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Abstract: In this paper disturbance decoupling problem for switched linear systems is formulated under a geo-
metrical point of view. Necessary and sufficient conditions for the problem with standardizable condition to be

solvable are given.
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1 Introduction

In recent years, linear switching systems are being
used to study modelling control problems in diverse
fields, such as electrical networks, networked con-
trol systems, power electronics aerospace, automotive
technologies.

At this time, a large list of articles can be found on
fundamental topics like stability, controllability and
reachability of switched linear systems (see [18] and
[9] for example), the authors Meng and Zhang in [14]
provided necessary conditions and sufficient condi-
tions for reachability. However, a small number of
contributions can be found dealing with disturbance
decoupling problem on linear switching systems.

It is well known that robustness is an important
objective in control system theory because the design
of plants are vulnerable to unpredicted external distur-
bances and noises causing always difference between
the mathematical model used for design and the actual
plant. Therefore, it is required to find if it is possible,
a feedback to guarantee the stability and performance
of the system under such uncertainties.

Different authors analyze robustness and satabil-
ity problems for linear systems (see [3], [4] and [8]
for example). Disturbance decoupling problems have
been studied for time invariant linear systems under
a geometrical point of view by using the concepts of
some particular invariant subspaces associated to the
systems (see [2] and [7] for example).

This concept of invariant subspaces has been gen-
eralized to various types of systems as for example
singular linear systems in order to study the same kind
of problems. N. Otsuka in [16] and E. Yurtseven,
W.PM.H. Heemels, M-K. Camlibel in [19], use si-
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multaneous invariant subspaces to study families of
linear systems; concretely study disturbance decou-
pling problem for switched systems, that is to say fam-
ilies of subsystems with switching rule that concerns
with several environmental factors and different con-
trollers, which many authors studied for different kind
of switched systems as for example E. Feron [5], D.
Liberson [13] and Z.D. Sun and S.S. Ge [18], among
others.

Singular switched linear systems are an important
class of switched systems that appears in many engi-
neering problems as for example electrical networks.

Example 1

Let us consider a resistor-capacitor (RC) circuit
as shown in the figure 1.

Where C' represents capacitance, R load resis-
tance and E the source voltage.

Equations when the switch S is closed are:

)(7):

RC 0

0 0
1 0 0 c 1
1 re )\ 1 T\ —c

and when the switch S5 is closed are:

T
w () (0)e

We are concerned with dynamical systems de-
scribed by a combination of linear dynamical systems
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Figure 1: RC-Circuit

and discrete switching events, in the following man-
ner.

Definition 1 A switched singular linear system is a
system which consists of several linear subsystems
and a switching well-defined path o taking values into
the index set M = {1, ..., ¢} which indexes the dif-

ferent subsystems.
} 3)

where E;, A; € M,(IR), B; € M,xn(R), C; €
Mpxn(R, and & = dz/dt.

= Ayz(t) + Bou(t),
= Cyx(t)

i) switching path o : [tg,T) — M, to < T < o0,
for some initial time 1,

ii) switching sequence of o over [ty,T),

{(to, o (tg)), (tr, 0(t]), -, (te, () }-

Remark 2 For simplicity, the singular switched lin-
ear system 3, will be written simply as a quadruple
of matrices (Ey, Ay, By, Cy,) and the standard ones
as a triple of matrices (A, By, Cy). And in the case
where the matrices Cy are not involved in the prob-
lem, will be written as (Ey, Ay, By) for the singular
case and (Ay, B, ) for the standard case.

The paper is organized as follows. In section 2,
the disturbance decoupling problem is presented, sec-
tion 3 is devoted to define and construct simultane-
ously invariant subspaces. Finally, in section 4, we
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M
o=1 L o=1
=23 G=2 —‘
t

Eji = Ax+Bju }

Ext =Myx+By | Esi =A::+B:ul
y =Cix y =Cix } X

Eyi =Ap+ B

y =Cix

Figure 2: Switching times (discontinuities of o for
¢ =3)

apply the concept of simultaneously generalized in-
variant subspace to obtain some conditions to solve
the disturbance decoupling problem for some particu-
lar cases of singular switched linear systems.

2 Disturbance decoupling problem

Definition 3 A switched singular linear system with
“continuous” disturbance is a system which consists
of several linear subsystems with disturbance and a
piecewise constant map o taking values into the index
set M = {1,...,¢} which indexes the different sub-
systems. In the continuous case, such a system can be
mathematically described by

E,i(t)
y(t)

where E,, A, € M,(C), B, € Muxn(C), Dy €
My»q(@), Cy € Mpxpn(C) and & = dz/dt.

= Asx(t) + Bou(t) + Dyd(t)

— Calt) “)

Remark 4 The term d(t), t > 0, represents a distur-
bance, which may represent modeling or measuring
errors, noise, or higher order terms in linearization.

Problem 2.1 The disturbance decoupling problem is
stated as follows: find necessary and sufficient con-
ditions under which we can choose proportional and
derivative feedback such that, the matrix pencil (E, +
B,FE A, + B,F2) is regular of index at most one
and D, has no influence on the output y.

Remark 5 It is not sufficient that the subsystems of
a switched linear system are disturbance decoupled
for the switched linear system itself to be disturbance
decoupled.

Example 2

Consider a switched singular system consisting of
the following two systems with disturbance
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- First subsystem

1 il(t) 0 .%'1(75)
1 za(t)| = 0 xa(t)
0/ \@3(t) 1) \xs(t)
0 0
+ 10| u(t) +|1]d()
1 0
x1(t)
yt) = (1 0 0)|2s(t)
3(t)
- Second subsystem
1 i’l(t) 0 Iﬂl(t)
1 i‘g(t) = 0 xg(t)
0 :)'33(75) 1 .’xg(t)
0 1
+ 10| wu) +]0]d(t)
1 0
x1(t)
y(t) =(0 1 0)|za(t)
3(t)

With the following switched law:

o(t) = {

It is easy to compute the output at ¢; that is given
by

1 0<t<ty
2 t1 <t

z1(0) + fttl d(t)dr
y(t) = (0 1 0) [as(0) + J* d(r)dr | =
—u(t1)
x2(0) + fotl d(t)dr

Then the switched system is not disturbance de-
coupled.

Nevertheless, both subsystems are disturbance
decoupled:

- First subsystem:

.131(0)
(1 0 0) |22(0) + fy d(r)dr | = 21(0)
—u(0)

- Second subsystem:

(0 10

21(0) + f(f d(r)dr
SUQ(O) = CUQ(O)
—u(0)

E-ISSN: 2224-2678 246

M. I. Garcia-Planas

The problem of constructing feedbacks that sup-
press the disturbance in the sense that d(t) does not af-
fect the input-output behavior of the system has been
largely analyzed in both cases standard and singular
state space systems (see [1], [15], [17] for example).
In this paper we analyze the disturbance decoupling
problem for standard switched systems and a particu-
lar case of singular switched systems, using geometric
tools.

3 Geometric Tools

The disturbance decoupling problem of a structural
control problem can be solved by geometric methods.

3.1 Invariant subspaces

Remember that a subspace G C €" is called invariant
under (A, B) (also called robust controlled invariant
subspace) if if

AGCG+ImB 5)

Equivalently, we have that a subspace G is
(A, B)-invariant if

(A+BFA)G C G.

This definition is easily generalized to (F, A, B)-
invariant subspaces in the following maner

Definition 6 A subspace G C C" is said invariant
under (E, A, B), if

AG Cc EG+ImB (6)
(For more information see [6] and [10], for exam-
ple).

Remark 7 Observe that if E = I,,, this definition co-
incides with definition of (A, B)- invariant subspace.

We can construct (F, A, B)-invariant subspaces
in the following manner. Let H C C" be a subspace
(in particular we can chose H = C", we define

Gk+1 = Hﬂ{.%’ eq” | Azx € EGk—I—ImB}, Gy = H,

limit of recursion exists and we will denote by G(H).
This subspace is the supremal (E, A, B)-invariant
subspace contained in H.

Example 3
Let (E, A, B) be a triple of matrices with £ =
1 0 1
1 , A= 1 ,B=|0|and H =
0 1 0

{(z,y,2) | = =0},
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Computation of G:

0 T 1 0 A

1 y| = 1 wl+1|0

1 z 0 v 0

[(z,y,0)]NH =[(0,1,0)] = G1.
Computation of Go:

0 T 1 0 A

1 y| = 1 wl+ 1|0

1 z 0 0 0

[(.’L’,y,O)] NH = [(07 1,0)} = GQ = Gl. Then G =
Gh.
Obviously AG C EG + Im B.

Proposition 8 Let (E, A, B) be a triple of matrices.
A subspace G C C" is invariant under (E, A, B) if
and only if is invariant under (E+BFg, A+ BF 4, B)
for all possible feedbacks Fg, Fx € M,xn(C).

Proof:

Suppose that AG C EG + Im B, then for all z €
G, there exists y € G, v = Bw € Im B such that
Az = Ey + Bw so, for any Fg, Fa € My, (C), we
have

Ax + BFpx — BF sz = Ey + BFgy — BFgy + Bw
(A+ BFj)x = (E + BFg)y + B(Fax — Fgy + w).

Consequently, for all x € G, (A + BF4)G C
(E + BFp)G + Im B.

Reciprocally. If G C C" is invariant under (F +
BFg,A + BFy4, B) for all possible feedbacks F,
Fy € Mp,xn(C), in particular it is invariant under
(E + BFp, A+ BFy,B)for Fy = FA=0. 0O

Let (F1, A1, By), (Ea, Ag, B2) be two triples of
matrices, we say that they are equivalent, if and only
if, there exist invertible matrices P, () € Gl(n) and
R € Gl(m) and rectangular matrices Fg, Fq €
M, «n such that

(B2, Ag, By) =
(QEA\P+ QB1Fg, QAP + QB1Fa,QB1R).

Proposition 9 Let (E1, Ay, B1), (Fa, A2, B2) be two
equivalent triples. Then G C C" is an invariant sub-
space under (E1, A1, By) if and only if P71G is in-
variant under (Ey, A, Bs).

Proof:

Suppose that A;G C E1G + Im B.
Then,
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A2P71G

= (QA1P + QB F4,) PG

= Q(AlG + BlFAlpilG) C Q(ElG + ImBl)

=Q(Q 'EyP™! — Q7 'ByR I Fe PG+
Im QileRfl)

=Q(Q Y (ByP™! — BoR'Fp PG+
Q‘llm BQR_l)

= QQ_I((EQP_I — BQR_IFEP_I)G+
ImBzR_l)

C (E2 — BQR_lFE)P_lG + Im Bs.

Now, it suffices to apply proposition 8. g

Example 4

Let (FE1,A;,B;1) be the triple in the exam-
ple 3, and G the invariant subspace obtained in it.
Let (Fy, A2,B2) = (QE1P + QB1Fr, QAP +
@B1F4, QB R) be an equivalent triple with

1 0 1 1 11
Pp=|12 ol|,9=10 1 1},
1 0 -1 0 0 1
FE:FA:(l 1 1),R:(1)
Clearly
3 3 0 0 3 3 2 0
2 2 -1 221 =11 2 0 2\
1 0 —1 0 0 0 0 0

Consequently, G is a (F2, Ag, By)-invariant subspace.

In particular, if E is an invertible matrix, we have
the following corollary.

Corollary 10 A subspace G is (E, A, B)-invariant if
and only if it is (E~' A, E~1 B)-invariant.

Proof:
It suffices to take Q = E~', P = I,,, R = I,
and F'p =F4 =0 O

Now, we are going to present a particular case of
invariant subspaces.
First of all we observe the following result.

Proposition 11 Let (A, B) be a standard pair. Then
G =[B,AB,..., A" D]
is a (A, B)-invariant subspace.

Proof:
AG = A[B,AB,..., A" 'B] = [AB, A’B, ..., A"B|

Now, it suffices to apply the Cayley-Hamilton theo-
rem. O
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Theorem 12 Let

E
A FE

E B
A B

€ Mnrx(n('r—l)—l-mr) ((D)
be the r-controllability matrix. Suppose r being the
least such that rank C, < (n(r — 1) + mr), and
let (m wr41) € Ker C, (v; are

vectors in C" and w; vectors in C"). Then G =
[vi,...,v7) isa (E, A, B)-invariant subspace.

Vr W1

Proof:

We consider v = A\jv1+Xovo+...+ A\ 101+
AUpy AV = A Av + XoAvg + ...+ N1 Av—q +
A Av, = M (—FEvy — Bwsy) + Ao(—Evs — Bws) +
oot )\7«_1(—E'I}T — Bwr) — /\,,Bwr+1 = E(/\1v2 —
AoU3 — ... — )\T_lvr) + B(—)\l’wQ — w3 — ... —
Ar—1wy — Mpwp41) € EG + Im B. O

Definition 13 The space sum of all spaces G in the-
orem before is a invariant subspace that we will
call controllability subspace and we will denote it by
C(E,A,B).

Notice that C(F, A, B) is the set of states in which the
system is controllable.

Corollary 14 Let (E, A, B) be a triple with E = I,.
In this case the invariant subspace G obtained in
the above theorem, coincides with the controllability
(A, B)-invariant subspaces |[B, AB, ..., A,_1B].

Proof:
Making block-row elemental transformations to
the matrix C, we obtain the equivalent matrix

In B
0 I, —AB B

I, (=1)""2A,_2B —-AB B

0 (-1)r~tar-1p -AB B

3.2 Simultaneously invariant subspaces

For standard case we define simultaneously invariant
subspaces in the following manner.

Definition 15 A subspace G of C" is said to be si-
multaneously (A;, B;)ic rr-invariant; if and only

AGCG+ImB;, Vi,1 <i<U/.
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and we have the following result.

Proposition 16 A subspace G of C" is simultane-
ously (A;, B;)ien-invariant if and only if there exist
Fy, such that

(Ai—l-BiFAi)G CGVi,1<i</.

In general, for singular switched linear systems,
we have:

Definition 17 A subspace G of C" is said to be si-
multaneously (F;, A;, B;)icp-invariant; if and only

Proposition 18 A subspace G of C" is simultane-
ously (E;, A;, B;)icn-invariant if and only if, for all
Fy, and Fg, we have

Proof:
It is a direct consequence of proposition 8. g

3.3 Construction of Simultaneously invari-
ant subspaces

Analogously to the method to get invariant sub-
spaces, we construct simultaneously invariant sub-
spaces. A.A. Julius, A.J. van der Schaft in [11] with
a similar method, constructs controlled invariant sub-
spaces of standard switched linear systems.

i) For standard switched systems

Definition 19 Let H C C" be a subspace, we define:

Vo =H,
Vikt1 = Hﬂ{l‘ e | (Al —|—BZ'FAZ.)ZL‘
€ Vi +1m By, Vi, 1 <i < 0).

Proposition 20
Vi1 C Vi, VE=10,1,2,. ..

Proof:

Clearly, V7 C Vy, and if Vi, C Vj,_1, then for all
v € Viyrisz € Hand ®(A; + BiF )2z = ©(E; +
BiFE)Yu + @Bv; withu € Vi, C Vi_1.

So, ®(A; + B,‘FZA)x € ®(E; + BiFiE)Vk_l +
@®Im B;, that is to say x € V. ]

Remark 21 Limit of recursion exists and we will de-
note by V (H). This subspace is the supremal simulta-
neously (A;, B;)-invariant subspace contained in H.
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We are interested in the case where the subspace
is Ny Ker C,,.
So, from now, on we consider

H =n,KerC,.
ii) For singular switched systems

Definition 22 Let H C C" be a subspace, we define:

Wy =H,
Wit =Hn{z el | (4 + B,‘FAi)x
S (Ez + BzFEl)Wk +ImB;Vi,1 <i< E}

Proposition 23
W1 C Wy, VE=0,1,2,...

Proof:
Analogous to proposition 20. g

Remark 24 Limit of recursion exists and we will de-
note by W (H). This subspace is the supremal simul-
taneously (E;, A;, B;)-invariant subspace contained
in H.

As in the standard case, we are interested in the
case where the subspace is N,Ker C,.
So, from now on, we consider

H =n,KerC,.

Example 5
Let (E,, Ay, By, C,) be the triples considered in
example 2, and H = N,Ker C, = [(0,0,1)].

Computing W7: in this particular case Ey = E»,

A1 = Ay and B; = Bs, then
0 x 1 0 0
0 y| = 1 0Ol+10
1/ \=z 0/ \u A
Then, W, = Wy and W (H) = W,.

4 Solving disturbance decoupling
problem

Hereinafter and in order to simplify notations, we
identify D; by Im D;.

We will use invariant subspaces constructed in
the previous section to analyze the disturbance decou-
pling problem.

The solution for standard case can be found in
[16] and [19], but we show for a better understanding
of Article
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Proposition 25 Let (A,, B,,C,) be a standard
switched system with disturbance D,. Then the dis-
turbance decoupling problem is solvable if and only

if
> DicV(H
with H = n;Ker C;

Proof:
Suppose that the switched system 4 is activated
by the switched rule as follows.
(Ai1aB’L'1a C’i17Di1) — (Ai27 Biza Ciza Dlz) e
)
where i1, 19,13,... € M.
When the first system (A4;,, B;,, Cy,, D;, ) is acti-
vated the state space generated by the disturbance D;,
is

<Ai1 + BilFil | D11> )
:[Diu(Ail +Bl1Fl1)D117" (A'Ll +Bi1Fi1)n_ Dll]
= {fOT eAnt+Ba Fi)t=1) D, d(r (T)dr} .

If the subsystem (A;,, B;,,Ci,, D;,) is changed
to (Ai,, Bi,, Ci,, Di,) by the switched rule 7, then
the subspace generated by disturbances through
((Aiy + Biy Fyy) | Dy;) and Dy, is

((Aiy + Biy Fy) | ((Aiy + Biy F1y) | Diy) + Diy)

Analogously, we have the following subspaces.

<(Aij +BijFij) | <(Aij + B Fla )|

Tj—1

D; —1>+Diy‘>’
®)
for j > 2.

From the construction of subspaces 8 we have that

> Di; C{(Aiy + Bi,Fiy) | Diy) C ... C
< ) | <(Aij 1 +B2] IFZJ 1) | Dl‘j71>+Di]‘>
C

Since they are subspaces of a finite-dimensional
space, there exists a finite number p such that

+B1p lEp 1) | Dip71>+D1',,,>

) | <(Ai»c—1 + BiﬁleiN,fl) | Di){71> +DZN>

forall ¢ > pand k = £ + p..
Clearly all these subspaces are simultaneously
(A;, B;)-invariant.
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Obviously, the decoupling problem has solution we have
if and only if (E; + B;Fg,)"'D; = D;,
> Di¢V(H).

But, if we consider the subsystems separately then it is
easy to show that G; C V(Ker C;) foreach i = 1, 2.

<(Aij + Bi, Fi;) | <(Aij—1 +Bi;  Fi; ) | Dij—1> +Dij>
c N;Ker C;

So, Corollary 28 Suppose that D; are (E;, B;)-
invariant.  If >, D; C V(H), then the distur-
bance decoupling problem of the switched system

((As, + By, Fiy) | ((Ai, s + By, o By o) | Dy ) + D) (Eq, Ay, By, Cy) with disturbance D, is solvable.

C V(H)
Proof:
because of V(H) is the maximal simultaneously If D; is (E;, B;)-invariant then
(A;, B;)-invariant subspace contained in N;Ker C;. O i , 17,
Now, we are going to try to solve the problem for Di = (Bi+ BiFp,) D
standardizable systems. So,

Lemma 26 Let (E,, Ay, By) be a singular switched 1
system and suppose that rank (E;, B;) = n for all ZDi = Z(Ez + BiFg,)” D; CV(H) =W(H).
i € 0. Then the system can be reduced to a standard 0

switched system. Finally, we try to solve the problem for the case
where the switched system is regularizable equisin-
gular of index one (quite natural in applications as
for example modeling a pulse-width modulator boost-
converter, [12]).

A switched system verifying this property will be
called standardizable (by feedback) switched system.

The disturbance decoupling problem can be trans-
lated into the following geometric problem.
Definition 29 A switched system (Ey, Ay, By, Cy) is
called regularizable equisingular of index one, if and
only if there exist matrices Q,P € GIl(n;C),R €

Theorem 27 Let (E,, Ay, By,Cy) be a standardiz-
able (by feedback) switched system with disturbance

D,. Then the dis'turbance decoupling problem is solv- Gl(m;C), S € GUp;C), Fp,, Fa, € Mypxn(C) and
able if and only if Og;,04, € Myyxp(C), such that
> (Ei+ BiFg,)"'D; C W(H). (B, A, B;, Cy) =
, (QE;P + QBiFg, + Op,C;P,QA;P + QB; Fa,+
with H = N;Ker C; 04,CiP,SC;P,QB;R) =
Proof: (Q(E; + BiFg, Pt + Q'Op,Cy) P,
Observe that if the system is standardizable, then Q(Ai + BiFa, P~ + Q7104,C))P,
the index is zero. SCiP,QB;R)
After proposition 9, we have that the )
supremal  simultaneously  invariant  subspace with
W(H) for (E,,As,Bs,Cy;) coincides with - T - iy
the supremal simultaneously invariant sub- E; = ( " 0) , A= < i 7 ) ,
space V(H) for ((E, + B,Fg,) A, (E, + _ e (10)
ByFg,)"'B,,C,). And, the switched system B — B;, . — (C_" 0 )
(Ey+ B,Fg,) 'Aqg, (Ey 4+ B, Fg,) ' By, C,) with " O )T e
disturbance (E, + B,Fg,) ' A,D,) is solvable if
and only if We will call equisingular reduced form the
switched system expressed in the form 10.
Z( E; + B; FEi)il D; C V(H). (Observe that matrices ), P, R, S are the same
for all 7, all subsystems are regularizable and the re-
0 duced subsystems are of index one).
Following example 5, and taking In the case where we have a switched system in
its equisingular reduced form with a disturbance D,
Fg, = (0 0 1) ) we have the following corollary.
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Corollary 30 The disturbance decoupling problem
for the system 10 with disturbance D, is solvable if

and only if
> D,, C V(H).

where V (H) is the supremal simultaneously invariant
subspace corresponding to the standard switched sys-

tem (A;,, Bi,,C;.), and D;, corresponds to the r first
rows of D; and H = N,Ker C, .

5 Conclusions

In this paper disturbance decoupling problem for
switched linear systems has been formulated under a
geometrical point of view. Necessary and sufficient
conditions in order to obtain solutions of the distur-
bance decoupling problem with standardizable condi-
tion are given.

It is noteworthy that all controllable systems are
necessarily standardizable, therefore this condition is
not very restrictive.
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