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Abstract: - In this paper, an adaptive piecewise linear control scheme for Quadrotor Unman Autonomous 
Vehicle(UAV) with specifications on rise times is proposed. It is a gain stabilized control technique. Large gain 
is used for large tracking error to get fast response. Small gain is used between large and small tracking error 
for good performance. Large gain is used again for small tracking error to cope with disturbance. The switching 
point of the three segments piecewise linear controller is found by an automatic regulating time series which is 
function of output characteristics of the plant and reference model. Time series will be converged to steady 
values after the time response of the considered system matching that of the reference model. The proposed 
control scheme is illustrated by a second order altitude control example. It gives an almost command 
independent response. Time responses show that the proposed method gives significant improvements for 
response time and performance. The same designing procedures are applied to Quadrotor UAV for different 
pay load. 
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1 Introduction 
Gain and phase stabilized are two conventional 
design methods for feedback control systems. They 
can be analyzed and designed in gain-phase plots to 
get wanted gain and phase margins or gain and 
phase crossover frequencies [1, 2]. The gain 
crossover frequency is closely related to the system 
bandwidth( or response time). The phase margin is 
closely related to performance (or peak overshoot). 
In general, fast response time and good performance 
can not be obtained simultaneously for some 
feedback control systems. For example, the altitude 
control system of the airframe with altitude and 
altitude rate feedbacks needs large altitude loop gain 
for fast response time and low altitude loop gain for 
good robustness. It is conflict with another. A 
simple and effective way to solve this problem and 
can provide better results those of linear controllers 
are generally expected. This is the motivation of this 
paper. 

Variable structure control is a switching control 
method for feedback control systems [3-7]. It gives 
good performance and robustness for coping with 
system uncertainty. But it is suffered from 
chattering problem and state measurements. In this 
paper, a fast response system and a good 
performance system are selected for switching. An 
adaptive switching algorithm is used. There is no 
discontinuous connection between two systems. 

Therefore, there is no chattering problem. Gain 
scheduling has been used successfully to control 
nonlinear systems for many decades and in many 
different applications, such as autopilots and 
chemical processes [8-10]. It is consisted of many 
linear controllers for operating points to cope with 
large parameter variations. This concept will be 
expanded for response time and performance. 
Operating points are replaced by fast response and 
good performance conditions and interpolation for 
gain evaluation is replaced by an adaptive switching 
point. It is determined by the filtered command 
tracking errors. Nonlinear controller’s syntheses 
using inverse describing function for use with hard 
nonlinear system has developed for several 
researchers [11-13]. They are complicated but 
effective for nonlinear systems.  

In this paper, a simple three segments piece- wise 
linear controller is proposed. It is symmetry and has 
two switching points. It is equivalent to two quasi-
linear gains. There are two equivalent systems. One 
is the fast but bad performance system, and the other 
is the slow but good performance system. The 
switching point is used to select suitable gain and is 
the function of the dynamic of tracking error. It is 
easy to analyses and design. Based on the 
information of the reference model, the parameter of 
three segments piecewise linear controller can be 
tuned in the on-line manner. An automatic 
regulating time series [14] is used for tuning the 
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parameter. It can be re-tuned again if the system is 
needed. Furthermore, it gives an almost reference 
input independent response. It implies that the 
controlled system is similar to a linear system. 

The proposed control scheme will be applied to 
one illustrating 2nd order altitude control example 
and Quadrotor[17-22] those have been compensated 
by PI controllers. Time responses show that the 
proposed method gives exact model matching of the 
reference models. One can adjust the controlled 
system before mission operation. 
 
 
2. The Model Based Control Scheme  
Fig.1 shows the proposed model based control 
scheme in which reference model represents the 
wanted system responses, adaptive piecewise linear 
controller is a gain stabilized compensation and auto 
tuning process is used to find the switching point( 1D ) 
of the adaptive piecewise linear controller. The 
piecewise linear controller can get fast response and 
performance simultaneously. It is a three- segment 
piecewise linear controller. The switching point ( 1D ) 
is dependent on the filtered dynamic of the tracking 
error (E). Parameters 1K , 2K , nK  and nT  are found 
by the auto tuning process for matching outputs of 
the reference model. Several identifying processes 
will be processed to find them. In general, the 
controlled system can be described by peak 
overshoot and rise time of step response. The 
concept of the proposed control scheme will be 
discussed detail by an illustrating example in next 
subsections 

 
Fig.1. The proposed model based control scheme. 

 
 

2.1 The adaptive piecewise linear controller 
Fig.1 shows a three-segment piecewise linear 
nonlinearity. Now, the problem is to determine the 
values of switch points 1D  and gains ( 21 , KK ) for 
the wanted responses time and performance. In this 
work, switching points 1D  and 1D  are not fixed 
and will be determined by the absolute value of the 

command tracking error for feedback control 
systems. 

Considers a 2nd angular rate stabilizing altitude 
control example described by 

)2(

1
)(




ss
sG                   (1) 

It is closed with a loop gain K. Then the closed-loop 
transfer function is  

Kss

K
sT




2
)(

2
               (2) 

Poles locations and natural frequency( n ) for two 

loop gains( 1K , 2K ) are given as: 

7071.1,2929.0:;500.01  polesK ; 

;1623.3;0.30.1:;00.102  njpolesK   

They are an over-damped and under-damped 
systems. Time responses are shown in Fig.2 for 

1KK  (small-dot-line) and 2KK   (large-dot- line) 
in which R represents the reference input altitude 
command and C represents the output. The strategy 
for gain switching is (1) large gain ( 2K ) for large 
tracking error to get fast response and (2) small gain 
( 1K ) for small tracking error (E) to get good 
performance. It is a variable structure system and 
can be achieved by selecting a proper switching 
point 1D  of the piecewise linear controller shown in 

Fig.1.For example, the optimal switching point 1D  
is selected as 0.525 for R=1 to get both fast response 
and good performance. Large gain ( 2K ) is used for 

1|| DE   and small gain ( 1K ) is used for 1|| DE  . 
Step response is shown in Fig.2 (solid-line) also for 
R=1. It shows that adaptive gain can give a good 
result for fast response and good performance. 
However, it is not true for R is equal to 5, 10 and 50, 
respectively. Naturally, another switching point 1D  
for R=5, 10 and 50 can be selected for getting good 
performance. They are 2.625, 5.250 and 26.250 for 
R=5, 10 and 50, respectively. They are true for step 
responses from zeros to 5, 10 and 50 only.  

Another possible way for the switching point can 
be dependent on the tracking error (E). A possible 
switching rule for 1D  is found as ||925.01 ED   for 
good performance. Fig.3 shows time responses for 
R=1, 5, 10 and 50, respectively. It can be seen that 
the switching rule gives an input command (R) 
independent results. However, they are slower than 
results shown in Fig. 2. One possible way to speed 
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up the time response is enlarging the large gain 
phase in the beginning. A low-pass filter 

)1/()(  sTKsD nn  is used for the absolute tracking 

error (E) to get 1D . Fig.4 shows faster response than 

that of shown in Fig.3 is got for 0465.1nK  and 

nnT /1 . The switching point 1D  is shaped for 
speed up the responses while keeping performance 
unchanged. Fig.4 shows that the rise time of the 
controlled system is quite close that of the 
controlled system using 2KK  ; i.e., the rise time of 

the system is dependent on 2K . Note that the natural 

frequency ( n ) for 2KK   is used to find nT  also. 

Therefore, it is needed to find nK  only. 

Fig.5. shows time responses for R=1, 5, 10 and 50, 
respectively. It shows that almost input independent 
responses are got. It implies that the controlled 
system is similar to the system controlled by linear 
controller. This is the major merit of the proposed 
method. 
 
 
 2.2 The automatic tuning process 
In general, one can use rise time and peak overshoot 
of step response to describe the characteristics of the 
controlled system. They will be used as 
specifications to find parameters of the adaptive 
piecewise-linear controller; i.e., 1K , 2K , nK  and nT . 

 
Fig.2. Time responses of the illustrating 

example for K=0.5, 10 and Adaptive gain. 

 
Fig.3 Time responses of the illustrating example for 

R=1,5,10,50 and ||925.01 ED  . 

 

Fig.4 Time responses of the illustrating example for 
R=1 and )1/()(  sTKsD nn  

 

Fig.5 Time responses for of the illustrating example 
R=1, 5, 10 and 50. 

2.2.1 Automatic tuning process for matching 
peak point  
Parameter 0465.1nK  of the low-pass filter 

)1/()(  sTKsD nn  of the adaptive piecewise linear 
controller used in Section 2.1 is found by use of the 
following equations: 

     10  ;1 / )()(   j

nn MpsMpkTGTkTG ; (3) 

)(kTGK nn                                                              (4) 

where )(kTGn  is an automatic regulating time 
series[14]; α and j  are controlling parameters of the 
regulating property; Mps  is the specification of the 

peak value; Mp  is the peak point found by using 

)(kTGK nn  ; T is simulation period of one step 

response; and k is the thk  step responses. Eq.(3) gives 
)(kTGn  will be converged to a steady-state value after 

Mps being matched by Mp . Fig.6 shows the on-line 

tuning process for ;9.0sec;30  T  ;003.1Mps  
3j . The values of )(kTGn  in each tuning interval 

are  
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for three initial guesses )0(nG . They show )(kTGn  are 
converged to 1.0465 quickly. Fig.7 shows also that the 
final system matches the specification of peak 
overshoot Mps .  

 
Fig.6. On-line automatic tuning process of the 

illustrating example with different initial
)0(nG . 

2.2.2 Automatic tuning process for matching 
peak point and rise time 
In above subsection, specification Mps  is used to 

find parameter nK . Another specification for rise 

time CT  can be used also to tune high gain 2K  and 

nT . The automatic tuning equations are described 
below: 

      1 / )()( l
cscnn TTkTQTkTQ ;   (5) 

)(2 kTQS nCK                                                  (6) 

where β is regulating parameter, 2K , 1K  and nT  will 

be replaced by 22 CKSK , 21 / CKSK  and 2/ CKn ST , respec-
tively. Fig.7 shows the on-line automatic tuning 
process for matching specifications of peak 
overshoot and rise time simultaneously. Specifi-
cations used are 003.1Mps  and sec60.0csT . 

Parameters used in Eqs.(3) and (5) are 6.0 ,
5,5.0  j , sec30T , 7.0)0( nG   and 

00.1)0( nQ . Internal values of each tuning interval 
are given in Table 1. Table 1 gives system response 
is converged into wanted specification quickly. Note 
that system response shown in Fig.7 is faster than 
that of Fig.6. 

Another method for finding parameters nK , 1K , and 

2K  can be used by performance index formulated by 

integration of the absolute error (IAE) and 
integration of the square error(ISE) or on-line 
parameterized method[15,16].  

The proposed control scheme will be applied to 
altitude control of Quadrotor for coping with 
different pay load. 

Table1. Internal values of each tuning interval. 

Time 0 T 2T 3T 4T 

)(kTGn 0.70 1.101 1.091 1.093 1.091 

)(kTQn 1.00 0.815 1.979 1.927 1.928 

Mps  1.147 1.000 1.004 1.003 1.003 

CT  0.547 0.786 0.594 0.600 0.600 

 
Fig.7. On-line automatic tuning process of the 

illustrating example for matching peak point 
and rise time specification. 

 
 

3. Applications for Quadrotor UAV 

3.1.  Mathematical model of the Quadrotor 

3.1 .1 Coordinate System Definition  
The coordinate definition of the Quadrotor is shown 
in Fig.8 [17] in which shown rotating direction, 
speed(Ω), arm(l), lifting direction and thrust(T), 
attitude angle(  ,, )..etc. one pair of propellers of 
Quadrotor rotate clockwise and the other pair rotate 
counter-clockwise. 
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Fig.8. The coordinate definition of the considered 
system. 

3.1.2 Kinematic of Quadrotor 
The relationship between the rotating speed and the 
thrust of propeller [18-21] is given below:  

0;2  iii bT                                   (7) 

Based upon the coordinate definition shown in Fig.8 
Total thrust( 1u ) of Z-axis, angular moments of 

rolling, pitching and yawing axes( 432 ,, uuu ) are in 

the form of  

)(

)(

);(

);(

43214

313

242

43211

TTTTdu

TTlu

TTlu

TTTTu







                          (8) 

where d is the ratio of thrust to angular moment, l is 
the position of propeller from central gravity. Eq.(8) 
can be rewritten as  

)(

)(

);(

);(

43214

313

242

43211







dbu

lbu

lbu

bu

                      (9) 

Using Eqs.(7), (8) and (9), the equation of motion of 
the Quadrotor can be represented as  
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where u,v,w are body-axis velocities ； p,q,r are 
angular rates ；  ,,  are attitude angles; g is 
gravity and m is the total mass. 

zyx FFF ,,  are total 

three-axis forces 
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where 
fzfyfx CCC ,, are three-axis aerodynamic forces. 

They can be neglected for low speed operations. In 
this work, they are neglected. The derivatives of 
angular rates(p,q,r) are given below:  
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where 
zzyyxx III ,,  are moment inertia. Eqs.(10) and 

(11) are equations of six degree of freedom(6DOF). 
The derivation of attitude(  ,, ) and position(X,Y,Z) 
are given as in the form of 
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3.2  Basic Control System Designs and Verification 
 
3.2.1 Basic Control System Design 
The Basic Control System is discussed and designed 
first. It will be used for guidance laws development. 
The relationship between thrust( iT ) and total thrust 

and angular momentum can be evaluated from Eq.(8) 
and represented as 
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Eq.(15) is called as mixer. Using Eqs.(7) and (8), 
the Basic Control Configuration is designed and  
shown in Fig.9 in which the Quadrotor dynamic is 
shown in Fig.8. Eq.(15) gives the maneuverability 
of the Quadrotor is limited by maximal thrust of the 
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propeller( iT ). Therefore, limitation for command 

( cccc uuuu 4321 ,,, ) shown in Fig.9 must be added for 

preventing uncontrollable nonlinear dynamics. 

Fig.9 The Basic Control Configuration. 

Fig.9 shows that there are four input command and 
output controls. They are altitude control command 
( mcZ ) and three attitude control command 
(Phic,Thetac,Psic). Feedback datum for command 
tracking and stabilization are altitude measurement 

mfZ , vertical speed fw , angular rates( fff rqp ,, ) 

and attitudes(
fff  ,, ). Outputs of the basic control 

(
cccc 4321 ,,,  ) are rotating speed of propellers. 

Proportion plus Integration(PI) control laws are used 
for command tracking and disturbance rejection. 
The control laws are given below:  

fffmfmcoziozizc mgwZZsKKKu  coscos/]))(/[(1  (16) 

]))(/[(2 ffopiopipc pPhicsKKKu                 (17) 

]))(/[(3 ffoqioqiqc qThetacsKKKu              (18) 

]))(/[(4 fforiorirc rPsicsKKKu                 (19) 

where K(*) are loop gains will be selected. They are 
determined by bandwidth of command tracking and 
inner loop gain crossover frequencies of each 
channel. In this work, 1Hz for gain crossover 
frequency and 0.2Hz for bandwidth are used. 
 
3.2.2 Verifications for the Basic Control System 
In this subsection, the Basic Control System will be 
designed and verified by digital simulations. The 
system parameters used is given in Table 2[22]. 
Fig.10 shows performance of command tracking of 
the controlled system. Fig.10(a) shows that the 
Quadrotor flies to 100m height by vertical motion 
mode first. Fig.10(b) shows time responses of the 
rolling control; Fig.10(c) shows time responses of  

the pitching control; and Fig.10(d) shows time 
responses of the yawing control; Fig.10 shows that 
the controlled system gives good performance and 
the couplings between attitude and altitude are 
limited. This is the major merit of the Quadrotor.   

Table 1: Parameters of the quadrotor[20]. 
Parameters Value unit 
m 4.34 Kg 
l 0.315 m 
b 5102953.1    
d 0.008  

xxI  0.0820 2mKg 

yyI  0.0845 2mKg 

zzI  0.1377 2mKg 

 
Fig.10. Command tracking performance of the Basic 

Control System;(a)Heigh control(Zmc, Zm); 
(b)Rolling control( Phic, Phi); (c)Pitch- ing 
control(Thetac, Theta); and (d) Yawing control 
(Psic,Psi). 

 

4.Automatic Regulating for Tuning 
Control Parameters 

In this Section, the automatic regulating process is 
illustrated by the altitude control system of 
Quadrotor. The reference model is  

13

1
)(




s
sM                        (20)  

One parameter of the switching point filter 
)1/()(  sTKsD nn

 is set as 3nT  and the other 

parameter nK  will be found by auto regulating 
process represented as 

    l

SMSnn TTkTGTkTG  /)-(1 )()( ;  (21) 

)(kTGK nn                                                      (22) 
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where SMT  is the time constant of the reference 

model and ST  the time constant of the altitude 
control system. Slopes of the piecewise linear 
segments are defined as 

22 3.0 CKSK                                            (23) 

5/21 KK                                                 (24) 

2CKS will be found by the another auto regulating 
process represented as 

    l

SMSnn TTkTQTkTQ  /)-(1 )()( ; (25) 

)(2 kTQS nCK                                                 (26) 

Parameters shown in Fig.2 and Eq.(21) and Eq.(25) 
are 3.0;3.0   ; i=7. Initial values are 0.1)0( nG  

and . 0.1)0( nQ . Table 3 gives the automatic 
regulating processes. Fig.11 shows time responses 
of the process. Fig.12 shows automatic regulating 
processes for different pay load; and same responses 
will be get for total mass are 3.34, 4.34 and 5.34kg; 
respectively. It implies that one can adjust the 
system before mission operation. 

Table 3, Fig.11 and Fig.12 show that the 
controlled system tracks the reference model M(s) 
quickly. Naturally, automatic regulating process can 
be applied for three attitude control systems to find 
the optimal values of loop gains. 

 

Table 3. Time series and time constant of regulating 
processes. 

Period 0T 1T 2T 3T 4T 

)(nQ  1.00 0.30 1.82 2.73 2.41

)(nG  1.00 60.0 23.1 16.3 18.6

)(sTS  13. 6 2.21 2.78 3.09 3.01

 
 

5. Conclusions 
The proposed adaptive piecewise linear controller 

has been shown that it provides controlled systems 
are reference input independent and both good 
performance and fast response were obtained 
simultaneously. Three segments piecewise linear 
controller provided a switching algorithm for low 

gain and high systems; i.e., low gain for 
performance and high gain for response time. The 
switching points were dependent on the command 
tracking errors. 

The proposed control scheme has been applied to 
one illustrating 2nd order altitude control example 
and Quadrotor. Time responses show that the 
proposed method gives exact model matching of the 
reference models after several auto regulating 
processes. This implied that one can adjust the 
controlled system before mission operation. 

 

Fig.11. Model Based Automatic Regulation Process 
for altitude control. 

 

Fig.12. Model Based Automatic Regulation Process 
of altitude control for different pay loads. 

 

 
References: 
[1] B. C. Kuo, F. Golnaraghi, Automatic Control 

Systems, 8th Edition, John Wiley & Sons, Inc. 
2003. 

[2] R.C. Dorf, R.H. Bisop, Modern Control Systems, 
7th Edition, Pearson Education Singapore Pte, 
Ltd., 2008. 

[3] V. I. Utkin , Variable structure systems with 
sliding modes, IEEE Transactions on Automatic 
Control, Vol. 22, 1977, pp.212 -222. 

0 50 100 150 200 250 300 350 400
0

10

20

30

40

50

60

Time(sec)

-Z
m

c,
-Z

m
(m

),
-Z

m
m

(m
)

 

 

Zmc
Zmm
Zm(m)
Zm(m+1)
Zm(m-1)

WSEAS TRANSACTIONS on SYSTEMS Tain-Sou Tsay

E-ISSN: 2224-2678 282 Volume 17, 2018



 

 

[4] G. Bartolini , E. Punta and T. Zolezzi, Simplex 
methods for nonlinear uncertain sliding-mode 
control, IEEE Transactions on Automatic 
Control, Vol. 49, 2004, pp.922- 933 .  

[5] J. Y. Hung , W. Gao and J. C. Hung, Variable 
structure control: A survey, IEEE Transactions on 
Industry Electron, Vol. 40, 1993, pp.2-22. 

[6] G. Bartolini, A. Ferrara, E. Usai and V. I. Utkin, 
On multi-input chattering-free second order 
sliding mode control, IEEE Transactions on 
Automatic Control, Vol. 45, 2000, pp.1711-1717. 

[7] S. R. VADALI, Variable-structure control of 
spacecraft large-angle maneuvers, Journal of 
Guidance, Control, and Dynamics, Vol.9, No.2, 
1986, pp.235-239. 

[8] M. Corno, M. Tanelli, S.M. Savaresi, L.Fabbri, 
Design and Validation of a Gain- Scheduled 
Controller for the Electronic Throttle Body in 
Ride-by-Wire Racing Motorcycles, IEEE 
Transactions on Control Systems Technology, 
Vol. 19, No,1, 2011, pp.18-30. 

[9] R. A. Nichols, R. T. Reichert, W. J. Rugh, Gain 
scheduling for H-infinity controllers: a flight 
control example, IEEE Transactions on Control 
Systems Technology, Vol.1, No.2,1993, pp.69-79. 

[10]T. A. Johansen, I. Petersen, J. Kalkkuhl, J. 
Ludemann, Gain-scheduled wheel slip control in 
automotive brake systems, IEEE Transactions 
on Control Systems Technology, Vol.11, No.6, 
2003, pp. 799-811. 

[11]R. D. Colgern and A. Jonckheere, H control of a 
class of nonlinear systems using describing 
functions and simplicial algorithms. IEEE 
Transactions on Automatic Control, Vol.42, No.5, 
1997, pp.707-712.  

[12]A. Nassirharand and H. Karimi, Controller 
synthesis methodology for multivariable 
nonlinear systems with application to aerospace. 
ASME Journal of Dynamic and System 
Measurement Control, Vol.126, No.3, 2004, pp. 
595–604.  

[13]A. Nassirharand and H. Karimi, Nonlinear 
controller synthesis based on inverse describing 
function technique in the MATLAB 
environment, Advances in Engineering Software, 
Vol.37, No. 6, 2006, pp. 370-374. 

[14]T. S. Tsay, Automatic Regulation Time Series 
for Industry Processes, Mathematical Problems in 
Engineering, Vol.2012, Article ID 710690, p.16, 
2012. 

[15]W. K. Ho, T. H. Lee, H. P. Han, and Y. Hong, 
Self-tuning IMC-PID Controller with Gain and 
Phase Margins Assignment, IEEE Transactions 

on Control System Technology, Vol. 9, No. 3, 
2001, pp. 535-541. 

[16]T. S. Tsay, On-line Computing of PI/Lead 
Compensators for Industry Processes with Gain 
and Phase Specifications, Computers and 
Chemical Engineering, Vol.33, No.9, 2009, 
pp.1468-1474.  

[17]J. G. Leishman, The Breguet-Richet Quad Rotor 
Helicopter of 1907, http://www.glue.umd.edu/ 
_leishman/  Aero, accessed Jan. 2009. 

[18]E.Balasubramanian et.al, Dynamic Modeling 
and .Control of Quad Rotor, Int. J. of 
Engineering and Technology, Vol.5, No.1, 2013, 
pp.63-69. 

[19]B. Erginer and E Altug, Modeling and PD 
Control of a Quadrotor VTOL Vehicle, Proc/ of 
the 2007 IEEE Intelligent Vehicles Symposium, 
Istanbul, Turkey, June 13-15, 2007. 

[20]Y. Naidoo, R. Stopfprth and G. Bright, Quad-
Rotor Unmanned Aerial Vehicle Helicopter 
Modelling & Control, Int. J. of Robotic 
Systems,Vol.8,No.4, 2011, pp.139-149. 

[21]K. T. Oner et.al, Dynamic Model and Control of 
a New Quadrotor Unmanned Aerial Vehicle 
with Tilt-Wing Mechanism, Int. J. of 
Engineering and Applied Sciences, Vol.5, No.2, 
2009, pp.133-138. 

[22]P. Paunds et. al, Towards Dynamically- Favour 
able Quad-Rotor Aerial Robots, In Proc. of 
Australasian Conference on Robotics and 
Automation, Canberra, Australia, 2004. 

 

WSEAS TRANSACTIONS on SYSTEMS Tain-Sou Tsay

E-ISSN: 2224-2678 283 Volume 17, 2018




