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Abstract: This paper investigates a class of estimation problems of the semiparametric model with missing data.
In order to overcome the robust defect of traditional complete data estimation method and regression imputation
estimation technique, we propose a modified imputation estimation approach called Kriging-regression imputation.
Compared with previous method used in the references cited therein , the new proposed method not only make:
more use of the data information, but also has better robustness. Model estimation and asymptotic distribution
of the estimators are also derived theoretically. In order to improve the robustness, LASSO technique is further
introduced into Kriging-regression imputation. Numerical experiment is also provided to show the effectiveness

and superiority of our method.
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1 Introduction (B1,... 58,7 is ag-dimensional vector of unknown
parametric componenty(U) = (a1 (U), ... a,(U))T

With the rapid development of computing techniques, is a p-dimensional vector of unknown coefficien-
statistic inference theories of parametric and nonpara- t function.

metric regression model have gradually become ma-
ture, See the work of Conover [1], Green and Silver-
man [2], Midi and Mohammed [3], Pinto et al. [4],
Adeogun [5], Fan and Gijbels [6] and Mood [7], a-
mong others. In recent three decades, semiparamet-
ric model has attained more and more popularity in
various areas because of parametric model is prone to
subjective error as well as nonparametric method can
not avoid the curse of dimensionality. Similarly, semi-
parametric model has various forms, such as addi-
tive model, partially linear regression model, varying-
coefficient model and so on. For example, Hastie and
Tibshirani [8] have received the corresponding fitting
method of the additive model. As a useful extension of
partially linear model and varying-coefficient model,

Obviously, whenZ = 0, model (1) reduces to
varying-coefficient model, which has been widely s-
tudied in the literature, see the work of Cai et al.
[9], Chen and Tsay [10], Hastile and Tibshirani [11],
Huang et al. [12], Fan and Zhang [13], Xia and Li
[14], Hoover et al.[15], Hu and Xia [16] and Huang
et al.[17], among others. When= 1andZ = 1
model (1) becomes partially linear regression mod-
el, which was proposed by Engle et al. [18] when
they researched the influence of weather on electricity
demand. A series of literature ( Chen [19], Yatchew
[20], Liang [21], Speckman [22], Liang et al. [23])
regarding partially linear regression model have pro-
vided corresponding statistics inference.

semiparametric partially linear vary-coefficient model Recently, model (1) has been widely studied by
has widely application. Fan and Huang [24], Zhou and You [25], Wei and
Consider the semiparametric partially linear Wu [26], Zhang and Lee [27], You and Chen [28]
varying-coefficient model as follows: and so on. In [28], You and Chen studied the estima-
tion of partially linear varying-coefficient model un-
Yy =275+ XTa(U) + e, 1) der the circumstance that some covariates were mea-
sured with additive errors. In [24], Fan and Huang
where Y is response variable, apii”, Z7, U) is the proposed a profile least squares technique for esti-

associated covariates. For simplicity, we assurme mating parametric component and put forth the gen-
is univariate. ¢ is an independent random error with  eralized likelihood ratio test for the testing problem.
E(e|X,Z,U) = 0 andVar(e| X, Z,U) = 6% 8 = Furthermore, they proved asymptotic normality of
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the profile least squares estimator and demonstrated mentioned in the above discussion, a natural idea is to

the generalized likelihood ratio statistics followed an
asymptotically chi-squared distribution under the null
hypothesis.

It is worth pointing out that, in practice, data may
often not be available completely because of some in-
evitable factors. This means that, in actual statistical
analysis, response variab}é may be missing. As is
well known that, data missing can cause certain influ-
ence for the estimation accuracy of parameter compo-
nentg and functiona(U). In this case, a commonly
used technique is to introduce a new variable If
0 = 0, means that Y is missing, add= 1 otherwise.

If Y is missing at randont and Y are conditionally
independent, then we have

P =1|Y,X,Z,U) = P(§ = 1X, Z,U).

Due to the importance and practicability of the
missing data estimation, semiparametric partially lin-
ear varying-coefficient model with missing response
has attracted many authors’ attention, such as Wei
[29], Little and Rubin [30], Chu and Cheng [31],
Wang el at. [32] and so on. The simplest method
for dealing with the missing data is to delete the miss-
ing data, in other words, we just adopt the data when
6 = 1. This technique is so called the method of
complete-case data. However, deleting the missing
data means the loss of data information. In order to
better utilize the data information, Chu and Cheng
[31] adopted the techniques of regression imputation.
The main idea of regression imputation is to use the
simplest local linear smoother to impute a prediction
value for the missing Y at each X with= 0. For the

introduce Kriging imputation and Lasso approach in-
to traditional regression imputation technique. Since
regression imputation can effectively utilize the infor-
mation of independent variable, and Kriging imputa-
tion method can effectively utilize the information of
response variable, thus, the combination between re-
gression imputation and Kriging imputation can suf-
ficiently make use of data information and improve
the efficiency of estimator. Additionally, noticed the
effect of Lasso method to eliminate the cumulative ef-
fect in model selection and imputation estimator. In
this paper, we further derive some improved results by
using least absolute shrinkage and selection operator
technique. In order to show the effectiveness and su-
periority of our technique proposed in this paper, one
numerical simulation is also provided.

The rest of the paper is arranged as follows. We
will introduce the complete-case data method and
classical regression imputation approach of handling
the semiparametric model with missing responses re-
spectively in section 2 and section 3, respectively. In
section 4, we use the Kriging regression imputation
technique to receive the estimators for the parametric
and nonparametric component. And then we provide
statistics inference of asymptotic normality of profile
least-squares estimator and strong convergence rate of
nonparametric component. Further discussion is pro-
vided in section 5. Some simulation studies are con-
ducted in section 6. The proofs of the main results are
relegated to the Appendix.

method of complete-case data, it has the advantage in2 Complete-case Data Estimation

statistical computation, but it can not make full use of
data information, so that it can not capture the relation

between the responses and their associated covariate

well. Compared with complete-case data method, re-

As for the estimation method of complete-case data,
we focus on the case whefe= 1. We begin with the

%ollowing assumptions:

gression imputation approach has the better estima- Assumption 1. The random variabl& has a bound-

tion efficiency, thus it has attracted more and more re-
searchers’ attention.

However, the traditional classical regression im-
putation approach dose not consider the factor of re-
sponse variable. Thus it is not an excellent method.
Another point needs to be pointed out that, tradition-
al regression imputation approach utilizes the ordi-

ed supportQ2. Its density functionf(.) is Lipschitz
continuous and bounded away from 0 on its support.

Assumption 2. For eachE(U € Q), BE(XXT|U)
is non-singular. E(XXT|U), E(XXT|U)~! and
E(XZT|U) are all Lipschitz continuous.

Assumption 3. There is ans > 2 such that

nary least squares estimation to replace the missing E||X||* < oo and E||Z||** < oo and for some
response values. As is well known that, ordinary least ¢ < 2 — s~! such that:**~'h — co.

squares estimator has poor robustness. If there exists

abnormal data in independent variables, the imputed
value of response variablg must be far away from
the true value. This naturally leads to that the param-
eter estimator has poor robustness.

To inherit the advantage of regression imputation

approach, and overcome the defects of the two aspects
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Assumption 4. {¢;(.),7 = 1,...p} have continuous
second derivatives iy € ().

Assumption 5. The functionK(.) is a symmetric
density function with compact support and the band-
width satisfiesih® — 0 andnh?/(logn)? — oco.

Denotec,; = h? + {log(1/h;)/nh;i}1/?i = 1,2,
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which will be used in the proof of the lemmas and
theorems.

Let {X;,Y;, Z;,U;, 6,1, be a set of random
sample with size:, from model (1), we have

6:Y; = 6,21 B + 6: XT a(U;) + ¢ (2)

If the parametric componentis given, model (2) can
be written as

6i(Y; — ZIp) =

2504]

According to Fan and Huang [24], we can apply the
local linear regression technique to estimate the coef-
ficienta(U). Foru in a small neighborhood afy, by
Taylor expansion, we have

) Xij + digi. (3)

aj(u) ~ (o) + o (ug) (u—ug) = aj+bj(u—up).
This leads to the following weighted least-squares
problem: find{(a;,b;),j = 1,...p} to minimize

Z[Y - Z{aj + by (

whereY;* = Y; — ZI'3, Ky, (.) = K(./h1)/h1; K(.)

is a kernel function and, is a bandwidth. From equa-
tion (4), the weighted least-square estimatiof.gfu)

is given by

dc( ) (Ipﬁo ){DT W5 UO}_IDzowgo(Y_Z/B)y

; — u0) } Xi5])* Kny (Us — u0)di, (4)

where
" it
Y, X 2-UQ Y
Y = . ) Dua = .2 e ? 3
Y, Xg —Unf;uo X,j;
zT Zu Zhe Z1q
zT Zn  Za Zq
Z = . - . . . )
ZT an Zn2 an
Wgo = diag(Khl(Ul — ’u,o)(51, A Khl(Un — uo)én)

Replacex(U;) by a.(U;), model (3) can be simplified
as

whereY £ (Yy,...Y,) =S.Y, Z 2 (Z,... Z,) =
S.Z with

(XT’ ){DT W5 ul}_lDZ—‘lel

(X2 ) ){DT W6 U2}_1D52W1(L52

Se

(X7, 0{Dy, W Dun}‘lDEanSn
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Applying the least squares to model (5), we obtain the
profile least squares estimator®fs follows

Be=A{D>_0i(Zi— Z)(Zi = Z)"} 'Y 6z
i=1 1=1

— Zi)(Y; = Yi).

Substituting/3.. into the expression ofi.(u), we
can further get the final estimator 6f(«) as follows

Ge(u) =

Similar to Wei [29], the properties of,., d.(u)
can be shown as follows.

(Zp, 0p){ D3, Wi, Dug } ' Doy Wi, (Y — ZBe).

Theorem 1 Suppose that the assumptions 1-5 hold,
the estimator of parametric componehts asymptot-
ically normal, that is

Vn(Be

where

— B) — N(0, 71271,

Y1 = E{6[Z — (UL X]|**}, 0 = {E(ZZ")~

EEGzZXTUNEGXXT|U)~
A®2 meansA AT,

HE@(ZXT))]},

Theorem 2 Suppose that the assumptions 1-5 hold, if
hy = cn~'/®, wherec is constant, then
aj(u)] = O{n=?*(logn)'/*},

max sup |&
1<J<pu€g‘ CJ( )

a.s.

Remark 1 Obviously, complete-case data estimation
technigue is easy to see, and the estimators are easy to
be obtained. It has the advantage in statistical com-
putation. However, deleting the missing data direct-
ly means the loss of data information, this makes the
method of complete-case data can not make full use of
data information, so it can not capture the real rela-
tions between the responses and their associated co-
variates well.

3 Regression Imputation Approach

In order to overcome the flaws of complete-case tech-
nique, a commonly used method for handing missing
data is regression imputation. Since regression im-
putation can utilize more data information, it has re-

ceived a lot of researchers’ interest. The main idea of
regression imputation technique is to impute a plausi-
ble value for each missing response. Chu and Cheng

Volume 17, 2018



WSEAS TRANSACTIONS on SYSTEMS

[31] used the simplest local linear smoother to im-
pute a prediction value for each missikigon the ba-

sis of complete-case data estimation approach. For
a random sampl¢Y;, X;, Z;, U;}?'_, and the imputa-

tion values, the new observed values can be denoted fgffp sup |a; (u) —

as{Y;, Xi, Zi, Ui}l 4, where

Yi=6Yi+ (1= 0)(X[ 6c(Ui) + Z] ). (7)
Substituting the expression ®f for Y in (1), we have
+ ZI'B + e, (8)

wheree; = Y; — Y; + ¢;. Similar to the derivation
method used in section 2, the profile least squares esti-
mator of3 by the classical regression imputation tech-
nique can be given as follows

Br=> 2 - Z)(Zi = Z)"} > (%
=1 =1

= Zi)(Yi =Y,

Y; = X[ o(U;)

(9)

whereY* = (Y{,...Y5) 2 S;Y, Z 2 (Z1,...Zy)
= S817,
(XZ,0){DT Wy, Dy, }-LDL W,
(X27 ){DTW Duz} IDT
SI = ;
Wuo = diag(KhQ(Ul — UQ), C KhQ(Un — UQ)), and

ho 1s different from#h; .
Furthermore, the estimator of;(u) can be ex-
pressed by

ar(u) = (Ip70p){DZfoWuoDuo}_l
DI W (Y — Zpr).

The following theorems illustrate the asymptotic
normality and consistency of corresponding estima-
tors as follows.

Theorem 3 Suppose that the assumptions 1-5 hold.
The estimator of parametric componehnts asymp-
totically normal, that is

V(B — ) — N0, 571 xh),
where
Y= FE{[Z-oU)'™

HO)X][Z-2(U)THU)X]T},

QQ = (22 + 21)21’19121’1(22 + 21),
Yo = E{(1 - 90)[Z — ®(U)T"1(U)X]x
[Z —eU)r-1(U)Xx]"}.
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Theorem 4 Suppose that the assumptions 1-5 hold.If
hy = byn~Y5, hy = byn=1/>, whereb; and b, are
constants, then

aj(u)] = O{n~*/(logn)'/*},
a.s.

Remark 2 From the analysis of classical regression
imputation approach, one can see that the estima-
tion efficient is improved comparing with the method
of complete-case data. It can make more use of
the data information if we substitute missiiigwith
XT4.(U;) + ZT .. However, it is worth pointing out
that, the imputation process of imputation approach
mainly considers the information of independent vari-
able. If the information of response variable can be
sufficiently utilized, the accuracy of estimator may be
further improved.

Remark 3 As is well known that, least squares esti-
mator has poor robustness. If there exists abnormal
data in independent variables, the imputed value of
response variablé” must be far away from the true
value. In this case, the imputed value may destroy
the estimation efficiency of regression imputation ap-
proach. One solution to overcome this defect is to
further introduce Kriging technique into imputation
process. Kriging technique can sufficiently utilize the
response variable information, thus may be useful to
improve the estimation efficiency and robustness. The
related discussion can be seen in section 4.

Remark 4 Considering the function of Lasso tech-
nique in eliminating cumulative effect for model se-
lection and imputation estimator, another method to
improve the estimation robustness is to introduce Las-
so technique into regression imputation approach, and
the related further discussion can be seen in section 5.

4 Kriging Regression
Technique

Combined Kriging imputation idea with the approach
of classical regression imputation, in this section, we
propose a modified imputation technique called Krig-
ing regression imputation. Kriging imputation aims at
assigning a weight to each non-lost response and im-
putes responsk; = (X7 a.(U;) + ZT'j3.). Based on
the theory of Kriging imputation, the result is more
precise and has less error due to the non-bias condi-
tion together with minimum estimation variance are
required.

For the convenience of discussion, we first dis-
cuss the case where the weight function is previous

Imputation
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given. This is a special Kriging imputation tech-
nique. Suppose thdty;, X;, Z;, U;}1, is a random
sample, and the imputation value (X a.(U;) +

Zfﬁc), then the new observed values can be noted as

{Y?, X, Z;,U; 3™, where

Y0 =6Yi+ (1—6;) ZK”
7j=1

- uz)ijv (10)

Y is defined in (7). I = 0, means that Y is missing,
and5 = 1 otherwise. Heré can be independent with
0, and we always assume that

> Kiw

Similar to the discussions in section 3, we can obtain

—ul )=1

Y =X{a(U) + Z{ B+eri, (1)
whereer; = YZ-0 —Y;+¢;. For model (11), the estima-
tor of nonparametric componentw), we follows the
idea of locally linear smoothing by the Taylor expan-
sion, and find the optimal estimator similar to section
2. The profile least squares estimatorfoby the K-

riging regression imputation technique is

RV

=1

51(1—{22 Z;)

(12)

whereY? £ (Y0,...Y9) = Sk, Y%, Z & (Z;...,

Zn) = Sk1Z,
(Xl ) ){‘DT WO ul}_l‘D;lLlWI(L)l
Skr = (X2 ) ){DT WO uQ}_lDZ;WSQ

<X£,o>{D$nW3nDu"}”D3nW3n

WSO = diag(th(Ul — UO), . Kh3(Un — UO)), and
hs can be different fronk; andhs.

Furthermore, the estimator ofx;(U) can be ex-
pressed by
(I, 0p){ DI, W0 Dy}

axr(u) =

Dl Wy (Y0 — ZBk1).

The theorems illustrate the asymptotic normality and
consistency of corresponding estimators are as fol-
lows.
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Theorem 5 Under the assumptions 1-5, the profile
least square estimator ¢f is asymptotically normal,
that is

Vi(Brr — B) — N(0,Z
where

E=F{[Z - ®x(U)T 5 (U)X] x
[Z — @1 (U (U)X]TY,
Qg = (23 =+ 21) 7191271(23 + 21),

Es—ZK] (1—6;)E{(1—9)
[Z_(I)KI(U)FKI(U)X] [Z—®r(U)TR,(U)X]},

-3 K

Theorem 6 Suppose that the assumptions 1-5 hold.
If hy = cyn=/2, hy = con~1/5, wherec, andc, are
constants, then we have

a;(w)| = Ofn=*(logn)'/2},

—uo 5')21.

max su OéK[
1<j<pu€8| ( )

a.s.

Theorem 7 It is easy to see that the Kriging regres-

sion imputation technigue is more efficient than the
the traditional solution of handling missing response.
Based on theorem 3 and theorem 5 we have

VQTBKI < VarﬂA[.

When the kernel functiod’” (U; —u;) is not pre-
vious given, we can obtain the weights by establish-
ing Kriging equations. Note that variableis the ob-
servations ofY;, U;) geographic coordinates of point
locations. If we denote\ as weight coefficient ma-
trix and then we can deduce Kriging equation set by
decomposing variation function which aims at mini-
mizing variance of estimation errors. Further, we can
obtain the weight coefficient matrix and conduct s-
tatistics inference further. If the Kriging equations are
expressed in matrix form, then

K\ = M, (13)
whereK =
y(Ur,Ur)  ~v(Uy,Us) ~(Uh,U,) 1
Y(Uz2,U1)  ~(Ua, Us) Y(U2,Un) 1
V(UnaUl) V(UanQ) V(Uann) 1
1 1 1 0
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(U1, 0) A1 Then equation (7) can be rewritten as
(U2, U) A2 5
) ) Ylasso _ 521/1 + (1 o 5 )(XT lasso(U> ZTﬂlaSSO)
M = : ) A= : . ! (16)
’Y(Unv U) An where déasso(ui) = ( ){DT Wé uo}_l
1 p D W, (Y — Zpless).
Here, v(.) means the variance functiony(U;,U) SubstitutingY; with Y% in model (7), we can
means the variance function value between the first obtain the new form ot" as follows
point and the unknown point. In that case, from e-
guation (13), the weight coefficient matrix can be ex- Olasso = R i = usso
pressed by Y; =0Y;+(1-6;) ZKh (Uj — ug) Y],
A=K"'M. =1
17)

Similar to the analysis process in section 4, we
5 Kriging Regression |mputation can get the following statistical inference results.

with LASSO Technique Theorem 8 Suppose that the assumptions 1-5 hold.

. _ ~ The prdfile least square estimator @fatisfies
In order to improve the robustness of estimator, in this

section, we will further introduce lasso technique into . /(3,, — 3 N(sign(B) =1
' : ; ; KIL — N(sign(Be) A=,

the semiparametric model. Since LASSO technique ( ) ( (e)
can complete the parameter estimation and model se- =10y + A=
lection simultaneously, thus, it attracts more and more ’
researchers’ attention. Here, our purpose is to utilize Where
LASSO technique to identify unimportant regression _ .
independent variables, and remove them. In this way, E=FE{Z- (I)KI(U)FKI(U)X] x
the estimation error may become smaller, thus can im- [Z — ®r (UL (U)X,
prove the robustness of estimator. _ S o1 1

Firstly, in the case of complete-case data, we 2 = (23 +Z)ET T (B + B,
adopt the responses wheie= 1,7 = 1,...,n. For S, = ZKU

a(u), by Taylor expansion, we have —ui)(1 = 6;)E{(1 - 9)

aj(u) ~ aj(uo) + o (uo) (v — uo) [Z—(I)KI(U)FKI(U)X] [Z—® (U, U)X]T,
Thus, model (2) can be rewritten as . - ii
(@) S1=Y K[ 1—6;)%.
v = X a(uo) + (Ui —uw0) X} o' (uo) + 2" B+ ], (19)
whereY? = 6,Y;, X = 6,X;, Z) = 0i2;, €] = die:. Theorem 9 Suppose that the assumptions 1-5 hold. If
Let us consider the following lasso model, hy = dyn~Y%, hy = don~1/5, whered, and d, are

n constants, then we have
=Y 6{Yi-Yi—(Z - Z))"p)}?

Z-Zl t ( ) ) max sup |Gz, (u)—o;(u)| = O{n=?/>(logn)"/?},
- (15) 1<j<Puch

q
+ A 184, a.s.
j=1
In order to further improve the robustness of the

estimators, according to Zou [33], we can also consid-
er the following adaptive lasso model

where)\ > 0 is an arbitrary constant.
The lasso estimator can be given by

Bl“ss" = arg min Qx(B). n . .
. P - . = Yo — 703 - X9
Notice that, if 5. > A, where\ = %A, plasso — ;{ ! i P i aluo)
Bo— A Mf B < =X, Blasso = B+ 3 If A < B < opa
A, Blasso = 0, thus the relationship betweeh with —(U; — uo) X} o (ug))}* + A > wiloyl,
ﬂlasso is ) i
550 = B, — sign(Be) A (18)
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wheref) = (a1 (uo), - - - ap(uo), g1 (uo) - - - g, (uo),

Br,. .. By)ywj = 1/|0]7,7 > 0.
The adaptive lasso estimator can be given by

Table 1: Estimators gf, andj, for differento

o 1 15 2.0 2.5
3.0197 3.0335 3.0723 3.0429

)
Sl std(Ben) 0.6704 0.8481 0.7375 0.7729
055 = arg min Qx(0). mear{fc2) | 2.0144 1.9809 1.9342 2.0557
std(Sc2) 0.4299 0.5376 0.8101 0.5813
Then model (7) can be rewritten as mear{3;;) | 3.0695 3.0956 3.1363 3.0392
std(fr1) 0.6358 0.8127 0.6412 0.7396
i}ialasso =5Yi+(1— 57',)(X7-nglasso(Ui) + ZjTBglasso)- (19) meam/@[2> 1.9727 1.9345 2.0352 2.0455

std(Br2) 0.3605 0.4491 0.5972 0.5547

s mear{Sxs1) | 3.0690 3.0952 3.1366 3.0397
Similar to the proof of theorem8 and theorem 9, st Frerr) 06349 08109 06411 07387

we can further derive the asymptotically properties. mearfxr2) | 1.9728 1.9348 2.0351 2.0456
Since the expressions are the same as to theorem 8  std(Sx2) 0.3598 0.4487 0.5968 0.5546
and theorem 9, thus they are omitted here. mear{Bxrr1) | 3.0690 3.0952 3.1366 3.0397
std(Sxrr1) 0.6349 0.8109 0.6411 0.7387
meanfkrr2) | 1.9727 1.9348 2.0351 2.0456

6.1 Smulation Studies Table 2: Estimators of; andgs in the application of

In this section, we carried a numerical simulation ex- Boston housing data

ample to show the effectiveness and superiority of our o 2 coefficient
pr - B
: : : . S Cc1 . Qo Ug .
Considering the semiparameter model as follows: meartfos) | 0.4108  as(ug) 20.0503
st 2 0.2164  acq(u 30.9534
Y = 121+ B2Zs + ar(u) X1 + ao(u) Xz + ¢, me({a(ﬁ%lz) 0.9595 anﬁu?ﬂ -1.14285
std(511) 1.3111  ara(uo) 1.2548
wheref; = 3,062 = 2, aq(u) = sin(2ru), as(u) = mear{S;2) 0.4039  ays(uo) -0.09895
cog2nu). Let Z; ~ N(0,1), Zy ~ N(0,1.5), stdr((%m) : g.gétl)g 0414(150)) 51.513122175
~ ~ ~ meanpskr . akri(uo -1
e ~ N(0,0). By using the techniques described in mear(fxr2) | 04036 aggs(ug)  -0.09895
previous sections, our aim is to estimatg 3, and stdBrrz) | 02111 agga(ug)  54.53585
compare the estimation efficiency. meanBxrr1) | 0.9609 axrri(ug) -1.14285
In all simulations, we consider a random sample stdBxrr1) | 1.3090 agxrra(uo) 1.2548
with 30 percent for missing. Let the kernel function is meanSxrr2) | 0.4036 akrrs(uo) -0.09895
standard Gauss kernel, and the bandwidth- 0.1. stdfxrra) | 02111 akrra(ug) 54.5221

Table 1 shows the compared results with different
methods. From Table 1, one can see that, for different
o, the methods established in this paper have small-
er variance, which means our method is more superi-
or than traditional complete-case method and classical

10 million), PTRATIO(pupil-teacher ratio by town),
AGE (proportion of owner-occupied units built prior
to 1940 ). Consider the semiparametric model as fol-

regression imputation approach. lows:
4
6.2 Application to Boston housing data Y = 8121 + BaZs + Zak(U)Xk Le
To further illustrate the efficiency of the proposed k=1
methods, we take the application of Boston housing
data for example. Following Fan and Huang[24], Let PTRATIO, AGE be the variables ¢f,, 7, re-

we take MEDV (median value of owner-occupied spectively, and CRIM, RM, TAX, NOX are denoted
homes in 1,000 United States dollar) as the respons- respectively byX;,...X,. The main results are pro-
es, v LST AT (the percentage of lower status of the vided in the form of Table 2. From Table 2, one can
population) as the index variable, and the follow- see that, for differentr, the methods established in
ing predictors as the covariates: CRIM(per-captia this paper have smaller variance, which means our
crime rata by town), RM(average number of room- method is more superior than traditional complete-
s per dweling), TAX(full-value property-tax rate per case method and classical regression imputation ap-
$10000), NOX (nitric oxide concentration in parts per proach.
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7 Conclusion The proof of Lemma 7.2 is similar to Lemma A.2
in Fan and Huang [24], which is omitted here.

In this paper, we propose a modified regression impu- L .

tation approach called Kriging regression imputation FProof of Theorem 1. By the definition off. and let

on the basis of the estimation method of complete- An =n"" >0, 0i(Zi — Z;)(Zi — Z;)", then we have

case data and classical regression imputation. Com-

pared with the method of complete-case data, Kriging \/f(ﬁc - g)

regression imputation technique not only makes more by (7 s xT N_ T

use of the data information, but also improves the esti- \/HA" ;5’(2’ Zi)(Xi e Us) = SeiM)
mation efficiency. Compared with the classical regres- 1 = oa

sion imputation approach, the estimation efficiency of + —A! Z 0i(Z; — Z})(ei — &)
Kriging regression imputation technique with LASSO Vn i=1

is better as the imputed values not only consider the = I + . (20)

effect of covariates but also takes the influence of re-
sponses into account. Numerical experiment shows
that the technique established in this paper is more ef- 5
fective than the results obtained in the references cited Op(Vncy,).
there in, and have better robustness. Denote

By lemma 7.1 and similar to the proof of Theorem
4.1 in Fan and Huang [24], it is easy to shdw =

DEOWSODUO = < gll 312 ) )
Acknowledgements 21 Doz

. . . ~ where
This work is supported by the National Natural Sci-

ence Foundation of China (61472093). Dy = Z XiXZTKhl(Uiu)fsh Usi = Us — ug,
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Appendix

Lemma7.1 Let (X1,Y7)...(X,,X,), be indepen-
dent and identically distributed random vectors, n U
where theY;,i = 1,2,...n. are scalar random Doy = ZXZ-XZT#KM(UW)&,
variables. Further assume that|y|® < oo and i=1 !

Dy = Y X X[ T K, (Ui)6s,
=1

sup, [ |y|°f(z,y)dy < oo, where f means the joint n 7 Ui
density of (X,Y). Let K be a bounded positive function D22 = ZXiXi ( . ) Kn1 (Ui )0
with a bounded support, satisfying a Lipschitz condi- i=1 1
Eir?:ﬁ Given thain®*~'h — oo for somes < 1 — 571, Notice that
sup, |5 307y [Kh (X — 2)Y; — B{K,(X; —x)Y;}]] Yoy XiZ] K, (Ui — uo)di
1 1 h D?;OWSOZ = ?
= 0,2y, iy X2 U K (U - )

The proof of Lemma 7.1 can be found in Mack by lemma 7.1, itis easy to see that

and Silverman [34]. DE WO Dy = nf(U)L(U) ® < Lo >
up T ¢

Lemma 7.2 Suppose that the Assumptions 1-5 hold. oo 0 ug
Then it shows that {1+ 0, ()},
’I’L_1 Zéz(zz - Zz)(Zz - ZZ)T — 21, DZOWSOZ = nf(U)(I)C(U) ® (170)T{1 + OP(CTL)}>
i=1 where

a é(Zi ~2)(Zi-2)" =% To(U) = BGXXT | U),8.(U) = B(6XZ" | U).

By simple calculation, we have
n SN2 - 22— Z)T = E. (X7, 04{DJ W) Dyo} ' DLW, Z
=1 = XTFC(U)_1Q)C(U){1 + Op(cn)},

[1]
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T o p y-1pT o
[XT, 0{ Dy Way Do}~ Dl Wy M If we let hy = en~1/5, wherec is constant, then
— XT (U){1 + Op(cn)}- it satisfies,
Thus, we have max sup |ée;(u) — aj(u)] = O{n=2/>(logn)"/?}
1<j<pUuen
R 5
I = %Anl Z 6;(Zi — Z;) (X} a(U;) — SEM) a.s., which completes the proof.
=l Proof of Theorem 3. Denote
—f nlza (2 — Z)(XTa(Uy) — [XT,0] [
O, ==Y (Zi—Zi)(Zi — Z)".
mn
X {DT W5 D, } 'DIwi M} i=1
B \/_ AL Z(S (Z — XTT-(U)®,(U))) From equation (9), we have
V(B =8)
X X@-Ta( z'){l + Op(cn)}Op(cn) ( »
— 0,(v/acd). = Z Zi- 2% - Y,
21
1) (Z- 2)78)
Similarly, — —H 1 5)2(21. — Z)(Zi—
n \/_ i=1
a1 T . R
\/ﬁ Z 52 X F (U )‘I)C(UZ))(EZ—&), Zz’)T(IBc _|_ _H Z
where x (XTo(U;) + ZTﬁ SLY:) + TH;
A yvT T wo p \-1pT e
5—[X ]{D W UO} DUOWuog XZZ Z 551 nlz 1_5
= X"r; Y (U)E (5X5T\U)Op(cn). — \F
1
By lemma 7.2, we obtain % (Zi — Z;)(SEM — X[ a(U7)) + 7 I, !
n _ 5. o 7NGT
Iy = EII%Z@(%—X?FC1(Uz‘)‘1’c(Ui))€i+Op(1)- o ;(ZZ SR
=1 =YL+ L+ I3+ I+ I5). (23)

From Slutsky theorem, and center limit theorem,

one can obtain the results described in theorem 1. Let E(XZT|U) = ®(U), B(XXT|U) = T(U),

thenZ; = ®(U;)I'~'(U;) X;. By Lemma 7.1 and the

Proof of Theorem 2. By the definition ofé.(u), we law of large numbers, we have
have ’
N 1 <&
bre(u) I, = — 1—=6:W7Z: — (U Y UNX: 7
T b y-1pT R 1 \/ﬁ Zl( 51)( i (Uz) (Uz) z)( i
e et A DU (U)X V(e — ) + 0,(1)
—PclUj i)\ n\Pec —
- (IP7 p){DT W(S uo}ilDEQWZfQM ¢ n P
_ -1 ,
+ (I, 0,){DL, W3, Dug " DL W, (e = Z5) = DXy =) (2
. i=1
+ (I, 0p){ Dy, W Dug } ' Dt Wi Z(8 — Be} XTI U)®(U)e: + 0p(1).  (24)
(22)
Consequently,
Similar to the proof of Theorem 3.1 in Xia and Li
[14], we show that 1 < T
Iy = 7 (Zi = Z;)(Xi a(Us) — SpiM)
max sup |dc;(u)—ay(u)| = O{hi+(logn/nh1)'/?}, i
<j<rUen 1 &
- — Zi— Z;)0S
a.s. NG ;( 051,
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ZZ Z)(I = 8)Sp(M, — M)

\/’
1 i - .
— = (Zi - Z)ZF (1 - 6)(Be —
Vi~ B2 =) = 8)
= Iz + I +I23+I247 (25)
whereM, = [XTa.(U1),..., X a.(U)]T.
Bylemma7.1, one can obtaip; = O,(1), Iz =

O,(1). Notice that

1 & .
gZ(Zi—Zz‘)ZzT
=1

= 0,(1),

Mingxing Zhang, Zixin Liu

><X<5€j+0p( )
fz‘p
fz@

From equation (27) and (28), we obtain

R LG

Ui) X;0iei—

Us) X;6:2i+0,(1).(28)

Ui) Xidi€;

— (I)c(Ui)Fc (Uz)Xzézgz) + Op(l).
B— Bc = 0,(n~1/?), Combined with the given results, we further con-
clude that
—§:Z Z)SEX = 0,(1).
VB =8) = =Y S+ 5)8 \/—25
As a result it has thalys = Op,(1), Ioa = Op(1).
Thus, we havd, = O,(1). By Lemma 7.1, we have — XiTT,fl(Uz')@c(Ui))ei + Op(1).
I = O, (v/nc?).
As for I5, one can see that Proof of Theorem 5. LetV,, = n~ 'S 6:(Z
n Zi)\(Z; — Z;)T, from the definition of3 ;, we obtain
I, = % > (=) Z(X] 0{DE WS Dy} )
=1 Vn(Brr — B)
XDTW6€' 1-96 T0) 1 iy
[ —_ 7 — 7
Z \/ﬁvn ;( 7 Z)
x{DTW‘SDul} 1DTW5€Z, y (YO—E_?O—(Z—Z)TB)
=I5 — I (26) ) ' 1 n Zv Y
= —Vv.' SNz - Z)( -6
Furthermore, it follows that N 221( ) )j:1
. : K2 (Uj —wi)(1 = 6;)(Zi — Z:)" (B
I51 = ZX nf(uz) (Ul))i 1 . n . _
\/_Z —5)+—Vn12(2 — Zi)(1 = &)
X K i) X;de; + O
Z h1 €5 ( ) z] Z - uz 5j)(Scz‘M—
= { ”f(uz') e -
xI'y (U)) 1Km( u;)} X056 + Op(1) . = 1
(X[ o(Us) + Z B — Sk1Y?) + —=
= \F Z (U, U Xi0ie; . Sovn
V.Y —6)Y K}
Z@ Ui)Xidiei + Op(1), i=1 j=1
(27) (Uj —ui)(1 = 65)é5 + VEI Z
(Zi — Z3)(iei + (1 =6 ZK”
Isy = NG Z{Z o) xx]
j=1 1i=1 uz)é 6])
x (nf(u) TN U)K (U — )} =V, (I + L+ I3+ Iy + I5). (29)
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o Notice thaty""_, K;?(U; — u;) = 1, one can ob- x (X ){DT w? Dul} DT W? &
; K (U —8))%;
(Zi—2)"8 Z Z
Y < >{DT Wi DTy 1D52W3isu
‘]:
Similar to the analysis of3, we have
x (Zi — Z)"B+ (1 -6 ZK” n
In = Y KJ(Uj—w)(1—9))
u,)dj(Z, — ZZ)T,B + 5Z(Z7, — ZZ)Tﬂ j=1
Le_t O (U;) = @;(U;),L'c; = T';. By simple calcu- % _{Z O (U Ui) X6,
lation, we have
1 n ~ n B
_ = _ 5 T — _
L = nm(l 52);@(@ u;) Z‘I’c U) Xidiei} + Op(1).
x (1= 8;)(Zi — @x1(Ui) Ly (U) Xi) (Zi— .
(I)c(Ui)F n( ) ) \/_(5 ) p(l) Iy = ZK}iLj(Uj —ui)(l —5j)
- 2321—1% > 6z '
=1
~ XTTIYU)®.(U)ei + O,(1).  (30) X —{Z (UL (U3 Xidie
Similarly, Iy = O, (/nc?). The expression of;
can be rewritten as - Z D (U, Ui)X;iei} + Op(1).
8
Is = n > (%= Z)(X[ a(U;) = Sk1.M) Thus, it satisfies
i=1
§ _ no
- %;(Zi — Zi)(1 —di) Iy = Z_:Khj(Uj —ui)(1 = 65)
x> K2 (Uj = u;)(1 = 6;)Skcr, (Me — M) y —{Z (@1(U, U X,bics,
j=1
-
(1-6) Z Kéj(Uj —u;)0;)SKI,Ei For I5, it can be given as
i=1 n
n 1 .
1 . < I = — Z(Z —
——=> (Zi— Z)(1 - &) T n
\/ﬁ i1 = .
x ZKJ — i) (1 — 8;)Z;(Be — B), +(L=6) Y K} (Uj — ui)dje )
j=1
= I3 + 132 + I33 + I34. (31) 3
- n =—=) (Zi—Z)(&i
SlnC@Igl =0 ( ) 132 = Op(l), %;Zzl(Zl — n Z( )(6 (33)
Z)SknX = 0p(1), 3 i1 (Zi = Zi) 2w = Op(1), 5
B — B = Opn ‘1/2) Thus, we havezz = O,(1), ZK —up)(1 = d;)e;)
I3y = Op(l), which means thaiz = O,(1).
For 1,, it follows that o L
=— Z(Zi — 7:)6; Z K (U
= 21— ZK”(U —w;)(1—6;)Z; ﬁi:l i=1
I, = \/_ u;)( i)Zi
j=1 X (1—5j)€j—|—0p(1).
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Hence, it shows that

(34)

Similar to the proof of the Theorem 3, by the The-
orem of Slutsky and the center limit Theorem, we ob-
tain the results of Theorem 5.

Simultaneously, similar to the proof of theorem 5
and theorem 2, we can obtain theorem 8, theorem 6
and theorem 9, respectively, which are omitted here.

Proof of Theorem 7. By the theorem 3 and theorem
5, we have

=l0E -2,y
=%~ 1(93 —Qy)x!
= (Z K (Uj — ;) (1= 6;)(22 + 1)
7j=1
x 2! ZK” —u;)(1 — 6;)
J=1
X (B2 +%1) — (T2 + 2)Z 0 8D,
+3)s!
=24 ZK” D= 6,))%T = 1](29
+ 21) oy (e + )l

As we have denote""_| K}7(U; — u;) = 1 in sec-
tion 4 and the value 0?7 is1 or 0 thus it is obviously
that (> K”( —u)(1 — 5)) I -1 <0.Ad-
dltlonallg/, as we know the covariance matrix is pos-
itive definite. Furtherly, the result gE—'Q;="1 —
»~10Q,% 1 is a negative definite matrix and the theo-
rem 7 is proved.
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