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Abstract: Friedmann-Robertson-Walker (FRW) models represent behavior of universe. Expansion of universe
could be better understood by considering Robertson-Walker scale factor m and m(t) where t represents time .
Here FRW spacetime was classified by using Noether’s guage symmetries.The behavior of spacetime was different
for different kinds of universe i.e. closed, open, and flat. These types are defined according to curvature parameter
c. For closed universe c=-1, for open universe c=1, and for flat universe c=0 . We obtained nontrivial symmetries
for distinct values of scale factor . With the help of Noether equation and Perturbed Lagrangian a system of partial
differential equations was acquired . For the universe as defined above, largest set and least set of Noether operators
were obtained. Every operator has integral of motion.
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1 Introduction Noether symmetries paly vital role in updated
theories related to gravity. Kucukakca and Camci
[6] worked in the field of f(R) and scale factor by
Noether’s method. Jamil et al. [7] explored the func-
tion f(R) for model of Tachyon. Using NGS [8] tech-

FRW models are established on the basis of assump-
tions that the universe is homogeneous and isotropic
in all epochs. The FRW metric is

2 nique Bianchi type I cosmology in generalized Saez-

ds* = dt*—m? %Tcrg +r2(d6?+sin’ 0d¢?) |, (1) Ballester theory has also been studied. Hussain et al.

[9] investigated Noether symmetries of flat universe

Sharif et al. [1] used ansatz technique to solve Bianchi FRW model with the help of gauge term in metric
Type I and V and also classify scale factor. In 1918, f(R) gravity.

Emmy Noether investigated a method to find the con- Noether symmetries are supportive in recuperate

served quantities [2, 3] of the different problems. She missing laws of conservation. [10]. In [11], for spher-

gave the idea about connection between symmetries ical symmetry a different form of Noether symmetries

and conservation laws [3]. Each Noether symmetry has been pr . Paledesentiathanasis et al. [12] Lie the-

correlates to a conserved quantity. ory and Noether approach has been used to modified

Solutions of many differential equations can be f(R) gravity models.

found by conservation laws.These laws can also be to

determine the undetermined exponent in the similar-

ity solution[4]. In the field of PDEs these conserved 2 Basic operators

quantities are useful to handle errors in numerical cal-

culations. In general relativity, solutions of field equa-

tions possess some symmetry [5]. ds® = GpgdaPdx?, 2)
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then Y a vector filed for above metric is

0 0
YZT](SJP)%Wqu(Sal‘p)@ : 3)

The Lagrangian [ for above metric is [13, 14]
.
l= §gpq$pxqa 4)

dot is the derivative w.r.t s. The Noether equation is
given by:

Y1) +1D,(n) = Dy(@), )

G=gauge term, y=1st order prolongation and
Dg=total derivative which is

Dy = o il ©)

Conserved quantity related to Noether operator Y is
given by

E=nl+ (& —nif)— - G. (7

The Lagrangian for (1) is given by

2,2
[ =1 — (1m ! 2) —m?r20% — m?r?$?sin® 0. (8)
—cr

vector field Y is
B o G
Y_n(57t77a797d))%+£ (s,t,r,@,d))a
0 0
2 ~ 3 _
+§ (87 t? 717 97 ¢)ar +€ (87 t’ r? 97 (b) 80 +

0

4

t,r,0,0)—.

é. (87 ,7’, 7¢)8¢

3 Casel

When universe is flat (¢ = 0) then Lagrangian is
1 =1 —m?? -

m2r9% — m2r2q52 sin’ 0. )

From Eq. (9) and Eq. (5) a system of linear PDEs was
obtained
Nr = 07 m = 05

77¢:O) 779:0)

2 =Gy, —2m*¢ =G,
—2m*r?sin? 06} = Gy, & —m?¢¢ =0, (12)

g —mPri =0, & —mPrisin®0¢ =0, (13)
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Gs =0, (10)

—2m?r?e3 = Gy, (11)
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m*r?& + m*&g =0, mzfé +m2r?sin? ¢} = 0,(14)

m?r?€} + m*r?sin® 06 =0, 2¢) —n, =0,(15)

win, - 2P~ € =0, (16)

—2m*r&® + m®r’n, — 2m*r®¢g — 2mmyr?¢t = 0,(17)

m?r?sin? Oy, — 2m2r? sin’ 9{3, — 2m*r¢? sin® 0
—2m?r? sin 0 cos 063 — 2mmyr? sin? ¢! = 0. (18)

3.1 Least set of Noether operators

Least Noether symmetries are obtaines for arbitrary m

0 0
75’ Yoz—%

integral of motions related to Yg1 and Yoo are:

Yo1 =

Eo1 = —t2 + m?i? + m?r?0 + m?r?sin? 092,
Ego = —2m*r? sin? 0.

3.2 5 Noether operators

For some other values of m having five Noether oper-
ators presented in Table given below and Y1, Yo2

0 sinf 0
YO3—-COS€&+T%

B . 0 cos¢gcosf O sing 0O
Y04——cos¢smea— " %—i—rsinea—(ﬁ
and

0  singcosf O  cos¢ O

Y05:sm¢sm9a—|— 89+rsin987¢'

Integral of motions related to Y3, Yo4 and Y5 are:
Eosz = —2rm?sin 06 + 2 cos fm>#

Eo4 = 25sin 6 cos ¢m?r + 2r cos 0 cos gmeé
—27sin 0 sin ¢m2<;5,
Eos = —2sin 6 sin ¢m?i — 2r cos f sin ¢m29

—2r sin 6 cos pm2é.
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Table:
No. m(t)
1 sint,cost,tant
1 sinh ¢, cosh ¢, tanh ¢

(sin t)% , (cost) 2 , (tan t)%
iv | (sinht) 3 , (cosht) 2 , (tanh t)%
T
2

v (Int)

vi (kt + b)%
V1L t —i— -
viii k%b? cosh(%)

3.3 6 Noether operators

some others forms of m having six Noether operators.

(1): m(t) =t
When n having even values with n > 2 and
Y01 — Y05 We have

0 to 1 0
Ve — Y -1
=95, 3 2"~ Uy,
We have
Eps = —st2 4 sm?2r? + sm2r202 + sm2r? sin? 9¢¢

+tt + (n — 1)m?rr.

When n having odd values withn > 3 and n = 3420
and Y01 — Y05 and

0
Yo6 = +

t 0
"9s 2

0

Z (b 1r—
ot — (b )rﬁr

We have

Eos = —st® + sm?r? + sm 21202 4+ sm?2r? sin 9¢>¢)

+tt + 2(b + 1)a?rr.

(2): m(t) = ()%
When n possess odd values with n > 1 we have
Yo1 — Y5 with

The integral of motion

Eos = —st? + sm?i? + sm®r26 + sm®r? sin” 0o

. n 9 .
+tt—|—§—m T
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Here n = 4,8,12, 16, .... taking n= 4 + 4a where a =

0,1,2,3.....
we obtained:
Y()l — Y05 and
0 0 (2a+1)r o
Yo = s— ftf -_—
06 =555 T 2o > or
We have
Eys = —st2 + sm2i? + sm?r262% + sm2r?sin 6¢2

+it + 2am>rr + m2rr

Now n = 6,10, 14, 18, 20, ....
a=0,1,2,3,
we have Yg1 — Y5 and

with n= 6 + 4a where

o 1 0 0
Y St —
05 =55+ oty ~lertny;
we have
Eog = —st2 + sm?7% + sm?r202% + sm?r? sin 0¢2

+tt + m2ari + m2ri
3.4 7 Noether operators
Seven Noether operators are given below.

(1): m(t)=7t + ¢, y and ( are constants
Here Yo1 — Y5 and other operators are

20 s ¢\ 0
Yoe = 587—1— ( +’y>8t’ (19)
0 1 ¢\ 0

1
G = g {(k‘th + 2k4)7 + lect] .

Conserved quatities related to Yy and Y7 are:

2

E06:82[ + m2r2 + m2rt0? + m? 7°4<]5251n 0]
1

+stt 4+ —=— st + t2+C

voo2 v

Eor = —st? + sm?7% + sm 20402 4 sm? r4¢251n 0

. (t

—l—tt—i—C—.

Y
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@) m(t) = (%)

0 0  tcosfcos¢p O
Here Yo1 — Yos5, = inf— i ok
01 05 Yis rcosqﬁsm@at —|—t81n9(:os¢ar + a0
o to 20 sto tsing, 0
Yog = s 37-}_5& YO?—;@*‘;&, (21 _(TsiHQ)%'
k1it?
G= 5 + ky.

The conserved quantities related to Yoq4 — Y73 are
The associated integral of motions will be

E04 = 2i, E05 = St. — t,
Eog = —sti + sm?r 4+ sm>r?00 + sm?r? sin® 0¢¢ + tt,

Eor = —s%it + $>m*i + s*m?r?00 FEog = [fsmgf" —r]cosf — sm?r? sin «99,

.. . 2
+52m2r? sin® 0pg + 2stt — 12

- P2, B . 2 A
3.5 Largest set of Noether operators Eoz = 2[rt — m7t7] cos § — 2sin6mrtf,

For constant value of m we have Yg1 — Y3 and

0 1 0
R VAR
ot "% = 2%

Eos = —sit + sm?i + sm?r200 + sm?r? sin? 0¢¢

You = (22) +tt — rmzr,

L o, 1 24
1 0 1 FEy = ffstt+fsmrr+fsmr99
Yo = SCOSO— —ssm@ 2 2

or 00’ 1 o ) 2 2
+532m2r2 sin? 0 + stt — srm?r — Bl + 5
0 t 0
%7:7“60898*—1—1560896*—*81119%, .
t rer E19 = m?ssin ¢ sin 0 + m>rs cos 6 sin ¢
+srm? sin 0 cos ¢ — 7 sin ¢sin b,
v 0 n 1t 0 n 1 9
Z 4oz
8= %5s T2 T 2 ar ) o :
FE11 = m~scos ¢sin 07 + m=rs cos 0 cos ¢f
y 1,0 N . ta N 1 9 —serSinﬁsingbgﬁ—rcosgbsin&,
= —s5*"—+ —st— + —sr—
P72 s T 270t 27 o _
Eiy = 2rsin ¢ sin ¢ — 2tm? sin ¢ sin 67
9 —2trm? sin ¢ cos 06 — 2m>rtsin 6 cos ¢$,
Yi0 = —55 sin 6 sin ¢7 — ZS cos@smqb%
1 sin 0 Q Ei3 = 2r cos ¢ sin 0 — 2tm? cos ¢ sin 67
2r scos ¢ 9¢ —2trm? cos ¢ cos 00 — 2m>rt sin sin (.
1 0 1 0
Y11 = —=ssinf cos QS— — —scosfcos p— 4 Case?2
2 or 2r 00
1 ssing 0 Taking curvature ¢ = 1 i.e pen universe then La-
2r sinf ¢’ grangian converts to

. m2r2 . . .
Vo — i . 08 fsin O si 0 tsingcosf O l—t2—(1_r2>—m2r292—m2r2¢2sm29.(23)
12 = rsin ¢sin g + ¢sin Sm¢(9r + . 50
t cos ¢ After some simplifications a system of linear PDEs is
( rsin )%’ obtained.
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4.1 Least set of Noether operators

Least Noether symmetries Yo1 — Y2 reported for
arbitrary m.

4.2 3 Noether operators

Three Noether operators of some other values of cos-
mic scale factor are given in Table and Noether sym-
metries Y91 — Y2 and

Yo3 = —cosO[(r — 1)(1 +r)]%%
sin@[(r —1)(1 + 7")]% d
+ r )%7 (24)

conserved quantity related to Yps:

D=

2m27 cos O[(r — 1)(1 + 7))
1—r2
—2m2rfsin O[(r — 1)(1 + 7")]%

Eyz =

4.3 5 Noether operators

Five Noether operators for different values of m

(1): m(t)=yt + ¢, v and ¢ are constants. Fuether
Yo1 — Yoz, (19), (20) and (24) having

1

G =y

(k1t? + 2kq)y + 2k1Ct|. (25)

4.4 Largest set of Noether operators

For constants values of m, largest set of Noether op-
erators is
Yo1 — Yo02.(22) and (24) with G = kot + ks.

5 Case3

When ¢ = —1 i.e closed universe then Lagrangian
takes the form

2 m2r? 2 242 222 . 2
=1t — 5.2 — m*r“6° — m°r=¢“sin” 0. (26)

After same simplification we get linear PDEs.
5.1 Least set of Noether operators

Least Noether symmetries Y1 — Y2 are presented
for arbitrary value of m.
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5.2 5 Noether operators

Y01 —Y02 and
Yo3 = (—\/7”24-lsinecosgt)(;9
”
_(\/rz—i-lcosd)cosﬁ)g (\/T2+1sin¢>)£ o7
r 00 rsin 6 0¢’

Y04:(\/r2+1sin€sin¢)%
N Vri+1lsingcosf, 0 Vr*+1lcosp, 0

( T )89 ( rsin 6 )GTZ)’ (28)
/ 2 .
Yo5 = (Llsme)2 + (—=V72 + 1cos 0)2 (29)
r 00 or
We have
Eys = %szf’ sin 6 cos ¢
(2 + 1)}

+2m2r(r? + 1)% cos ¢ cos 00 — 2m2r(r? + 1)% sin ¢ sin 6,

FEoy = — T 2m27 sin 0 sin ¢

(2 + 1)}
—2m?r(r? + 1)% sin ¢ cos 00 — 2m>r(r? + 1)% cos ¢ sin 0,

Eps = -2m2rcos 6 — 2mPr(r? + 1)% sin 6.
(2 1)

5.3 Least set of Noether operators

(1): m=~t + (, v and ( represent constants.
Yo1 — Yoz, (19), (20), (27),(28) and (29) having

1
G = o (k1t? + 2kq)y + 2k1Ct|.

(30)
(2): For constant value of m
Yo1 — Yoz, (22) and (27),(28) and (29) having

G = kot + k3.

6 Conclusion

FRW was considered to classify Robertson-Walker
scale factor for closed, open and flat universe with the
help of Noether Gauge symmetries. PDEs were ac-
quire by using Lagrangian. Different solutions were
obtained for distinct values of scale factor. For all val-
ues of scale factor Noether operators were presented
and related integral of motion was obtained.
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