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1 Introduction There has been a widespread interest during the
last decade in constructing a stochastic integration
theory with respect to fractional Brownian motion
(FBM) and solving stochastic differential equations
‘DY [u— h(w)] = Au(t) +u-Vu+gw) W (), driven by FBM. In fact, stochastic perturbation fac-
tors, such as precipitation, absolute humidity, and
temperature, have a significant impact on the infection
(1) force of all types of virus diseases to humans. Taking
this into consideration enables us to present random-
ness into deterministic biological models to expose

In this paper, we are interested in the existence of so-
lutions for nonlinear fractional difference equations

ze D, t>0,

subject to the initial condition

u(z,0)=wuy(z), x€ D, t=0, 2) the environmental variability effect, whether it is envi-

B o ronmental fluctuations in parameters or random noise

and the Dirichlet boundary conditions in the differential systems [18]. Stochastic population

u(z,t) =0, z € dD, 3) d'ynamics perturbed 'by white qoise (or Brownian mo-

tion) has been studied extensively by many authors

where D C R?, u (x,t) represents the velocity field [1, 12, 13]. It has been investigated in [14] that an en-

of the fluid, the state u (-) takes values in a sepa- vironmental Brownian noise can suppress explosions

rable real Hilbert space H with inner product (-, ), in population dynamics. Yuan et al. [28] discussed the

the term g (u) W (t) = g(u) %W (t) describes a results of stochastic viral infection, immune response

state dependent random noise, where W (), €[0.7] dynamics and analyzed the human immunodeficiency
is a Fy—adapted Wiener process defined in com- virus infection.

pleted probability space (€2, F, P) with expectation
FE and associate with the normal filtration F; =
o {W(s) : 0 <s <t}. The operator A is the Lapla-
cian. Here, ©Dy denotes the Caputo type derivative
of order @ (0 < o < 1) for the function u (x,t) with

On the other hand, time-fractional differential
equations are found to be quite effective in modelling
anomalous diffusion processes as its can characterize
the long memory processes [6, 19, 27, 22]. Hence,
Burgers equation with time-fractional can be adapted

respect time ¢ which is defined by to describe the memory effect of the wall friction

¢ Mo 1 t Ou(z,s) ds through the boundary layer [8]. Furthermore, the

Dtau Et’ z) = F(l-a) JO ((95 : (t—s)*" O<a<l, analytical solutions of the time- and space-fractional

u((%,x)7 a=1, Burgers equations have been investigated by varia-

4) tional iteration method and Adomian decomposition

where I'(-) stands for the Gamma function method [15]. Some relevant studies can be found in
I ()= [~ t" e tdt. [4, 21, 25, 26, 29].
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The existence of solution for partial neutral
integro-differential equation with infinite delay in
infinite dimensional spaces has been extensively
studied by many authors, see for example [16].
Ezzinbi and al. [7] investigated the existence and
regularity of solutions for some partial functional
integro-differential equations in Banach spaces.
Cui and Yan [5] investigated the existence of mild
solutions for a class of fractional neutral stochastic
integro-differential equations with infinite delay
in Hilbert spaces by means of Sadovskiis fixed
point theorem. In particular, the stability theory of
stochastic differential equations has been popularly
applied in variety fields of science and technology.
Several authors have established the stability results
of mild solutions for these equations by using various
techniques, we refer the reader to [3, 10, 11, 17].

The main contribution of this paper is to estab-
lish the existence of mild solution for the problem (1)-
(3). Using mainly the Sadovskii’s fixed point theorem.
The rest of the paper organised as follows, In Section
2, we will introduce some notations and preliminaries,
which play a crucial role in our theorem analysis. In
Section 3, the existence results on a mild solutions are
derived.

2 Preliminaries

In this section, we give some notions and certain im-
portant preliminaries, which will be used in the sub-

sequent discussions. Let <Q7 F, {F}tZO , P) be a fil-

tered probability space with a normal filtration, where
P is a probability measure on (€2, F') and F is the
Borel o—algebra . Let { '}, satisfying that Fy con-
tains all P-null sets. The operator A is the infinitesi-
mal generator of a strongly continuous semigroup on
a separable real Hilbert space H.

Denote the basic functional space LP (D), 1 < p <
oo and H?® (D) by the usual Lebesgue and Sobolev
space, respectively. We assume that A is the negative
Laplacian —A in a bounded domain with zero Dirich-
let boundary conditions in Hilbert space H = L? (D),
which are given by

A=-A, D(A)=H; (D)nH* (D),
since the operator A is self-adjoint, i.e., there exist the
eigenvectors e, corresponding to eigenvalues Ay such
that
Aej, = Mper, e, = V2sin (kn), A\ = 7°k%, k € NT.

For any o > 0, let H? be the domain of the frac-

E-ISSN: 2224-2678 247

Habib Djourdem, Noureddine Bouteraa

tional power A% = (—A)?, which can be defined by

ESICIN

o >0, A%ek:7 er, k=1,2,...

and
HU:D(A%) = {ve (D),

> [od
lollz, = > i vi < OO}
k=1
where v, = (v, ex) with the inner product (-,-) in
L? (D), the norm ||Hv| = HA%UH, the bilinear op-
erator B (u,v) = u - Vv and D (B) = H} (D) with
the slight abuse of notation B (u) = B (u,u). Then

we can rewrite the equations (1)-(3) as follows in the
abstract form

‘D [u(t) —h(u(t))] = Au(t) + B (u(?))
+g (u(t) P ¢ >0,
u (0) = uyp,

&)
where {W (t), t > 0} is a Q-Wiener process with
linear bounded covarience operator () such that a trace

o0
class operator () denote Tr (Q) = > A\ < oo,
k=1
which satisfies that Qe = Apeg, kK = 1,2,.. ., then
the Wiener process is given by

W () => VB (t) e,
k=1

where {8}, is a sequence of real-valued standard
Brownian motions.

Let L2 = L? (Q% (H) H) be a Hilbert-Schmidt

space of operators from Q2 (H) to H with the norm

lollzs = [oQz| . = (Zw%en) ,
n=1
i.e.,
o0 1 N 2
L2 = {qﬁeL(H) DY | AEeQzen|| < oo},
n=1

where L (H) is the space of bounded linear operators
from H to H.
For an arbitrary Banach space B, we denote

1
HUHLP(Q,B) = (E HUH%)p ) Vv € Lp (QaFv P7 B)a
for any p > 2.

We shall also need the following result with re-
spect to the operator A, (see [22]).
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Lemma 1. For any v > 0, an analytic semigroup
T (t) = e v, t > 0 is generated by the operator
A, on LP, there exists a constant C,, dependent on v
such that

HAVT (t)HL(LP) S Cljt_y7 t> 07

in which L (B) denotes the Banach space of all
bounded operators from K to itself.

Next we will introduce the following lemma to
estimate the stochastic integrals, which contains the
Burkhoder-Davis-Gundy’s inequality.

Lemma 2. [9] For any 0 < t1 < to < T and
p > 2 and for any predictable stochastic process
v : [0,T] x Q — L% which satisfies

T
[0z ds
0

P
2

< 00,

then, we have

d

where C (p) > 0 is a constant depending only on p.

to p

/ v () dW (s)

ty

Inspired by the definition of the mild solution to
the time-fractional differential equations (see [19]),
we give the following definition of mild solution for
our time-fractional stochastic equation.

Definition 3. An Fj-adapted stochastic process
(u(t), t €[0,T]) is called a mild solution to (5) if
the following integral equation is satisfied

u(t) = Eo (t)uo + h (u(t))
+ / (t —8)* ! Epo (t —s) B(u(s))ds
Ot
[ =9 Baa (6= 9) g () W (5
0
©6)

where the generalized Mittag-Leffler operators E,, (t)
and E,, ,, (t) are defined, respectively, by

/ca
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and
oo

Eoer (1) = [ a6, (0)T (20) a0,
0

where T (t) = e™*4, t > 0 is an analytic semi group
generated by the operator —A and the Mainardi’s
Wright-type function with o € (0, 1) is given by

ek
k:'I‘ 1—a (1+k))

Lemma 4. [5]For any o € (0,1) and —1 < v < o0,
it is not difficult to verity that

rl+v)

T (1+av)’
(N

Ca (9)>Oand/ 0" (o (6

forall 6 > 0.

The operators in (7) and {E, (t)},5, and
{Ea,a (1)}~ have the following properties.

Lemma55. Forany E,, (t) and E,, ., (t) are linear and
bounded operators. Moreover, for 0 < o« < 1 and
0 < v < 2, there exists a constant C > 0 such that
E, (t) and E, ,, (t) are defined, respectively, by

1B (8) Xl gv < Ct> Il

Proof. For T' > 0 and 0 < v < 2, by means of
Lemma 1 and Lemma 4, we have

1B (&) Xl v < / Ca (0) | AT (190) x| dO

< / Cot= 5077 Co (0) ||| d0

T V) e )
_F(l—OéV)t 2HXH7 XEL(D)a

and

[e.9]

| Bae () Xll o < / aba (6) || A,T (1°9) x| d

< / Cat=F017¢, (0) ||x|| dO
0

_Cpal'(2—-v) _

(11—
so, E, (t) and E,  (t) are linear and bounded opera-
tors. The proof is completed.

2 Ixl, xeL*D),
oy | Xl x (D)

O]
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Lemma 6. For any t > 0, the operators E, (t) and
Eq o (t) are strongly continuous. Moreover, for 0 <
a<land) <v <2and0 <ty <ty <T, there
exists a constant C > 0 such that

[(Ba (t2) — Ba (1) Xllge < C (t2 —t1) 2 qu(,g)

and

(o (t2) = Eaa (1)) Xl g < C (t2 — 1) |x]|.
(10)

Proof. Forany 0 < Ty < t1 < to < T, it1is easy to
deduce that

to

/ de;aH)dt =T (156)-T (t‘i)

t1

to
= / at“LYAT (t°0) dt,

t1

and by (7) and Lemma 5, we have

1(Ea (t2) = Ea (1)) | v
= [l Ay (Ea (t2) = Ea (t1)) x|

_ 0/@ () A,

to

(T (180) — T (t?)) xdo

< / abCy (6) / t7 | Ay, T (£%0) x| 12 dtd6

t1
to

0

< / Crad5 . (6) / % Lt | |||l do
0 Gl

_ 26T (1 =8) oy oy

o (0 e )
2C,T (1-%)

TUIr (1- %

) (t2 =) x|, x € L* (D).
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Also

[(Eaa (t2) = Ea,a (1)) XHHv
= || A, (Ea,a (t2) — Eaa (t1)) x|l

o0

/ 0fCo (6) A, (T (150) ~ 7 (1) ) xao

0

to

o0

< / a?0%¢, (0) / 7| Ag ., T (£20) x|| 2 dtd
0 t1

to

/ =5t | ) do

t1

< / C,a0' " 2¢, (0)
0

2aC,I' (2 - % _av _av
_ 2GLRoE) (0% %)y

)) (t2 _tl)% ”XH? X € L2 (D) :

It is obviously to see that the term

[(Ea (t2) — Ea (t1)) Xl v — 0,

and

”(Eoz,a (t2) — Eo o (t1)) XHHV — 0,

as t; — to which mean that the operators E,, (¢) and
Eq o (t) are strongly continuous.
U

3 Existence results

In this section, we present our main results on the ex-
istence of mild solutions of problem (5) and we define
the following space

K: {U, N U;GC([O7T]7HV)7
t€[0,T

sup |lul| < oo} :

To do this, we make the following hypotheses:

(Hp) A is the infinitesimal generator of a strongly
continuous semigroup {7 (t), t > 0} on H. We will
also suppose that the operator E,, (t), t > 0 is com-
pact.

(Hs) The function g : Q x H — L3 satisfies the
following global Lipshitz and growth conditions:

lg (@)llzz < Cllull, llg (@) =g (W)l < Cllu—wvll,

foranyu € H, v e H.
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(H3) The initial value wug Q — HY is a
Fp—measurable random variable, it hold that

[woll Lo, vy < 00, forany 0 <v<a <2

(Hy) The function h : L3 — L2 is continuous and
there exists L;, > 0 such that

Eh (ur (8)) = h (uz @)1z < Ln [lur (¢) = uz ()17
te[0,T), u1, ug € L(Q),

and

Efh (u ()l

(Hs) Let C' > 0 be a real number, then the bounded

bilinear operator B : L? (D) — H~! (D) satisfies
the following properties

< LyE |Ju(t)|?

|b?t6mﬂmueLa

1B ()] -1 < C Jlul?,

and
1B (u) —
for any u, v € L% (D).

B()llg-1+ < C(llull + [lol}) lu = vl

Definition 7. (see [2]) Let C be a bounded set in met-
ric space (X, d), then Kuratowskii measure of non-
compactness, o (C) is defined as

inf {e : C covered by finitely many sets

such that the diameter of each set} .

Definition 8. (see [2]). Let ® : D(P) C X — X
a bounded and continuous operator on Banach space
X. Then ® is called a condensing map if o (P (Y)) <
a (YY) all bounded sets Y, where o denotes the Kura-
towski measure of noncompactness.

Lemma 9 ([24], Example 11.7). The map G1 + G2
is a k—set contraction with 0 < k < 1 and is thus
condensing, if
(Z) Gl, GQ .
Banach space,
(ii) G1 is k—contractive, that is

D C X — X are operators on the

|Gru = Grvl| < klu—ol,
forall u, v € D and fixed point k € [0, 1),

(131) G is compact.
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Our main results is based on the following
Sadovskii fixed points theorem.

Theorem 10. [20](Sadovskii's fixed point theorem)
Let' Y be a convex, bounded, and closed subset of a
Banach space X and let ® : Y — Y a condensing
map. Then ® has a fixed point.

In the proof of main result, we need the following
Lemmas.

Lemma 11. Assume that conditions (Hy) and (Ha)
hold. Let ®1 be the operator defined by for each u €

K
t
/ (t—8) "' By (t —
0

Then ®1 is continuous and maps K into itself.

—5) B (u(s))ds.

QY

Proof. 1t is obvious that ®; is continuous. Next we
show that ®; (K) C K. By (H;) and (H3), from the
equation (11) and by applying Holder inequality, we
have

E|(@1u) (&)l

¢ p

—F /@—sﬁqAﬂ%@@—sﬁquﬁﬂﬂﬁk

Hv

ds) / E (| 4y B (u (s))|]") ds
1 L, t
1) [ Bl )]
0

t
vl/E () 25.] ds ,
0

(12)
_1e-l =
where v, = CPC, [%} (T)*2 . This com-
plete the proof.
O

Lemma 12. Assume that conditions (H1) and (Hs)
hold. Let ®5 be the operator defined by for each u €
K

t
/sa (t—8) f (u(s)) dW (s).
0
Then ®4 is continuous and maps K into itself.
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Proof. Making use of the Holder inequality and
Lemma 2, we obtain

E[|(®2u) (£)]5-

t

L/(t—sfflEa@<t—s>guMS»de@>
0

[/l

0
gcwxg(/@$”f9> Bl @l ds

0 0
p—2 t

p—2 =
o) [ Elaa s
0

p

=F

Epo(t—s H lALg (u ||L2 ds

p—2

<coer(

t

=2 [ Ellu).)ds,
0
(13)

p—2
p—2

where o = C (p) CLCP [W} .

That is &5 (B) C B.

Lemma 13. Assume that conditions (Hy) and (Hy)
hold. Let ®3 be the operator defined by for each u €
B

(Psu) (t) = Eq (t)ug + h (u(t)).

Then ®3 is continuous and maps K into K.

Proof. The continuity in p —th moment of ®3 follows
from (Hy).

Next, we show that @3 (Y) C Y . By (H;), (Hs) and
from (13), we have

E[[(®@3u) (@)ll2 < Ellh (@)}, < LuE flu @)

So, we conclude ¢35 (K) C K. O

Lemma 14. Assume that conditions (Hy) and (Hs)
hold. Then

EEa (t) uollgv] < Elluoll ] -
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Proof. By Lemma 5, we have

El|Ea (t) uoll ]

<p 7@ 0) (14,7 20y w0 ) a0
]L» /Ca (g uo,en>2) df
<E _ 0/ o (0) (nf:l <Al,u0,e_ta9>‘§ ,en>2> do

/ Co (0) [t | v @8] = B [Juo]l 0]

[NIE

D=

First, we defineamap F' : K — C([0,T],H")
in the following manner: for any u € K,

(Fu) (1) = / (t
0

+

§)* N Ego (t—5) B (u(s))ds

(t = 5)""" Baq (t = s) f (u(s)) dW (s)

o .

+Ey (t)ug (s) +h(u(t)).

Now, we set F' = F| + F5, where

(Fu) () = Ea (t) uo (s) + h (u (1)),

fort € [0, 7.

Lemma 15. Assume (Hs) , (Hy), (Hs) hold and 0 <
v<a<2 p>2 Then

E || Eq (t2) — Eo (t1)|50 < CB, (t2 — 11) E [luo|.
Proof. We set
I = Fy (tg) —

F1 (tl) = Ea (tg) ug — Ea (tg) u
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For any p > 2, by vertue of Lemma 6, it follows that

E[[Ihf] = E[A||Ea (t2) uo — Ea (t2) uo|”]

<Ch,(ta—t1) 2 Eluol”.

It is obviously to see that the term
|(Fy (t2) — Fi (t1))|ly — 0 ast; — t which mean
that the operators F] is strongly continuous. 0

Lemma 16. Assume (H2) ,(Hy), (Hs) hold and 0 <
v < a<2 p>2 then the operator Fy is uniformly
bounded.

Proof. From Lemma 11, Lemma 12 and by means of
extension of Gronwall’s lemma, we have

sup E [||Fy (u(t)|f.] < oo,
te[0,T

that is the operator F5 is uniformly bounded. O

Lemma 17. Assume (Hs) , (Hy), (Hs) hold and 0 <
v < a <2 p> 2. Then the operator Fs is equicon-
tinuous.

Proof. Forany 0 <t < t9 < T, from

(Fou) (t2) — (Fau) (t1)
_ / (ts — )2} Boo (2 — 5) B (u(s)) ds

0
t1

— / (t1 — 8)* " Eao (1 — 8) B (u(s))ds
0

+ / (ta — s)o‘_l Eqo (t2 —s) g (u) dW (s)

0
ty

- / (b1 — )% B (b1 — 5) g () dW (s) = I + I,

[e=]

(14)
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where

to

I = /(t2 —8)* ' By (ta — s) B (u(s))ds
0
t1

— / (tr — 8)* " Boo (i — s) B (u)d(s)

0
/O (1= ) B (ta— )
—Eqa (t1 — )| B(u(s))ds

t1
+/ [(t2 =) = (¢ — )™
0 X Eap (ts — ) B (u(s)) ds
. / (t2 = 9% B (12 — 5) B (u(5)) ds
:Zl + Ipg + s,
(15)

and

+ / (tz = )" Bua (t2 — 5)  (u(s)) WV (s)
= I31 + I3o + I33.

(16)

For the first term I3 in (15), applying the assump-
tions (Hs) and Lemma 10 and Holder inequality, we
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have

E = [|[I21]/5.]
_E H /O (t1— 9" [Baa (f2 — 5)
o (t = 5)] B (u(s)) ds]| "]

pa(r+1)

<Ch, (t2—t1) 2 X%
.

(/}h_sfﬁi)m) /Q?MAABQM@N@JdS
0

0
< CPCP, TP x

p—1 p=l B 2 ; ; pa(yt1)
pa1) |z El@I] ) G-
A7)

Using the assumptions (Hs) and Lemma 10 and
Holder inequality, we have

E|l22]/%.]

=F 1 (t —s)a_l—(t .
[ te-or-near

X [AuBo (12— 9)] B (u(5)) dsll”)
sor( [ {[te-om - -9

—a(vt1) } ds)p_l /Ot E [||A_1B (u (3))||ZI}1] ds

X(tQ—S) 2

p—1
< CPCRT (1)—(1+1))
p(a-25)
pa(l—v)—2
x ( sup E [uu(s)ni,ﬁ}) T
t€[0,T
(18)
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and
E (| 12|15 ]
to p
"y / (ts — ) Ay o (ta — 5) B (u(s)) ds
t1
to p—1
ailia(lﬂﬁl)
< C? (ta — s) 2 ds
t1
to
< [ EIAB (0 (s) ] ds
t1
p—1
p—1
< cree

p(a—MVT—FU)—l

X ( sup E [Hu(s)\\?&) (ty — tl)m(l{u) .

te[0,7]

19)

Next, by following similar arguments as in the proof
of (17)-(19) and using Lemma 2 there holds,

E [|| I35, ]

_E [ /0 Yt = 97 (B (fa — )

—Bon (t—8)] f (u(s) dWs||®

ccor([

Bt~ I I (5D )

(ty — ) ' Ay [Baa (ta — s

]
)
<O, (ty— 1) /mﬁﬂfW%Q

0

< [ ENF o)l ds

x<wpmw@wow—uﬁﬂ

t€[0,T]
(20)
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and Taking expectation on the both side of (14) and in
» view of estimates (15) and (17)-(22), we conclude that
E || 2|l ] )
t |(Fou) (t2) — (Fow) (t1)|| o vy < C (L2 —t1)7,
- E |: / |:(t2 _ S)a—l _ (tl _ S)a—1:| p( s )
0 where v = mz‘n{% ap(1—v)—2 2pa(2—u)—2(p+2)}
= 2 2 ) i
X [AuBaa (t2 = 5)] £ (u(s)) aWs|ly, | when0 <ty b =1 ’
< C(p) x Otherwise, if ¢t — t; > 1, then we set v =
< . - a(y+1) a(2—v—1) 2pa(2—u)—2p}
_ ) 2 ) 4 .
E |:</0 [(tg—s)a 1—(t1— )a 1} [A Eaa tQ—S Hﬂ P ]

<1 DI ds) ]
< () o

t1

/ {{ta-9 -t
/E 17 (s, ds

2(p—2) >2
2pa(2—v)—2(p+2)

2pa(2—v)—2(p+2)
sup E [HU(t)Hp]> (ta —t1) 1 7

< C (p)CPCPT (

te€[0,T]
(21)
and
E || I3[ ]
to p
=F /(tg — 8)* P Ay Epq (ta — 5) B (u(s))ds
t1
C (p)

[(tZ gl

“|(f

< ) ds)’|

<coe(f (=9 ¥ )

AR

p—2

2(p - 2) >2
2pa(2—v)—2(p+2)

2pa(2—v)—2p
sup E[llU@)ll”]) (tz —t1)

t€[0,T]

<Cl(p )cpcp<

(22)
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Lemma 18. Assume the conditions (H1) and (Ha)

hold. Then F maps K into itself.

Proof. Let the nonlinear operator F' defined by, for
52 0,

We prove that the operator F' has a fixed point, which
is a mild solution of the problem (1)-(3). We shall
employ Theorem 10. For better readability, we break
the proof into a sequence of steps.

Step 1. For0 < A < 1,set{u € K : u= AFu} is
bounded.

Let u € K be a possible solution of u = AF'u for
some 0 < A < 1. Then by (H;) — (H4) and applying
the similar arguments in Lemma 13 and Lemma 16,
we have

E lu ()| <3771 || Ea () uollf
+ 377 [ (u () e
+ 3P LE | @1 (u (1) I
+ 3P E | @2 (u (1) I
< 3B (ol ]

t
1+ 377 (41 4 0) /E lul?,.] d
0

By means of the extention of Gronwall’s lemma, it
holds that

sup E||u(t)]%,, < oo.
te[0,T]

This indicates that u (-) is bounded on [0, T7].
Step 2. F : K — C([0,T],H?) is continuous.
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Let {uy, (t)},,5 With u, = u (n — o0) in K. Then

there is a number 7 > 0 such that E ||u,, (t)||3, < r
for all n and a.e. t € [0,T], so up, € B, (0,Y) =

u€e K :
te

sup ||ul| g
(0,7
the assumptions (H3) and similar argument to obtain
(12) and (13), we have
E|(Fun) (t) = (Fu) ()l
<377 (un (1) = ()] 770
+ 3P B |y (un (1) — u ()70
+ 3B || @y (un () — u (D)7
< 3" (un (8)) = b (u (8) 1y
t
37 (G + K) / B, — ully, ds

and v € B, (0,K). By

Then, we have for all t € [0, 7],

|Fun, — Fully — 0, asn — oo.

Therefore F' is continuous.

Step 3. We decompose F' as F' = F} + F» where F}
and F5 defined above.

(1) Fy is acontraction on K. Let u, v € K. It follows
from Lemma 2 that

E||Fiu— Fyollg, < LnE fu(s) = v ()|
< Ly sup Elu(s)—v(s)ds|?.
s€[0,7T
< Ly [lu(s) — v (s) dslfy
Taking supremum over ¢
[Frw— Frolly < Lolu(s) — v (s)]§

where Lo = L;, < 1.

Hence F is a contraction on K.

(2) Fy is compact operator. Let u, v € K. It follows
from (Hj), (Hs) and Lemma 2 that

E||Fou — Fyul3.
t

/(t ) By (t—s) Ay

0

lg (u(s)) = g (v (s))]dW ()] 7.

<or-lp

(t—s)A,
0

(B (u(s)) = B (v(s)] ds|

(11 +7)E ( ||U*U||H ) )
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which implies

sup E||Fou — Fyvl[5, = (71 +72) sup E|lu— |3 .
t€[0,T t€[0,T7]

Since 0 < L = ~1 + 72 < 1, then F' is contraction
maping on K.

From Lemma 16 and Lemma 17, the operator F5 is
relatively compact. together with Ascoli’s theorem,
we conclude that the operator F5 is compact.

In view of Theorem 10, we conclude that F' has at
least one fixed point, which is a mild solution of the
problem (1)-(2). L]

4 Conclusion

In this paper, we study a class of a stochastic partial
differential equation with noise. By using stochastic
analysis theory, fractional calculations, operator semi-
group theory and applying Sadovskii’s fixed point the-
orem, we obtain the existence of mild solutions for
these equation. In the future, We develop a stochas-
tic calculus for the fractional Brownian motion with
Hurst parameter in different cases using the tech-
niques of the Malliavin calculus.

References:

[1] A. Bahar and X. Mao, Stochastic delay Lotka-
Volterra model. J. Math. Anal. Appl, 292,
364380 (2004)

[2] J. Banas and K. Goebel, Measure of Noncom-
pactness in Banach Space, Lecture Notes in Pure
and Applied Matyenath, Dekker, New York,
1980.

[3] T. Caraballo and K. Liu, Exponential stability
of mild solutions of stochastic partial differen-
tial equations with delays, Stoch. Anal. Appl.

17 (1999), 743-763 .

[4] D. Conte, B. Paternoster, L. Moradi and F. Mo-
hammadi, Construction of exponentially fitted
explicit peer methods, International Journal of

Circuits, Systems and Signal Processing, pp.
501-506, Volume 13, 2019.

[5] J. Cui and L. Yan, Existence result for frac-
tional neutral stochastic integrodifferential equa-
tions with infinite delay, J. Phys. A 44, (2011),
335-201.

[6] T. E. Duncan, B. Maslowski and B. Pasik-
Duncan, Semilinear stochastic equations in a

Hilbert space with a fractional Brownian motion,
SIAM J. Math. Anal, 40 (6) (2009), 2286-2315.

Volume 19, 2020



[7]

WSEAS TRANSACTIONS on SYSTEMS
DOI: 10.37394/23202.2020.19.29

K. Ezzinbi, S. Ghnimi Local existence and
global continuation for some partial functional
integrodifferential equations. Afr. Diaspora J.
Math, 12(1), (2011), 3445

P. Germain, Multipliers, paramultipliers, and
weak-strong uniqueness for the Navier-Stokes
equations,J. Differential Equations, V.226, N.2
(2006), 373-428.

Y. Jiang, T. WeiX. Zhou, Stochastic generalized
Burgers equations driven by fractional noises,
J. Differential Equations. 252(2)(2012), 1934-
1961.

[21]

[22]

[23]

Habib Djourdem, Noureddine Bouteraa

N. Samarinas, C. Tzimopoulos and C. Evan-
gelides, Fuzzy Numerical Solution to Horizon-
tal Infiltration, International Journal of Circuits,
Systems and Signal Processing, pp. 325-332,
Volume 12, 2018.

T. Taniguchi, The existence of energy solu-
tions to 2-dimensional non-Lipschitz stochas-
tic Navier-Stokes equations in unbounded do-
mains,J. Differential Equations, 251(12) (2011),
3329-3362.

R. N. Wang, D. H. Chen and T. J. Xiao,
Abstract fractional Cauchy problems with al-
most sectorial operators, J. Differential Equa-

[10] R. Kruse, Strong and weak approximation )
of semilinear stochastic evolution equations, tions, 252(1)(2012), 202-235.

Springer, 2014. [24] E. Zeid!er, -Nonlin-ear Fun.ctional Analysis and

[11] P.G. Lemarie-Rieusset, Recent developments in éts Ap P hi?”o@' ]1: lﬁfg{f é)Zit-ng}é%orems » vol. 1,
the NavierStokes problem, CRC Press, 2002. PrINZEr,NeW YOI, Y, ’ o

[12] X.Mao, S. Sabanis and E. Renshaw, Asymptotic [25] S-uatiz(?rlll, wEh Ervz:lcrizig(;nalsuc)lce}rliavsiicve Bg;g: errsl
behaviour of the stochastic LotkaVolterra model. q S .

J. Math. Anal. Appl by multiplicative noise, Comput. Math.
’ ’ ’ ’ o Appl. (2017) http://dx.doi.org/10.1016/

) ol detay cquations of population dynamic, Jama 2017.08.023.

) [26] Y. Zhou and L. Peng, On the time-fractional
{411‘/@?(;)’66;1) Appl, 304, 296320 (2005) 287, Navier-Stokes equatiorgls, Comput. Math. Appl,
o ) 73(6)(2017), 874-891.

[14] X. Mao, G. Marlon‘and E. Renshaw, EI?VHOI,I' [27] X.J. Yang, Advanced local fractional calculus
mental Brownian noise suppresses explosions in and its applications, World Science, New York
population dynamics. Stoch. Process. Appl, 97, 2012 ’ ’ ’

110 (2002 )
93 0,( 002) ) . [28] Y. Yuan and L.J.S. Allen, Stochastic models

[15] H. Miura, Remark on uniqueness of mild solu- for virus and immune system dynamics. Math.
2011? t\(; 2tlll§ 1;a¥1er£§895kei le(;]liz;téons, J. Funct. Biosci, 234, 8494 (2011)

nal, V218, N.1, ( ), e [29] Hui Yu, Convergence of the Euler Method

[16] Y. Ren and D.D. Sun, Second-order neutral in Probability to SDEs under the General-
stochastic evolution equations with infinite delay ized Khasminskii-type Conditions, International
under carathodory conditions, J. Optim. Theory Journal of Circuits, Systems and Signal Process-
Appl, 147 (2010), 569-582. ing, pp. 251-258, Volume 13, 2019.

[171 Y. Ren, Q. Zhou and L. Chen, Existence,
uniqueness and stability of mild solutions for . ) ] )
time-dependent stochastic evolution equations Creative Commons Attribution License 4.0
with Poisson jumps and infinite delay, J. Optim. (Attribution 4.0 International, CC BY 4.0)
Theory Appl, 149 (2011) 315-331.

This article is published under the terms of the Creative

[18] F.A. Rihan, H.J. Alsakaji, and C. Rajivgan- Commons Attribution License 4.0
thi, Stochastic SIRC epidemic model with time- https://creativecommons.org/licenses/by/4.0/deed.en_US
delay for COVID-19. Adv Differ Equ, 2020,

502 (2020). https://doi.org/10.1186/s13662-020-
02964-8

[19] Y.V. Rogovchenko, Nonlinear impulse evo-
lution systems and applications to population
models, J. Math. Anal. Appl, 207(1997), 300-

315.
[20] B. N. Sadovskii, On a fixed point principle,

Functional Analysis and Its Applications, vol. 1,
pp. 74-76, 1967.

E-ISSN: 2224-2678 256 Volume 19, 2020





