The model with the deep 
convection approximation 

Total time 47 minutes > 60 minutes 

Wind 
circulation 

after 19 minutes  
at 0.17 k m  height 

after 33 minutes 
 at 3 k m  height 

Maximum 
condensed 
cloud water 

-38 g m  after 47 minutes at 
0.17 k m  height 

6 -35.5 10 g m  after 60 
minutes at 15.5 k m  

height 
Maximum 
vertical 
velocity 

-125 m s  after 47 minutes 
at 1.5 k m  height 

-11.6 m s  after 60 minutes 
at 17 k m  height 
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TABLE IV.  THE CONDENSED CLOUD WATER, VERTICAL VELOCITY AND HEIGHT OF SURFACE HEATING EXPERIMENTS. 

 The model without the deep convection approximation The model with the deep convection  approximation 

Time 
[min]  

Condensed 
cloud water 

-3[g m ]   

Height 
[k m]  

Vertical 
velocity 

-1[m s ]  

Height 
[k m]  

Condensed 
cloud water 

-3[g m ]   

Height 
[k m]  

Vertical 
velocity 

-1[m s ]  

Height 
[k m]  

39 
40 
41 
42 
43 
44 
45 
46 
47 

 

0.02 
0.16 
0.40 
0.65 
0.06 
0.18 
0.02 
0.80 
8.00 

 

0.2 
 
 

 
 

 
 
 

0.2 

0.7 
1.2 
2 
3 
5 
7 

12 
18 
25 

0.3 
 

 
 

0.3 
0.8 
1.2 
1.5 
1.5 

 
 
 
 
 
 
 
 
 
 

   

58 

overflow after 47 minutes 

86 10  15.5 0.2 17 

59 81 10   0.7  
60 65.5 10  15.5 1.6 17 

 

3.2. Cooled Surface Experiments 

To study the vertical motion of the air with cooling in the 
surface layer (due to longwave radiation cooling), the initial 
and boundary conditions are as following: 

 The horizontal and vertical velocities are zero 
everywhere. 

 Boundary values are fixed the same as initial values. 

 The surface heating in the middle of the domain is 
shown in Fig. 3 defined by the equation: 

   
 

250.5
* 100 ,

i

sq i q e




   

where sq  is in -2 *Wm , q  is the highest cool which is 
60 -2W m ,  and i  is the horizontal cell index. 

 The earth's surface is smooth (surface roughness 0z  is 
0.01 m).  

 The temperature lapse rate -1is 0.00675 K m .  

 The dew point depression is 0.16 K   at all heights. 

 Time steps 0.2 second and 0.4 second are used in the 
models without and with the deep convection 
approximation, respectively. 

 The numerical method gives symmetric results. The model 
without the deep convection approximation gives fog in the 
middle at the surface after time 6 minutes. The maximum 
condensed cloud water is produced after 32 minutes and gone 
after 37 minutes. Condensed cloud water is not produced in 
the model with the deep convection approximation.   

 

 The surface in the middle of the domain is cooler than the 
area around it. The vertical motion of the air is produced by 
descending air from above. Wind circulation is produced 
flowing away from the middle of the cooled area at the surface 
into the sinking air aloft. Surface cooling makes the air more 
stable and cloud, which is called fog, is produced close to the 
surface.  

The results show that this circulation and the actual wind 
speeds expected in the real atmosphere are represented by the 
model without the deep convection approximation. The model 
with the deep convection approximation gives unstable results 
after 27 minutes. Thunderstorm vertical velocities are occurred 
but cloud water is not produced in the model with the deep 
convection approximation as shown in Table V.  

 

 

Fig. 3. The surface cooling in the middle of the domain. 
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TABLE V.  THE TOTAL TIME, WIND CIRCULATION, MAXIMUM 
 CONDENSED CLOUD WATER, AND MAXIMUM VERTICAL 
 VELOCITY OF SURFACE COOLING EXPERIMENTS. 

 The model without the deep 
convection approximation 

The model with the deep 
convection approximation 

Total time 39 minutes 27 minutes 

Wind 
circulation 

after 11 minutes  
at 0.6 k m  height - 

Maximum 
condensed 
cloud water 

-30.4 g m  after 32 minutes 
at 0.17 k m  height 

- 

Maximum 
vertical 
velocity 

-12.5 m s  after 39 minutes 
at 0.15 k m  height 

-125 m s  after 27 
minutes at 0.34 k m  

height 
 

TABLE VI.  THE CONDENSED CLOUD WATER, VERTICAL VELOCITY AND 
 HEIGHT OF SURFACE HEATING EXPERIMENTS. 

The model without the deep convection approximation 

Time [min]  Condensed 
cloud water 

-3[g m ]   

Height 
[k m]  

Vertical 
velocity 

-1[m s ]  

Height 
[k m]  

6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

0.01 
0.03 
0.05 
0.06 
0.07 
0.09 
0.11 
0.11 
0.13 
0.16 
0.16 
0.18 
0.20 
0.22 
0.22 
0.24 
0.27 
0.27 
0.30 
0.30 
0.33 
0.35 
0.35 
0.35 
0.40 
0.40 
0.40 
0.40 
0.16 
0.07 

51.2 10  

0.04 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0.04 

-0.0004 
-0.0007 
-0.0012 
-0.002 
-0.003 
-0.004 
-0.005 
-0.005 
-0.008 
-0.008 
-0.010 
-0.012 
-0.012 
-0.012 
-0.015 
-0.015 
-0.015 
-0.015 
-0.015 
-0.020 
-0.020 
-0.020 
-0.020 
-0.020 
-0.020 
-0.020 
-0.020 
-0.025 
-0.250 
-0.500 
-0.200 

0.20 
0.17 

 
 
 

 
 
 
 
 

0.17 
0.10 

 
 
 
 

 
 

 
 
 
 
 
 
 
 
 

0.10 
0.04 

 
0.04 

 

Tables II and VI, the model without the deep convection 
approximation gives condensed cloud water closed to normal 
low cloud. Cause surface cooling make the air more stable, the 
vertical velocities are quite small.  
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