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Abstract: - Multirotor Unmanned Aerial Vehicles (UAV) are widely used in many applications such as
surveillance, inspection operations and disaster site observations. There are various multirotor configurations
which depend on the tasks requirements. In our case study, we investigated design considerations for a micro
indoor multirotor. It consists of a frame, propulsion, sensors for indoor flight and open source autopilot which is
suitable for control algorithm implementation. A full nonlinear mathematical model, which is divided into rigid
body dynamics and control allocation scheme (CAS), is described. In this paper, a CAS matrix for flat multirotor
configurations (FMRC) is derived which enable analysis of different multirotor properties such as agility,
payload, power consumption, endurance and other. The series of measurements were conducted to present
propulsion efficiency and to obtain aerodynamic coefficients. Various FMRC were analyzed through a series of
open loop simulations. Results show that single FMRC have a much higher efficiency of coaxial FMRC while
maintaining extreme agility.

Key-Words: - Multirotor UAV, 6 DOF, rigid body, CAS matrix, FMRC

1 Introduction most popular FMRC is quadrotor which has four
rotors [1, 2]. It is often used as an experimental
Multirotor UAVs can be potentially used for platform for evaluation of complex control
disaster site monitoring or search and rescue algorithms [3, 4].
missions. Multirotors are autonomous or remotely Development and design of multirotors are
piloted rotary-wing UAVs with fixed pitch considerably constrained by their size, weight and
propellers, typically small in size with extreme agility power consumption [5]. For proper selection of
and maneuverability. They have the ability to carry multirotor design according to the task requirements,
out vertical take-off and landing (VTOL), as well as it is necessary to obtain propulsion physical
stationary and low-speed flight. parameters [6]. Series of experiments were
Multirotors have 6 DOF (degrees of freedom), the conducted in [7, 8] to evaluate the efficiency of
only moving parts are propellers with constant pitch coaxial propulsion. Some papers [9, 10] examine the
connected to the rotor axis. It is assumed that the influence of propulsion configuration and geometric
multirotor frame is symmetrical and rigid. Rotors arrangement on a system efficiency to achieve an
angular velocities are only variables that have a direct increase in thrust for a limited body size.
impact on the multirotor dynamics. Multirotors are In this paper, CAS matrix for FMRC is derived
represented as highly nonlinear, multivariable and which enable dynamics analysis for the generic
inherently unstable systems. design of aircraft. It describes a mapping of the rotor
Multirotor UAVs configurations can be classified angular velocities to a control vector. In our case
as FMRC and NFMRC (non-flat multirotor study, we examined multirotor intended for the
configuration). FMRC share properties of indoor flight which consists of sensors for an indoor
underactuated and strongly coupled systems. Various flight that are compatible with an open source control
control units have built-in CAS matrix for unit (autopilot). Experimental measurements were
conventional FMRC (quadrotor, hexarotor, octarotor, conducted on components whose selection is based
Y6 rotor, X8 rotor). The most common and by far the on the proposed case study.
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2 Multirotor UAV Dynamic Model

The mathematical model describes aircraft
dynamics with the respect to the input values and
external influences. Multirotor dynamics is directly
dependent on angular velocities of the propellers.
Kinematics is described with two Cartesian
coordinate systems as shown in Fig. 1.

Earth fixed frame (E-frame, FF) is the inertial
right-handed coordinate system where positive
direction of Z axis is in the direction normal to the
earth ground level. Multirotor position &=
[X Y Z]T and orientation n=1[¢p 6 ]T are
defined in FE. Roll-pitch-yaw convention order is
applied.

Body fixed frame (B-frame, F5) is fixed on
multirotor body and it is also right-handed coordinate
system. Assumption is that the origin of FZ coincides
with the multirotor center of gravity (COG) and that
the principal inertia axes of multirotor body coincides
with the FB coordinate axes. Linear velocities v&,
angular velocities @B, forces F and torques T are
defined in FB
/s

Xs

Y3

Body
§ frame FB

Earth
frame FE

Figure 1. Multirotor UAV coordinate systems.
2.1 Multirotor UAV Kinematics

Multirotor UAV has 6 DOF. It is assumed that the
multirotor frame is symmetrical and rigid.
Kinematics of a rigid body with 6 DOF is given with:

P sl
1 03x3 Qp |lw®
where £ is the linear and 1} is the angular velocity

vector in FE. R is the rotation matrix which maps
linear velocity vector from F& to FE. It is given by

)

where R(¥, Z) denote the 3x3 fundamental rotational
matrix around the Z axes and it is given by

(1)

R =R, Z)R(6,Y)R(¢,X)
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where ¢; = cos(i), s; = sin(j).
R(8,Y) is the rotational matrix around the Y axes

Co 0 Sp
RO,Y)=|0 1 0] (4)
—Sp 0 Co

R(¢, X) is the rotational matrix around the X axes

1 0 0
R(p,X)=|0 ¢p —S¢ (5)
0 54) C¢

Matrix Qp is the transformation matrix that transfers
angular velocities from F 5 to FE. It is given by

1 S¢tg C¢t9
Qp =10 Cp —S¢ (6)
0 S¢/C9 C¢/C9

where t; = tan(i). Since the multirotor attitude being
close to hovering state, Qg is close to the identity
matrix, making the angular acceleration equations the
same in FE and F5.

2.2 Rigid Body Dynamics

Multirotor dynamics is described by multivariable
and highly non-linear model. It consists of six-second
order differential equations that were derived by
using the Newton-Euler method [11]. The rigid body
takes into consideration the mass m and the body
inertia L. It is divided into rigid body linear dynamics
(7) and angular dynamics (8).

mv® + @B x (mvB) =F

()

08+ wB X (IwB) =T (8)
By applying the assumption that the multirotor frame
has symmetrical structure inertia matrix becomes the
diagonal matrix.

Force vector F = [Fx Fy Fz]T and the torque
vector T=[Tp To Ty]T are defined with the
respect to the FB. Generalized force vector A =
[F T]T can be divided into four components:
gravitational vector gg(&), gyroscopic torque vector
05 (v)Q, disturbance vector d and control vector ug.
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A =gg(¥) +o5(V)2 +d+ug ©)

Gyroscopic  torque vector introduces the
gyroscopic effect to the model. It manifests itself in a
form of a rotation around an unwanted axis, which is
perpendicular to the axis of the rotor and the axis
around which the wanted rotation is being achieved.

03><1

2O N @8 x ek | ()
k=1

Gyroscopic torque vector has a little effect on the
rigid body dynamics so it is often neglected.

Control vector ug(w) is represented by the
product of CAS matrix I’y and the vector of the

propeller  squared angular velocities Q=
[w1? w,? ... wy?]".
Ug = FBQ (1 1)

3 Force/Torque Mapping for FMRC

Based on the geometric arrangement of FMRC,
the CAS matrix can be derived. At first, it is
necessary to provide kinematic analysis of the
connection between force/torque actuation and
propulsion configuration.

-~ G
Quadrotor Hexarotor

Figure 2. FMRC with single propulsion
(PixHawk ™ motor layout) [12].

A\
i

Figure 3. FMRC with coaxial propulsion
(PixHawk ™ motor layout) [12].

Multirotor configuration consists of an arbitrary
number of rotors (N). Each rotor propeller generates
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an aerodynamic force which consists of thrust force
and drag moment.
Rotor position &g; is defined as
COSX;
§ri = [Sin Xi] -1 (12)
0

where ¥; is the i-th rotor angle around the Z axis and
[ is the distance from rotor to COG. Rotor orientation
vector for ith rotor is a unit vector es, since it is
parallel with Zp axis.

3.1 Propulsion forces and torques

After geometry analysis of FMRC is presented,
forces and torques that are generated by propeller
rotation can be derived.

Each propeller generates force vector which can
be calculated by the following equation

f; = (be3)w;” (13)

where w; is angular speed of the ith rotor, and b is the
thrust coefficient Ns?.

Each propeller also generates torque vector which
can be calculated by the following equation

T; = (b&g; X €3 + P;de3)w;? (14)

where d is the drag coefficient Nms?, and P; is the
signum of ith propeller rotation. Clockwise (CW)
rotation is positive and counter clockwise (CCW) is
negative.

P, = sign(w;) (15)

From the static thrust test, constants b and d can be
obtained. They depend on the propeller radius, thrust
and power factor, and air density.

3.2 CAS matrix

Control allocation scheme is a 6xN matrix where
6 represent three forces and three torques while N
represents a number of rotors. It is derived from
equations (13) and (14).

be, be,

Ts = | bs(5:, Jes + Prde, bS (&, )es + Pydes| (10)

From (16) it can be seen that FMRC provides only
four independent control variables because CAS
matrix has a rank no greater than four. Regardless of
the number of actuators, FMRC shares inherent
underactuated condition. Equation 17 shows CAS
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matrix for hexarotor with rotors geometric
arrangement according to Figure 2b.

0 0 0 0 0 0 1

0 0 0 0 0 0

b b b b b b

bl bl 1bl 1bl 1bl 1bl

Ty = P L Lo Lol B

VB V3 V3 A3

0 o0 _Tbl 7bl —7bl 7bl

Ld —d d —d —d d

3.3 Control vector

The rotor system force vector f = [fy fy fz]IT
is defined as

f; (18)

)
-

1l
=

4

The rotor system torque vector T = [T¢ To Ty]T
is defined as

T; (19)

|
-

1l
=

L

Considering aerodynamic effects, it follows that
forces and moments are proportional to the squared
angular velocities of the propellers. Control vector
ug(w) = [f 1]T is represented by the product of
control allocation scheme I'y and the vector of
squared propeller angular velocities . Control
vector is input in the rigid body dynamic model.

For the control design and implementation on an
aircraft prototype, it is necessary to calculate the
angular velocity for each individual propulsion.

Q= I'B_luB (20)
4 Propulsion analysis
For the purpose of our case study, propulsion

configurations with 4” and 5” propellers were
examined.

puller
pusher
a b

Figure 4. Single propulsion configuration a),
coaxial propulsion configuration b).
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Table 1. Examined propulsion configurations.

Puller
propeller
4040 2 -
4045 2 BN | -
4045 3 -
4045 3 BN | -
4045 2 BN | 4045 2 BN
5030 2 -
5030 3 -
5040 2 -
5040 3 -
5040
5040
5046
5050
5030
Coaxial 5040
5030

Pusher
propeller

Propulsion
configuration

Single

Coaxial

Single

BN

5030 2
5040 2
5040 2

NN N[ WIN [N

Where label xxyy w BN stands for xx -—
diameter, yy — pitch, w — number of blades, BN — bull
nose geometric feature of propeller design. The
experimental measurements were conducted to
obtain dependencies of aerodynamic forces, the
angular velocity of the rotor and power consumption
in relation to a control signal.

4.1 Efficiency

Propulsion efficiency is crucial for proper
selection of propulsion configuration. It is given by
the ratio of the thrust and consumed power.

Efficiency (g/W)
N O

Figure 5. Propulsion efficiency.

Measurements (Figure 5) show that the increase
of propeller diameter in general results in better
efficiency. Higher pitch or number of blades results
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in an additional thrust. Coaxial propulsion
configuration has lower efficiency than single.

4.2 Aerodynamic force coefficients

For dynamics simulation, the thrust force (Figure
6) and drag moment coefficient have been estimated
from the experimental measurements.

—o—5030_2
—o—5040_2
—e—4045 2 BN
—+—4045 3 BN

Thrust force (N)
M
= M M W

1500
w (1/s)

2000 2500

Figure 6. Thrust force as a function of the angular
velocity.

5 Simulation results

FMRC (Figure 2 and 3) were analyzed through a
series of open loop simulations. Hovering autonomy

for generic designed aircraft is shown in Table 2 and
Table 3.

Table 2. Hoovering autonomy for single FMRC

Single FMRC Hoovering autonomy (min)
Puller X4 H6 08

4045 2 BN 11 10.5 10.8

4045 3 BN 10.6 10.5 11.3
5030 2 16.2 15 14.6
5040 2 15.5 15.7 15.5

Table 3. Hoovering autonomy for coaxial FMRC

Coaxial FMRC Hooverlng.
autonomy (min)

Puller Pusher Y6 X8

4045 2 BN | 4045 2 BN 6.7 6

5030 2 5030 2 - 7.4

5030 2 5040 2 9 7.9

5040 2 5040 2 9 8.1

Tables 2 and 3 shows that the FMRC with single
propulsion has a much higher hovering autonomy
than FMRC with coaxial propulsion. Also,
propulsion efficiency increases with increasing
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propeller diameter. Coaxial propulsion configuration

will be further investigated for larger sized aircraft.
For dynamic analysis, physical parameters were

obtained from generic design and propulsion data.

350

quadrotor 5030_2

300 1"
----- quadrotor 5040_2 o

250 hexarotor 5030_2 g

200 | -—--- hexarotor 5040_2 7 ’

octarotor 5030_2
----- octarotor 5040_2

Altitude (m)

-
-
-
-

—==-
===

time (s)
Figure 7. Ideal altitude (Z) at maximum thrust.

From Figure 7, it can be seen that the proposed
configurations have extreme vertical acceleration,
therefore, could be used for different tasks.

6 Conclusion

In this paper, CAS matrix for FMRC is derived
which describes a mapping of the rotor angular
velocities to a control vector. The derived CAS
matrix has rank no greater than four, therefore FMRC
has four independent control variables. It follows that
FMRC are underactuated and strongly coupled
systems regardless of the number of actuators. This
property has a significant influence on multirotor
dynamics and control design.

Through series of experiments, it is demonstrated
that single propulsion has much greater efficiency
than coaxial. By increasing the propeller diameter
result in increasing the propulsion efficiency, out of
which follows an increase in aircraft dimensions.
Furthermore, larger diameter reduces the efficiency
difference between single and coaxial propulsion.
The described mathematical model allows a series of
open loop simulations which enable FMRC selection
based on physical parameters and aircraft propulsion.

Future work will be focused on the control design
and a development of Indoor FMRC which will be
used for implementation of the tracking control
algorithms.
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