WSEAS TRANSACTIONS on SYSTEMS Magdi S. Mahmoud

Complete Results on Control and Filtering
of Discrete Systems with Time Scales

MAGDI S. MAHMOUD
Distributed Control Research Lab
Systems Engineering Department, KFUPM
P. O. Box 5067, Dhahran 31261
SAUDI ARABIA, magdisadekmahmoud@gmail.com

Abstract: The paper provides complete results of the feedback control design problem for a wide class of discrete-
time systems possessing fast and slow modes. The mode-separation is expressed in terms of an inequality relating
norms of system sub-matrices. The slow and fast subsystems are considered to be completely controllable and
observable. A systematic two-stage procedure is developed which enables designing separate gain matrices for
the fast and slow subsystems basedHby andH, optimization criteria and using linear matrix inequalities. It

is established that the composite control yields first-order approximations to the behavior of the discrete system.
The theoretical analysis is extended to designing of Kalman filters and linear quadratic Gaussian controllers. It is
shown that the design procedure eventually reduces to solving pure-slow and pure-fast reduced-order Kalman filters
followed by pure-slow and pure-fast reduced-order discrete-time algebraic Riccati equations. Typical applications
are considered to illustrate the design procedure.
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1 Introduction H., and H, composite state-feedback controls of a
two-time-scale discrete system. The results are ex-
pressed in terms of two independent linear matrix in-
equalities (LMIs). It is shown that the new feedback
design vyields first-order perturbation in the behavior
of the discrete system. Moreover, we show that the
results of [6]-[14] can be extended to Kalman filter-
ing using slow-fast separation. These results are used
to build up reduced-order slow and fast Kalman filters
as well Kalman full-order filters and to establish the
conditions under which reduced-order filters could be
designed. After that, we compare the results of the
approximated filtered system with the actual filtered
system.

The contributions of this paper are

The usefulness of time-scale modeling approach for
the control analysis and design of dynamical systems
with fast and slow modes has been widely recognized
as a powerful tool for over three decades [1, 2]. In
addition, H.-control [3] has been an active topic of
research for almost three decades and has received
the attention of researchers in the theory of dynami-
cal systems with time-scales [4, 5, 11]. A salient fea-
ture of the available results is that the control anal-
ysis and design are implemented in two stages, such
that an appropriate reduced-order model is handled at
each stage. Extension of the time-scale approach to
the analysis and control design of discrete systems has

been developed [7] using explicitly invertible linear 1 it complements the results obtained in [6]—[14]

transformations and a quasi-steady-state assumption  on structural properties of discrete systems with
[6]. It has been shown that, when an inequality relat- fast-slow separation;

ing the norms of subsystem matrices is satisfied, the

discrete model can be approximated by (a) a slow sub- 2. it establishes the conditions under which full-
model with large eigenvalues distributed near the unit and reduced-order Kalman filters can be de-
circle and (b) a fast submodel with small eigenvalues signed to reconstruct the fast and slow states; and
centered around the origin in the complex plane. This

allows feedback control to be implemented using sep- S ILProvides a tw?-bstagz [()E%)cedudr%to compute the
arate gain matrices. gain matrices of based dfi., andH, optimiza-

_ _ _ tion criteria.
In this paper, we build on the theory in [7, 6] and

extend it further to provide a state-space solution for The developed methods are implemented on typical
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application models to illustrate the theoretical analy-
sis.

Notations:We useV™', W1 and||W || to denote
the transpose, the inverse and induced-norm of any
square matrixi¥’, respectively. We usé&/’ < 0 to
denote a symmetric negative definite matfixand /
to denote the: x n identity matrix. Matrices, if their
dimensions are not explicitly stated, are assumed to
be compatible for algebraic operations. In symmetric
block matrices or complex matrix expressions, we use
the symbole to represent a term that is induced by
symmetry. Sometimes, the arguments of a function
will be omitted when no confusion can arise.

2 Discrete Systems with Time-Scales

Consider a class of linear shift-invariant systems de-
scribed by

z(k+1) = Ax(k)+ Bu(k) +Tw(k)
y(k) = Cx(k) + Pw(k) (1)
where the vectors(k) € R", u(k) € R™, y(k) €

R1, w(k) € R° are the state, control input, output
and disturbance input, respectively. We assume that
system (1) is asymptotically stable, the p@it, B)

is completely reachable and the pait, C) is com-
pletely observable. In the literature, there are two cat-
egories of modeling to exhibit the time-scale phenom-
ena in discrete Systems. One category can be termed
"explicit” since a particular time-scale parameter ap-
pears explicitly in the model [10, 12, 13, 14]. A mem-
ber class of this category is given by

l‘l(k + 1) Anxl(k) + El_jAlgl'Q(k)
Biu(k) + T'yw(k)
EiAgl.%'l(k) + 814221‘2(/{)

&' Bou(k) + Tow(k)

+
g2z (k+ 1)

+ (2)
wherei, j € {0,1}, z1(k) € R™, z9(k) € R"2 are

the state components(k) € R™ is the control input.
Three limiting cases are of interegt: = 0, j = 0}

in which thetime-scale parameter is retained in the
column blocks,{i 0, j 1} in which the
time-scale parameter is retained in the row blocks and
{i = 1, j = 1} inwhich the time-scale parameter
is retained in the diagonal blocks. Additional classes
arise as a result of numerical solution or sampling
continuous-time systems with time-scales and using
appropriate block diagonal transformation scheme. In
case of fast sampling dfy = ¢, a class of discrete-
time systems withwo-time scales is given be:

1’1(71 + 1) [I + €D11]x1(n) + €D12:c2(n)
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+

+

eE1u(k) + Tw(k)
Doyz1(n) + Dagxa(k)
Esu(k) + Tow(k)

zo(n+1)
3)
wheren is the fast sampling instant. However, if the

sampling is slowl; = 1, we could have the discrete
systems will be

Diiz1(p) + eEr222(p)
Bru(p) + Thw(k)
Doyx1(p) + eExxa2(p)
EQU( +F2w( )

z1(p+1)

—+

_l’_

z2(p+1) 1(p
) (4)

wherep denotes the slow sampling instant= p[1/e.

It is significant to note that the analysis and design of
systems (2)-(4) requires the identification of the scalar
e > 0 a priori.

The other modeling category can be called "im
plicit” since there is no time-scale parameter in the
model. In this category, to exhibit the behavior of
fast-slow modes of system (1), only suitable arrange-
ment of system matrices is often required, which can
be attained via permutation and scaling of states. This
leads to the model

.’I,'l(k + 1)

Az (k) + Agza (k)
Biu(k) + T'w(k)
(k)

_l’_

l’g(k‘ + 1)

A3:L‘1( ) + A4£L’2(k‘)
Bgu( ) + PQ'U}
01951( ) + 02352(143) + ‘I)U)(k:) (5)

_l’_

y(k)

which possesses the time-scale propértyhe output
matrices are’; € R?*™ Cy € RT*™2 and the dis-
turbance weighting matrices afg € R"1*5, T'y €
RI*s. ® e RI*¢. This implies that the eigen-
spectrum\(A) of system (1) consists of a cluster of
ny largeeigenvalues, distributed near the unit circle,
separated from a cluster af, small eigenvalues cen-
tered around the origin in the complex plane. The first
ny eigenvalues designate the slow modes of the sys-
tem (1) because their response is slower than that of
the fast modes represented by the remainingigen-
values.

3 Discrete Systems with Time-Scales

It can be readily established, following a discrete
guasi-steady-state analysis [7], that system (5) can be

it has been shown in , see [6, 7] that a sufficient condition
for mode-separation in discrete systemg.i, || << (||A4|| +

||([—A4)_1A3|H|A2H)_l Wherer = A +A2(I—A4)_1A3
andA; € R"M | Ay € R™MX™2 0 Ay € R™M2X™M andAs €
g2 Xn2
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decomposed into a slow subsystem Theorem 2 : System (6) is stabilizable by the
controller us(k) = Ggrg(k) and ||ys(k)||3 <
zs(k+1) = Aows(k) + Bous(k) + Low(k) 72 ||w(k)||3 if there exist matrice(s > 0, Y; and a
ys(k) = Coxs(k) + Dous(k) + Vow(k) scalarvs > 0 suchthat the following LMl is feasible
A, = A1 +A(I—-A)'B
1+ Ay 4)_1 » ~X, 0 X,AL+Y!B, X,Cl+Y!D}
B, = A1+ Ay(I —A4) A3 ° —~2] It 0
cC, = Ci+ CQ(I — A4)_1A3, ° ° — X, qu)to
D, = CQ(I — A4)71B2, * ¢ ¢ —1
I, = I+ AQ(I — A4)_1F2, <0 9)
Vo = Ol — A1) T2 (6) TheH slow gain is given by, = Y, X 1.

of orderny, and a fast subsystem
Proof: It follows from robust control theory [3] that

rp(k+1) = Auyxsp(k)+ Baug(k) + Tow(k) the solution of the slow#, control problem cor-
yr(k) = Caxs(k) 7) responds to determining the controller gdify that
guarantees the feasibility of

of ordernsy. As shown in [9] the slow contrak (k)
and the fast controky (k) produce a composite con-  TI, = AV, + 4! (k)ys(k) — ~2 w'(k)w(k) < 0 (10)
trol u.(k) according tou.(k) = us(k) + us(k).
Suppose that a linear feedback scheme of the type Evaluation of the first-forward differencAV, along
us(k) = Gsxs(k), up(k) = Gy y(k) with indepen- the solutions of (6) withus(k) = Gszs(k), we ex-
dent gainsG,, G has been designed for slow and press inequality (10) in the form
fast subsystems subject to prescribed specifications.

In view of the mode-separation [6], the following re- T b T
sult is established: I, = [ » ] Es [ " ] <0 (11)
S S
Lemma 1 The composite control - [ Zsl o ]
uo(k) = - o I
(I —G(I = Ag) "' Ba) ' Go — Gy (I — Ay) ™" Asla (k) Eq = —Pi+ (A, + G.B)Py(A, + B,Gy)
+G paa(k) ®) + (Co+ GLD;)(Co + DoGi)
oy _ t t Rt t t MOt
yields afirst-order approximation to the state trajec- :32 - (130 + GfBo)PSEO +(Co + G5 Do) %o
tories of system (5). Es3 = Y1 -2, - Pl (12)
The objective now is to desigh, and#, controllers |nequality (11) impliesthat =, < 0. Employing
to guarantee Stab|I|Z|ng SyStem (5) W|th prescrlbed Schur Complements tES < 0 andapplying the con-
performance. gruent transformationX,, I, X, I with X, =
Pl GyXs = Ys, we readily obtain inequality (9).
0

4 H,, Control Design

Instead of designing a full-ordét..,, we decompose 4.2 FastH,, controller
it into two separate slow and fakt,, controllers and

later on we recompose them in the manneteima Similarly, let V; = af(k)Przs(k), Py > 0be a
1. Lyapunov function associated with the fast subsystem

(7). The objective of fast{, controller can then be
phrased asGiven a scalary; > 0, determine the
4.1 SlowH., controller controller ug(k) = Gray¢(k) that stabilizes system
Let V, = at(k)Pay(k), P, > 0 be a Lyapunov  (7) and ensuring thaliy; (k)5 < 77 |[w(k)[|5. The
function associated with the slow subsystem (6). The corresponding design result is provided by the follow-
objective of slowH., controller can then be phrased ing theorem:

as: Given a scalaryy > 0, determine the conttler

us(k) = Gszs(k) that stabilizes system (6) and ensur- Theorem 3 :  System (7) is stabilizable by the
ing that ||ys(k)||3 < 72 ||w(k)||3. The design result  controller us(k) = Gyzp(k) and |lys(k)|3 <

is provided by the following theorem: 'y? ||w(k)]|3 if there exist matrices(; > 0, Yy and a
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scalar~; > 0 such that such that the following LMI
is feasible

-X; 0 XpAL+YiB) X;Ci
° —21 rt 0
° ° —Xf 0
° ° ° -1
<0 (13)

The?H fast gain is given by = Y; X .

Proof: Follows by parallel development ftheorem
2. O

By combiningLemma 1, Theorems2 and 3, the
composite?,, control is derived by the following
lemma:

Lemma 4 Consider system (5) and l1&f;, > 0, Y
and Xy > 0, Y} be the feasible solutions of the LMIs
(9) and (13), respectively. Then thH., composite
control

ue(k) = (I =YX (I = As) "' By) 'Y, X[
— Yfo_l(] — A4)71A3]$1(k})
+ YiX;lao(k) (14)

guarantees that|y(k)||2 < 72 |Jw(k)||2 with v €
[vs, vf]- Moreover, it yields a first-order approxima-
tion to the state trajectories of the original system (5).

In case that the fast subsystem is asymptotically sta-
ble, a reduced-ordéi ., control can be derived in the
following lemma:

Lemma5 Consider system (5) and Iéf; > 0, Y;
be the feasiblsolution of the LMI (9). Then th#&
reduced-order control

uc(k) = YoX,'aq(k) (15)
guarantees that|y(k)||3 < v2 |Jw(k)||3 with v €
[vs, 7). Moreover, it yields a first-order approxima-
tion to the state trajectories of the original system (5).

Proof: Follows by parallel development to [6, 7].0

Remark 6 It is significant to note that the results of
Theorems 2 and 3 and Lemmas 4 and 5 are new in the
field of discrete systems with time scales. It further
strengthen the fact that system (5) is a good represen-
tative model of two-time-scale discrete-time systems
with implicit characterization of the mode-separation

property.
We next direct attention to the designlfif com-
posite control design.
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5 H, Control Design

Similarly, instead of designing a full-ord&f,, we de-
compose it into two separate slow and fést con-
trollers and later on we recompose them in the manner
of Lemma 1.

5.1 SlowH, controller

LetV; = 2 (k)Pszs(k), Ps > 0be aLyapunov func-
tion associated with the slow subsystem (6). The ob-
jective of slowH controller is to ensure the stability
of closed-loop slow subsystem and to keep Hie
norm of the transfer functiof/,,,,(s) from w to y, as
small as possible.

Given the slow controlis (k) = Gsxs(k) into (6),
the closed-loop slow subsystem becomes

$s<k + 1) = Acoxs<k) + Fow(k>
ys(k) = Ceoxs(k)+ Yow(k)
Aco = Ao + BOG87
CCO CO + DOGS (16)
From the Lyapunov theorem giver;, the closed-

loop system (16) is internally asymptotically stable
w(k)=0if
P— AL PA, > 0 a7
Then the square of thEl,-norm of the transfer
function H,,(s) can be expressed in terms of the so-
lution of a Lyapunov equation (controllability Gram-

mian) such that the corresponding minimization prob-
lem with respect to the controller gadr is given by

min Tr[CeoPsCL)]
subject to

{PS — AL P A + T, = 0} (18)

whereT'r[.] denotes the trace operator. SirRe< P
for anyP satisfying

P — AL PAp+ Tl < 0 (19)

it is readily verified that ||H.,(s)|[3 =
Tr[C.oPsCL] < v with ¥, = 0 if and only if there
existsP > 0 satisfying (19) and’r[C.,PCL,] < v.

Introducing an auxiliary parameteg, the fol-
lowing design result is obtained:

Theorem 7 : System (6) is stabilizable by the con-
troller us(k) = Gsxs(k) and ||H.,(s)||3 < v for a
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prescribedy if and only if there exist matrice® >
0, @, Z > 0such that

Z C,P+ D,Q
Tr(Z) < v, . P > 0,
P AP+ B,Q T,
. P 0| >0 (20)
° ° I

Moreover, the slow gain is given lgy, = QP!

Proof: It follows from standard convex analysis simi-
larto [17, 18]. O

5.2 FastH, controller

Similarly, letVy = % (k) Pra¢(k), Py > 0be alya-
punov function associated with the fast subsystem (7).
The objective of fasti, controller is to ensure the sta-
bility of closed-loop fast subsystem and to keep the
Ha-norm of the transfer functiof/, ., (s) from w to

y¢ as small as possible. The corresponding design re-
sult is provided by the following theorem in a parallel
development to Theorem 7:

Theorem 8 ;. System (7) is stabilizable by the con-
troller ug(k) = Gragp(k) and |[Hyw(s)|[5 < v
for a prescribedv if and only if there exist matrices
R >0, S, W > 0suchthat

W O9R
TT(W)<V,[. R ]>0,
R AP+ B,S T,
. R 0] >0 (1)
° ° I

Moreover, the slow gain is given l6y; = SR ™!

By combiningLemma 1, Theorems 7 and 8,
the composité{, control is derived by the following
lemma:

Lemma9 Consider system (5) and lef? >

0, @, Z>0andR > 0, S, W > 0 be thefea-
sible solutions of the LMIs (20) and (21), respectively.
Then theH, composite control

ue(k) (I —SRYI—Ay) " 'By)~top!
SR™MI — Ay) "' Az)ay (K)
+ SR_l.CL‘Q(k‘)

(22)

guarantees that the stability of closed-loop system
while keeping théd;-norm of the transfer function
Hy,,(s) fromw to y, as small as possible. Moreover,
it yields a first-order approximation to the state tra-

jectories of the original system (5).
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Remark 10 In a similar way, the results oTheo-
rems 7 and 8 andLemmas 9 and 5 are new in the
field of discrete systems with time scales. It assert
that the operations of permutation ans/or scaling are
essential in casting discrete-time systems of the type
(5) in the form of two-time-scale discrete-time systems
with implicit characterization of the mode-separation

property.

Remark11 e The stabilizability-detectability
conditions of the triples(Ay, By,Cy) and
(A4, B4, Cy) are eventually independent. More
importantly, it has been established [5], [6]
that they are equivalent to the stabilizability-
detectability of the triple (A, B, C) of the original
system (I), wher&s” = [BT BI].

The control lawsus (k) andus(k) given by (25)
and (29) are only subsystem optimal; that is, with
respect to the slow and fast subsystem variables.
However, it is much easier and computationally
simpler to determine them than the optimal con-
trol for the overall system (1).

6 Simulation Example |

Now, we apply the foregoing results to an engine and
dynamometer test rig for which a linearized model
was developed in [15, 16]. It has the dynamometer ro-
tor speed, shaft torque, engine speed and current am-
plifier states as the state variables. The input variables
are the throttle servo voltage and dynamometer source
current. It can easily checked that the model exhibits
a mode-separation with two slow states, (== 2)

and three fast states {n= 2). Given the data from
[15, 16], the slow model (6) is described by

A _ [om2 0

° 7 | —0.029 0.689 |

5o 0 1.049

° = 10090 -0.018 |
S D

Coo = | _0221 8191 |
oy o

Do =1 0765 —0.144 |

whereas théast model (7) is given by

[ 0.160 —0.002 —0.258
M 0 —0.038 0 ,
| 0.231 0 —0.381
[ 0.702 —0.083 0
By, = 0 22400 |,Ct:=1]0
| 0.142  0.026 1
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Application of Theorems2 and 3 gives thél, slow
and fast gains as

0.008 —0.094
Gs [0.007 0.089 ]’75_0‘453’

—0.286 —0.001 —0.079
Gr = [—0.277 ~0.011 —0.084]’”_0‘629
This yields theH,,, composite control as
a. - 0.0564 0.030 —0.288 0.012 —-0.078
¢ 0.051 0.114 -0.269 0.078 —-0.103
Ye € [0.453, 0.629]

On the other hand, application ®heorems7 and 8
with v = 1.245 yields theH, slow and fast gains as

o _ [0016 —0.085
s = 10002 0.097 |’

q, — [ 0305 0013 —0.044
f = | —0225 —0.001 —0.103

From which the Hs; composite control takes the form

0.047 0.028
0.062 0.209

—0.309 0.104

~0.036
Ge = { ~0.283  0.055 }

—0.201

According toLemmas4 and 9, the ensuing compos-
ite gains guarantee close approximation to the closed-
loop state-trajectories.

7 Kalman Filter Design

Based on the foregoing results, this section investi-
gates a reduced discrete Kalman filter design to esti-
mate the slow and fast states.

7.1 Slow filter design

We consider the slow model (6). Subject to the
detectability of (4y, Cy), the observer form of the
Kalman filter for the slow subsystem (6) is given as:

s(k+1) = ApZs(k) + Bous(k)
+ Ks[ys(k) - gs(k)]
= (Ao — KsCo)Zs(k) + KsCozs(k)
-+ Bous(k)
+ K Yow(k) + K w(k) (23)

It follows from (6) and (23), that the slow estimation
error has the form:

es(k+1) = as(k+1)—25(k+1)
[AO — KSCO}QS(]{)

Do — KoUo — KyJw(k)

_'_
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The associated estimation error covariance is:

Ys(k+1) = Eles(k+ el (k+1)]
= [Ag — K,Co|Z,(k)[Ag — K,Co]"
+ [T — KWWy — K, ¥y — K,]7
+ KJWKT (24)

Evaluating the prediction update, we deduce that

es(k+1) [I — K;Coples(k)
[KsWo + KsJw(k)

(25)
Hence, the estimation error covariance is updated as:

Yo(k+1) [ — K,Co|S,(k)[I — K,Co]"
— [KyUg + K WKW + KT

Following standard procedure, we can get the slow
Kalman gain by differentiating the trace of the esti-
mation error covariance matrix and setting it equals to
zero. This procedure yields

W EoWEZ
K, Yo (k)CT[Coxs(k)CT + W™t (26)

7.2 Fastfilter design

In a similar fashion, the observer form of the Kalman
filter for the fast subsystem is given by:

.f?f(k + 1) = A4:%f(k) + BQUf(k)
+ Kplys(k) — 95(k)]
(Ay — KyCo)ay(k) + KyComy(k)
BQUf(k) + wa(k) (27)
Likewise, the estimation error is
ef(k—i—l) a}f(k—i-l)—if(/{?-i-l)
(A4 — KyColeg (k) + Gaw(k)
— Kjuw(k)

The estimation error covariance is expressed as
Spk+1) Eles(k+ 1)ef (k + 1)]
[A4 = Ky Ca] % (k)[As — K;Co]"
U,WU3 — KyWK] (28)
and the updated estimation error is represented by

ep(k+1) = [I—KfColes(k) — Kypo(k)(29)

Hence, the estimation error covariance updating be-
comes

Sk +1)

+

_|_

= Eles(k+ e} (k+1)]
= [ - K;ColSy(k)[I — K;Col"
K;VK]
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In a similar way, we can get the Kalman gain by differ-
entiating the trace of the estimation error covariance
matrix and setting it equal to zero:

K; = Sp(k)CT[0y3p(k)CT + V™t (30)

7.3 Full order Kalman filter

Had we considered the full system (5), we would have
derived the Kalman filter equation in the form:

#k+1) = Az(k)+ Bu(k) + K[y(k) — (k)]
(A— KC)i(k) + KCx(k)

Bu(k) + Kw(k)

+ (31)
The estimation error is

e(k) z(k+1)—z(k+1)
Ae(k) + Guw(k)

thenthe estimation error covariance defines as

%(k) Ele(k)e" (k)]
AS(K)AT + GwGT

(32)

Theupdated estimation error is represented as

e(k) [ — KCle(k) — Kv(k)

and the updating the estimation error covariance is

% (k) Ele(k)e” (k)]
[I — KCS(k)[I - KC]F — KWKT

The Kalman filter gain is

K

K = xcTicxct +w)™t = { K
2

| @3
whereK; and K are thesubsystem Kalman gain ma-
trices. Considering the full-order Kalman filter for
(31) along with the full-order system (5), we obtain
the corresponding filtered states as:

[y ] -
noRe ke
<[ o]

| e oo Lo
+ _ g; }u(/{:)—i— { % ]w(k)

(k) = C1d1 (k) + Cadia(k) (34)
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7.4 Degree of approximation

To assess the value of the developed results, it is de-
sired to find the degree of approximation between the
state-estimate generated by the approximated slow-
fast subsystems:

]|

ik +1)
5]
- [ X Kj?Cz } [ zf(k)
K Ey + K

0
+[ Ky ]w(k)

and those derived by the original subsystems (34).
The end result is summarized by the following the-
orem:

Ay — KCy

0
0 Ay — K;Cy }

xs(k)

(35)

Theorem 12 The developed slow and fast estimators
are first-order approximation to the original subsys-
tem estimators in the sense that

Ks K1+A1
Kf Ko+ Ay

~
~

~
~

(36)

where A; and A, are ()(o) where o signifiesthe
eigenvalue separatioh This enures that

Proof: Applying the similarity transformation

T o— L+ML M|
o L I |’

-1 _ I -M
—L Ihb+ LM

to system (34) where matricésand M are real roots
of

[Ay — KoCs]L — L[A1 — K1Ch] +
L[Ay — K1C5]L — [As — K»2Ch] =0,
M[(Ay — K2C3) + L(Ay — K1C9)) —
(A1 — K1Ch) — (As — K1 Co) LM

—I—(Ag — chg) =0 (37)

For the free system (5), a first-order approximation to
the L and M matrices are given by

LO - _(I - A4)_1A37
M, [Al + AQ(I — A4)71A3]71A2

2A vector or matrixw(o) of a positive scalaw is said to
be O(o) if there exists positive constanisand ¢* suchthat
[|7(0)]| < do* forallo < o*.
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Algebraic manipulation using results of [6], it follows
that the gain expressions (36) hold where

Ay MLA, — MLE,Cy + MAs — MKyC4
MLAsL + MLK,C>L — MA4L
MK,C,L,

Ay — K1Co+ MLAy — MLKCy + MA,
MK>Cy — AyM + K1ChM — MLAM
MLEKC1M — MAsM + MK>Ch M
AsLM — K{CoLM + MLAyLM
MLEK\CoLM + MAJLM — MK>CyLM,
—LASL + LEK1CsL — AL + KoCs L.
LA>sLM — LKCsLM + AyLM

LK1Cy — LAIM + LK{Ch M — AsM
KoChM + LAy — KoCo LM

_|_

+ 4

Aj
Ay

_|_

These values guarantee thiat and A4 are of order

'‘O(o). O

Remark 13 One of the salient features of the forgo-
ing design is that the computational load of comput-
ing a Kalman filter of ordem ny + no IS NOW
replaced to a first-order approximation by computing
two Kalman filters of order,; andns.

8 Simulation Example Il

A fourth-order discrete two-time-scale system will be
shown to demonstrate the main objective of this paper
[23]. The system is arranged as follows:

09 0 0 01
4 _ | 01 08 005 —01
~ | -01 0o 015 0 |’
012 003 0 0.1
(10 0.1 0
0 1 0.9 0.6
B="11 050" 0 o1
05 0 0.3 0.1
01 0 0 0.1
© =10 0102 1|

the Kalman filter gains are resulting as

W - [ 11.1691 —10.9447 |
| 54686 —5.1510 |
K. — [ —17.8942 18.8445 |
7] —12.2918  13.2971 |
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The presented approach will be used to design a
Kalman filter based on the Kalman filters of the
reduced-order systems. The Kalman filter design of
the reduced-order system resulted in the following
gain:

11.1691 —10.9447

K - 5.4686 —5.1510
¢ —17.8942  18.8445
—12.2918 13.2971

And the state-feedback regulator design of the
reduced-order system resulted in the following gain:

—0.3521
0.2786

—0.0604
—0.2519

—0.0353
—0.0939

—0.0557
0.0748

Ge

While the Kalman filter design of the exact system
resulted in the following gain:

5.3173  —4.3839
K - 2.1899 —1.3527

—2.2945  2.4683

2.2836 —2.0322

The state-feedback regulator design of the exact sys-
tem resulted in the following gain:

—0.6259
0.6581

—0.0279
—0.3648

—0.0078
—0.1627

—0.1193
0.1649

G

Two different test-input signals were used to check
the response of the exact system based on the exact de-
sign of the LQG controller and based on the reduced-
order one. Results were very good, a matter that re-
flects the potential this approach has. Fig. (1) shows
the response of the system due to sine wave input sub-
jected to process and measurement noises. It can be
seen that the Kalman filter is doing a great job in iso-
lating the noisy measurements from the controller as
can be seen from Fig. (1). To give a clearer image

Figure 1: System response due to noisy sine input.

about the performance of the LQG controller based
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on the reduced-order approach presented here, it waserror is small and the estimation is also close. Follow-
compared to the response of the Exact LQG controller

as shown in Fig. (2). when subjected to no noise. It .

is obvious that the performances of both schemes are

very close. Fig. (3). shows the control signals for

Figure 5: Estimation error between the two filters.

ing, additional simulation results of the same system
due to a step input can be seen as a confirmation for

Figure 2: System response due to sine input without the validity of the approach stated here.
noise.

control design schemes which are very close too. It
is worth mentioning that the control signal is affected

by the noise, but in this example, a successful choice
of the weighing matrices was a key issue in obtaining
the results presented here. The states have something . SSSSSEGREERN I

G U

Figure 6: Simulation results of the same system due
to a step input with noise.

Figure 3: Control signal of both subsystems without g
noise. - —

to tell as well, Fig. (4). shows the states’responses -5-_ e i
to the input and it is also clear that the states are = — :
close. Another thing that may help in confirming the

Figure 7. Simulation results of the same system due
to a step input without noise.

9 Conclusion

This paper has been concerned with the feedback con-
trol design problem for a wide class of discrete-time
systems possessing fast and slow modes. The slow
Figure 4: States response due to a sine input. and fast subsystems are considered to be completely
controllable and observable, which is a less restric-
results claimed here is to consider the error in esti- tive condition than the complete controllability and
mation based on both the exact and the reduced-order observability of the original system. Adopting either
Kalman filters. Fig. 5. shows the estimation error of theH,., or H,, optimization criteria, a two-stage de-
the system outputs as found by the two filters. The sign procedure has been developed using separate gain
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[4]

[5]

Figure 8: system states of the same system due to a [6]
step input.

Figure 9: Estimation error of the same system due to
a step input.

matrices for the fast and slow subsystems. A com-
posite control has been constructed to yield first-order
approximations to the behavior of the discrete system.
By parallel development, we developed Kalman fil-

ters for the slow and fast subsystems and assessed
the degree of approximation.

The ensuing results

have reflected the potential of this approackhc-

knowledgments:

The author would like to thank

the deanship for scientific research (DSR) at KFUPM
for support through distinguished professorship award
project (no. IN 161065).

References:

[1]

G. A. Kurina, M. G. Dmitriev, and D.S. Naidu,
"Discrete Singularly Perturbed Control Prob-
lems: A Survey” Dynamics of Continuous, Dis-
crete and Impulsive Systems (DCDIS) Series B:
Applications & Algorithms vol. 24, pp. 335—-
370, 2017.

[2] Y. Zhang, D.S. Naidu, C. Cai and Y. Zou, "Com-

[3]

E-ISSN: 2224-2678

posite control of a class of nonlinear singularly
perturbed discrete-time systems via D-SDRE”,
Int. J. Systems Science, vol. 47, pp. 2632—-2641,
2016.

K. Zhou and J. C. DoyleEssentials of Robust
Control, Prentice-Hall, New Jersey, 1998.

328

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14

[15]

Magdi S. Mahmoud

H. Khalil and F. Chen, "H,-control of two-
time-scale systems3ystems & Control Letters,
vol. 19, pp. 3542, 1992.

J. Vian and M. Sawan, "#,-control for a singu-
larly perturbed aircraft modelOptimal Control
Applications & Methods, vol, 15, pp. 277-289,
1994.

M. S. Mahmoud, "Order reduction and control
of discrete systemslEE Proc. D, Control The-
ory & Appl., vol. 129(4), pp. 129-135, 1982.

M. S. Mahmoud, "Structural properties of dis-
crete systems with slow and fast moddsdrge
Scale Systems, vol. 3, pp. 227-236, 1982.

M. S. Mahmoud, "Design of observer-based
controllers for a class of discrete systemAU-
tomatica, vol. 18(3), pp. 323—-329, 1982.

H. A. Othman, N. M. Khraishi and M. S. Mah-
moud, "Discrete regulators with time-scale sep-
aration”, IEEE Trans. Automatic Control, vol.
AC-30(6), pp. 293-297, 1985.

A. Khamis, D. S. Naidu, and A. M. Kamel,

"Nonlinear finite—horizon regulation and track-
ing for systems with incomplete state informa-
tion using differential state dependent Riccati
equation”, Int. J. Aerospace Engineering, vol.

2014, Article ID 178628, 12 pages, 2014.

E. Fridman, "Robust sampled-daté,, control
of linear singularly perturbed systemsEEE
Trans. Automatic Control, vol. AC-51(3), pp.
470-475, 2006.

W. Liu, Z. M. Wang, H. H. Dai and M. Naz, "Dy-
namic output feedback control for fast sampling
discrete-time singularly perturbed systemE&T
Control Theory Appl., vol. 10(15), pp. 1782—
1788, 2016.

D. S. Naidu, "Singular perturbations and time
scales in control theory and applications: An
overview,” Dyna. Contin., Discrete Impul. Syst.
(DCDIS) Series B: Appl. Algorithms, vol. 9, no.
2, pp. 233-278, 2002.

] M. S. Mahmoud, "Stabilization of discrete sys-

tems with multiple time scales”|EEE Trans.
Automatic Control, vol. AC-31(2), pp. 159-162,
1986.

W. Liu and Y. Wang, "Robustness of proper dy-
namic output feedback for discrete-time singu-
larly perturbed systemsAdvances in Difference

Volume 18, 2019



WSEAS TRANSACTIONS on SYSTEMS

Equations, 2017:384, DOI 10.1186/s13662-
017-1437-2.

[16] J. Xu, C. X. Cai and Y. Zou, "Composite state

feedback of the finite frequenc¥{., control
for discrete-time singularly perturbed systems”,
Asian J. Control, vol. 17(6), 2188—-2205, 2015.

[17] M. S. Mahmoud, "ResilienLy/ L, Filtering of

Polytopic Systems with State-Delay$ZT Con-
trol Theory and Applicationsvol. 1, no. 1, pp.
141-154, 2007.

[18] M. C. De Oliveira, J. C. Geromel and J.

[19]

[20]

[21]

[22]

[23]

Bernussou, "Extende#{, and H.,-norm char-
acterizations and controller parametrizations for
discrete-time systemsint. J. Control, vol. 75,
no. 9, 2002, pp. 666—679.

M. S. Mahmoud, Decentralized Control and
Filtering in Interconnected Dynamical Systems
CRC Press, 2011.

H. M. Oloomi, C. Pomalaza-Raez, "Two-Time
Scale Discrete Kalman Filter Design for an F-8
Aircraft”, Proceeding of the 1996 Tactical Com-
munications Conference, pp. 517-522. 1996.

C. Y. Yang and Zhou, "H, control and:-bound
estimation of discrete-time singularly perturbed
systems” Circuits Syst. Signal Process, vol. 35,
2640-2654, 2016.

M. S. Mahmoud, Y. Chen "Design of feed-
back controllers by two-stage methods Ap-
plied Mathematical Modelling,, vol. 7. no. 3.
pp.163-168, June 1983.

M. S. Mahmoud, M. G. Singh, "On the use of
reduced-order models in output feedback design
of discrete systems,”Automaticepl. 21. no. 4.
pp. 485-489, July 1985.

E-ISSN: 2224-2678 329

Magdi S. Mahmoud

Volume 18, 2019





