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Abstract: -This paper is concerned with the problem of global exponential stability for the second-order RTD-
based CNN systems. By homeomorphism mapping, applying the fundamental solution matrix of system, some
sufficient conditions that ensure the existence and exponential stability of systems. Finally, two examples are given
to illustrate the effectiveness of the results.
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1 Introduction
Since the cellular neural networks (CNN) were first
proposed by Chua and Yang [1,2], numerous theories
and applications of CNN have been reported in recen-
t years. The resonant tunneling diode (RTD), a class
of quantum effect devices, is an excellent candidate
for both analog and digital microelectronics applica-
tions because of its structural simplicity, relative ease
of fabrication, inherent high speed and design flexi-
bility. In 2000, H̆anggi and Chua [3] simulated the
RTD-based CNN
ẋij(t) = −g(xij(t)) +

∑

k,l∈Nij
ak−i,l−jxkl

+
∑

k,l∈Nij
bk−i,l−jukl + zij ,

wherei, j = 1, 2, · · · , N,
g(xij(t)) = αxij(t)+γ1(|xij(t)−Vp|−|xij(t)−Vv|)

+ γ1(|xij(t) + Vp| − |xij(t) + Vv|),
which given a circuit implementation of an RTD-
based CNN. In 2001, H̆anggi and Chua proposed
the cellular neural networks based resonant tunneling
diode[4]. In 2003, H̆anggi and Chua studied the appli-
cation of the RTD-based CNN, which can be used in
image processing and pattern recognition[5]. Recent-
ly, the chaotic dynamics of discrete-time RTD-based
cellular neural networks have been studied [6,7]. The
wave propagation in RTD-based cellular neural net-
works has been studied [8]. Shi and Shu et al.[9] s-
tudied RTDs based cellular neural/nonlinear networks
with applications in image processing. In [10] the au-
thors investigated tunneling-based cellular nonlinear
network architectures for image processing. In [11-
13], Authors a novel neural network architecture is
proposed and shown to be useful in approximating the
unknown nonlinearities of dynamical systems, and de-
scribes an optimized artificial neural network method
in order to estimate the settlements of roof, face and

walls during tunneling excavation, etc., respective-
ly. Ke and Miao [14-16] investigated the stability of
BAM neural networks with inertial term and time de-
lay, pattern memory analysis of second-order neural
networks with time-delay and the existence analysis
of stationary solutions for RTD-based cellular neural
networks, respectively.

In 2001, Itoh, Julian and Chua [17] pointed out
that the bistable RTD-based CNN exhibits good per-
formance for a number of interesting image process-
ing applications because of its high-speed processing
and high cell density. thus, it is possible that a new
generation of low power, high-speed, and large array-
size CNNs appears with the introduction of the RTD-
based CNN. In that paper, they gave the second-order
RTD-based CNN by the following equations



















ε
dxij(t)

dt
= a00xij(t) + uij(t)− g(xij(t))
+

∑

k,l∈Nij

bk−i,l−jzkl + Iij,

duij(t)
dt

= −xij(t)− ηijuij(t),

(1)

wherei, j = 1, 2, · · · , N,
g(xij(t)) = αxij(t)+r(|xij(t)−Vp|−|xij(t)−Vv|)

−r(|xij(t) + Vp| − |xij(t) + Vv|), (2)

ε, ηij are positive constants,Nij denotes theγ-
neighborhood of cellCij , a00, bkl andIij denote the
feedback, control and threshold template parameters,
respectively.α, r are constants,Vp , Vv are the peak
and valley voltages of the RTD for the positive region
of xij , respectively.

Obviously, then systems (1) contains the following
two systems:

Bonhoeffer-Van der Pol oscillator with an
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odd-symmetric three-segment piecewise -linear
nonlinearity

{

dx(t)
dt

= α(y(t) − f(x)),
dy(t)
dt

= −x(t)− βy(t),

wheref(x) = bx + 1
2(a − b)(|x + 1| − |x − 1|).

Van der Pol oscillator with an odd-symmetric
three-segment piecewise -linear nonlinearity

{

dx(t)
dt

= α(y(t) − f(x)),
dy(t)
dt

= −x(t),

wheref(x) = bx+ 1
2(a− b)(|x+ 1| − |x− 1|).

The applied background of system (1) are investi-
gated in [17], but there are only numerical simulation.
As we all know, the theoretical result on stability of
system (1) has not yet seen. In this paper, we will in-
vestigate the existence and the global exponential sta-
bility of the equilibrium point for systems (1) from
mathematical theory.

The initial conditions associated with system(1)
are of the form

{

xij(t) = ϕij(t),
uij(t) = ψij(t),

i, j = 1, 2, · · · , N, (3)

where −∞ < t ≤ 0, ϕij(t) and ψij(t)(i, j =
1, 2, · · · , N) are bounded and continuous functions on
(−∞, 0].
Let b = α−a00

ε
,

fω(x) =
1

2
[|x+ ω| − |x− ω|],

qij =
1

ε
(

∑

k,l∈Nij

bk−i,l−jzkl + Iij),

then, system (1) can be rewritten as











dxij(t)
dt

= −bxij(t) +
1
ε
uij(t)

−2r
ε
[fVp(xij(t)) + fVv(xij(t))] + qij ,

duij(t)
dt

= −xij(t)− ηijuij(t),
(4)

wherei, j = 1, 2, · · · , N, or

Z ′

ij(t) = −AijZij(t) + Fij(Zij(t)) +Qij. (5)

whereZij(t) = (xij(t), uij(t))
T ,

Aij =

[

b −1
ε

1 ηij

]

, Qij =

[

qij
0

]

.

Fij(Zij(t)) =

[

−2r
ε
[fVp(xij(t)) + fVv(xij(t))]

0

]

.

(3) can be rewritten as

Zij(t)) = φij(t),−∞ < t ≤ 0, (6)

whereφij(t) = (ϕij(t), ψij(t))
T , i, j = 1, 2, · · · , N.

The paper is arranged as follows: In section 2, we
will give some definitions. In section 3, the main
results are presented. Finally, in section 4, we give
two examples to illustrate our theory.

2 Definition
To obtain our results, we need introduce the following
definitions.

Definition 1 For vectorY = (y1, y2, · · · , yn)
T and

n× n order matrixG = (gij)n×n, we define norm as
following, respectively

‖Y ‖ = (
n
∑

i=1

|yi|
2)

1

2 , ‖G‖ = (
n
∑

i,j=1

|gij |
2)

1

2 .

Definition 2 Let
X∗ = (x∗11, x

∗

12, · · · , x
∗

1N , x
∗

21, x
∗

22, · · · , x
∗

NN )T ,
U∗ = (u∗11, u

∗

12, · · · , u
∗

1N , u
∗

21, u
∗

22, · · · , u
∗

NN )T ,
Z∗

ij = (x∗ij , u
∗

ij)
T . The point(X∗T , U∗T )T is called

an equilibrium point of system (1), if it satisfies the
following equations
{

−bx∗ij +
1
ε
u∗ij −

2r
ε
[fVp(x

∗

ij) + fVv(x
∗

ij)] + qij = 0,

−x∗ij − ηiju
∗

ij = 0, i, j = 1, 2, · · · , N,

(7)
or

−AijZ
∗

ij + Fij(Z
∗

ij) +Qij = 0. (8)

Definition 3 Let (X∗T , U∗T )T is an equilibrium
point of system(1),
(x11, x12, · · · , x1N , x21, x22, · · · , xNN ,

u11, u12, · · · , u1N , u21, u22, · · · , uNN )T

is a solution of system(1) with initial value(3). The e-
quilibrium point(X∗T , U∗T )T of system(1) is said to
be global exponentially stable, if there exists constants
Kij > 0, δij ∈ (0, 1), hij > 0, i, j = 1, 2, . . . , N ,
such that

|xij(t)− x∗ij| ≤ Kijδ
[t/hij ]
ij ,

|uij(t)− u∗ij| ≤ Kijδ
[t/hij ]
ij ,

where t > 0, i, j = 1, 2, . . . , N, [·] is the integral
function.

Definition 4 ([18]) A map H : Rn → Rn is a
homeomorphism ofRn onto itself ifH is continuous
and one-to -one and its inverse mapH−1 is also
continuous.
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3 Main results
In this section, we will derive some sufficient condi-
tions which can ensure that the equilibrium point of
system (1) uniquely exist and is globally exponential
stable.

Lemma 5 [13] If H(u) ∈ C0, and it satisfies the fol-
lowing conditions

1)H(u) is injective onRn,
2) ‖H(u)‖ → +∞, as‖u‖ → +∞,

thenH(u) is a homeomorphism ofRn.

Lemma 6 For functionfω(x) =
1
2(|x+ω|−|x−ω|),

we have
fω(x)| ≤ ω, |fω(x1) − fω(x2)| ≤ |x1 − x2|,

for x1, x2 ∈ R.

It is clearly correct.

Lemma 7 For matric

Aij =

[

b −1
ε

1 ηij

]

,

if (b− ηij)
2 − 4/ε 6= 0(i, j = 1, 2, · · · , N), then

‖exp(−Aij)t‖ ≤Mije
−σij t, t ≥ 0,

where σij =
(b+ηij )−

√
|(b−ηij)2−4/ε|

2 ,

Mij =

√

2(b−ηij )2+2(1/ε−1)2

|(b−ηij)2−4/ε| .

Proof. We consider the following linear differential
equation

Z ′

ij(t) = −AijZij(t). (9)

By calculation, we can obtain the eigenvalue of matric
−Aij,

λ1 =
1
2 [−(b+ ηij) +

√

(b− ηij)2 −
4
ε
],

λ2 =
1
2 [−(b+ ηij)−

√

(b− ηij)2 −
4
ε
],

corresponding eigenvector of theλ1 andλ2, respec-
tively
V1 = (λ1 + ηij ,−1)T , V2 = (λ2 + ηij ,−1)T .

Thus, we obtain the fundamental solution matrix of
system(9) is

φij(t) =

[

(λ1 + ηij)e
λ1t (λ2 + ηij)e

λ2t

−eλ1t −eλ2t

]

.

By calculation, we can obtain

φ−1
ij (0) =

1

λ1 − λ2

[

−1 −λ2 + ηij
1 λ1 + ηij

]

.

Sinceexp(−Aij)t = φij(t)φ
−1
ij (0), we can obtain

exp(−Aij)t =

1

λ1 − λ2

[

(λ2 + ηij)e
λ2t − (λ1 + ηij)e

λ1t

eλ1t − eλ2t

(λ1 + ηij)(λ2 + ηij)(e
λ2t − eλ1t)

(λ2 + ηij)e
λ1t − (λ1 + ηij)e

λ2t

]

.

We have
‖exp(−Aij)t‖

= 1
|λ1−λ2|

{[(λ2 + ηij)e
λ2t − (λ1 + ηij)e

λ1t]2

+[(λ1+ηij)(λ2+ηij)(e
λ2t−eλ1t)]2+(eλ1t−eλ2t)2

+ [(λ2 + ηij)e
λ1t − (λ1 + ηij)e

λ2t]2}1/2

= 1
|λ1−λ2|

{[1 + (λ1 + ηij)
2 + (λ2 + ηij)

2

+ (λ1 + ηij)
2(λ2 + ηij)

2](e2λ1t + e2λ2t)

− 2[1 + (λ1 + ηij)(λ2 + ηij)]
2e(λ1+λ2)t}1/2

≤ 1

|

√

(b−ηij )2−
4

ε
|

{[(b− ηij)
2 + (1− 1/ε)2]

· (e2λ1t + e2λ2t)}1/2.
If (b− ηij)

2 − 4
ε
> 0, then

‖exp(−Aij)t‖ ≤Mije
λ1t.

If (b− ηij)
2 − 4

ε
< 0, then

‖exp(−Aij)t‖ ≤Mije
−

b+ηij

2
t.

Thus, we have

‖exp(−Aij)t‖ ≤Mije
−σij t, t ≥ 0,

where σij =
(b+ηij )−

√
|(b−ηij)2−4/ε|

2 ,

Mij =

√

2(b−ηij )2+2(1/ε−1)2

|(b−ηij)2−4/ε| ,

for i, j = 1, 2, · · · , N.

Lemma 8 For the system (1), if

(b− ηij)
2 − 4/ε 6= 0,

(b+ ηij)−
√

|(b− ηij)2 − 4/ε| > 0,

for i, j = 1, 2, · · · , N, then we have

|xij(t)| ≤ Rij , |uij(t)| ≤ Rij , t ≥ 0,

for i, j = 1, 2, · · · , N, where
Rij =Mij [‖φij‖σij +

2|r|
ε
(Vp + Vv) + |qij |]/σij ,

‖φij‖ = sup
−∞<s≤0

{‖φij(t)‖},

σij,Mij are given of Lemma 7.
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Proof. From(5) , we have
Zij(t) = e−AijtZij(0)

+

t
∫

0

e−Aij(t−s)[Fij(Zij(s)) +Qij ]ds, t > 0. (10)

By Lemma 7, from(10) we have
‖Zij(t)‖ ≤Mij‖Zij(0)‖e

−σij t

+Mij

t
∫

0
e−σij(t−s)[‖Fij(Zij(s))‖+ ‖Qij‖]ds

≤Mij‖Zij(0)‖e
−σij t

+Mij[
2|r|
ε
(Vp + Vv) + |qij |]

t
∫

0
e−σij(t−s)ds

≤Mij‖Zij(0)‖e
−σij t

+Mij[
2|r|
ε
(Vp + Vv) + |qij |]/σij(1− e−σijt).

If (b + ηij) −
√

|(b− ηij)2 − 4/ε| > 0, i.e., σij >
0(i, j = 1, 2, · · · , N), we have

‖Zij(t)‖ ≤Mij‖φij‖

+Mij [
2|r|
ε
(Vp + Vv) + |qij|]/σij = Rij,

for t ≥ 0, i, j = 1, 2, · · · , N.
Thus, we can obtain

|xij(t)| ≤ Rij, |uij(t)| ≤ Rij,
for t ≥ 0, i, j = 1, 2, . . . , N,
where
Rij =Mij [‖φij‖σij +

2|r|
ε
(Vp + Vv) + |qij |]/σij ,

‖φij‖ = sup
−∞<s≤0

{‖φij(t)‖},

σij,Mij are given of Lemma 7.

Theorem 9 For the system (1), if

1 +
8|r|

ε
+

1

ε
− 2b < 0,

1 +
1

ε
− 2ηij < 0,

for i, j = 1, 2, · · · , N, then has a unique equilibrium
point for system (1).

Proof. Let
X = (x11, x12, · · · , x1N , x21, x22, · · · , xNN )T ,
U = (u11, u12, · · · , u1N , u21, u22, · · · , uNN )T ,

H(X,U) = (H11,H12, · · ·H1N ,H21,H22, · · ·HNN ,
H̄11, H̄12, · · · , H̄1N , H̄21, H̄22, · · · , H̄NN )T ,

where
Hij(X,U) = −bxij(t) +

1
ε
uij(t)−

2r
ε
[fVp(xij(t))

+ fVv(xij(t))] + qij,
H̄ij(X,U) = −xij(t)− ηijuij(t),

for i, j = 1, 2 · · · , N.
It is known that the solutions ofH(X,U) = 0 are

equilibriums of system (1). If the mappingH(X,U)

is a homeomorphism onR2(N×N), then there exists
a unique point(X∗, U∗), such thatH(X∗, U∗) = 0,
i.e., system (1) has a unique equilibrium point

(X∗, U∗). In the following, we shall prove that
H(X,U) is a homeomorphism.

Firstly, we prove thatH(X,U) is an injective
mapping onR2(N×N).

In fact, if there exist
(X,U) = (x11, x12, · · · , x1N , x21, x22, · · · , xNN ,

u11, u12, · · · , u1N , u21, u22, · · · , uNN )T ,
(X̄, Ū ) = (x̄11, x̄12, · · · , x̄1N , x̄21, x̄22, · · · , x̄NN ,

ū11, ū12, · · · , ū1N , ū21, ū22, · · · , ūNN )T ,
such thatH(X,U) = H(X̄, Ū) for (X,U) 6= (X̄, Ū )
, then

−b(xij(t)− x̄ij(t)) +
1
ε
(uij(t)− ūij(t))

−2r
ε
[fVp(xij(t)) − fVp(x̄ij(t))

+fVv(xij(t))− fVv(x̄ij(t))] = 0. (11)

−(xij(t)− x̄ij(t))− ηij(uij(t)− ūij(t)) = 0, (12)

for i, j = 1, 2 · · · , N.
From (11) and (12), we obtain

−b(xij(t)− x̄ij(t))
2

+ 1
ε
(uij(t)− ūij(t))(xij(t)− x̄ij(t))

−2r
ε
(xij(t)− x̄ij(t))[fVp(xij(t))− fVp(x̄ij(t))

+fVv(xij(t))− fVv(x̄ij(t))] = 0. (13)

−(xij(t)− x̄ij(t))(uij(t)− ūij(t))

−ηij(uij(t)− ūij(t))
2 = 0, (14)

for i, j = 1, 2 · · · , N.
From (13) and (14), we obtain

−b(xij(t)− x̄ij(t))
2 + 1

2ε [(uij(t)− ūij(t)))
2

+(xij(t)−x̄ij(t))
2+

4r

ε
(xij(t)−x̄ij(t))

2 ≥ 0. (15)

1
2 [(xij(t)− x̄ij(t))

2 + (uij(t)− ūij(t))
2]

−ηij(uij(t)− ūij(t))
2 ≥ 0, (16)

for i, j = 1, 2 · · · , N.
From (15) and (16), we have

(1 + 8|r|
ε

+ 1
ε
− 2b)(xij(t)− x̄ij(t))

2

+(1 +
1

ε
− 2ηij)(uij(t)− ūij(t))

2 ≥ 0, (17)

for i, j = 1, 2, · · · , N.
Since

1 +
8|r|

ε
+

1

ε
− 2b < 0,

1 +
1

ε
− 2ηij < 0,

for i, j = 1, 2, · · · , N.
From (17), it is easy to see thatxij = x̄ij , uij = ūij,
for i, j = 1, 2 · · · , N , which contradict(X,U) 6=
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(X̄, Ū). So H(X,U) is an injective mapping on
R2(N×N).

Secondly, we prove that‖H(X,U)‖ → +∞ as
‖(X,U)‖ → +∞. Let
H∗(X,U) = H(X,U)−H(0, 0)
= (H∗

11,H
∗

12, · · · ,H
∗

1N ,H
∗

21,H
∗

22, · · · ,H
∗

NN ,

H̄∗

11, H̄
∗

12, · · · , H̄
∗

1N , H̄
∗

21, H̄
∗

22, · · · , H̄
∗

NN )T ,
where
H∗

ij(X,U) = −bxij(t) +
1
ε
uij(t)

−2r
ε
[fVp(xij(t)) − fVp(xij(0))

+fVv(xij(t))− fVv(xij(0))]. (18)

H̄∗

ij(X,U) = −xij(t)− ηijuij(t), (19)

for i, j = 1, 2 · · · , N.
By (18) and (19), we can find

(X,U)TH∗(X,U)

=
N
∑

i,j=1
xijH

∗

ij(X,U) +
N
∑

i,j=1
uijH̄

∗

ij(X,U)

=
N
∑

i,j=1
xij{−bxij(t) +

1
ε
uij(t)

− 2r
ε
[fVp(xij(t))− fVp(xij(0))

+ fVv(xij(t))− fVv(xij(0))]}

+
N
∑

i,j=1
uij{−xij(t)− ηijuij(t)}

≤
N
∑

i,j=1
{−bx2ij(t) +

1
ε
|uij(t)||xij |+

4|r|
ε
x2ij(t)]}

+
N
∑

i,j=1
{|uij(t)||xij | − ηiju

2
ij(t)}

≤
N
∑

i,j=1

{(1+
8|r|

ε
+
1

ε
−2b)x2ij(t)+(1+

1

ε
−2ηij)u

2
ij(t)}.

(20)
Using the Schwartz inequality

−XTY ≤ |XTY | ≤ ‖X‖ · ‖Y ‖, (21)

where‖X‖, ‖Y ‖ are the norms of vectorsX andY ,
respectively. From (20) and (21), we get

‖(X,U)‖ · ‖H∗(X,U)‖

≥
N
∑

i,j=1
(2b− 1− 8|r|

ε
− 1

ε
)‖xij(t)‖

+ min
1≤i,j≤N

{2ηij − 1− 1
ε
}

N
∑

i,j=1
‖uij(t)‖

≥M(‖X‖2 + ‖U‖2) =M‖(X,U)‖2,
where
M = min{(2b−1− 8|r|

ε
− 1

ε
), min

1≤i,j≤N
{2ηij−1− 1

ε
}}.

When‖(X,U)‖ 6= 0, we have

‖H∗(X,U)‖ ≥M‖(X,U)‖.

Therefore‖H∗(X,U)‖ → +∞ as ‖(X,U)‖ →
+∞, which implies that‖H(X,U)‖ → +∞ as

‖(X,U)‖ → +∞. By Lemma 5, we know that
H(X,U) is a homeomorphism onRn+m. Thus , sys-
tem (1) has a unique equilibrium point.

Theorem 10 For the system (1), ifσij > 4|r|/ε,

(b− ηij)
2 − 4/ε 6= 0,

1 +
8|r|

ε
+

1

ε
− 2b < 0,

41 +
1

ε
− 2ηij < 0,

for i, j = 1, 2, · · · , N, then the equilibrium point of
system (1) is globally exponentially stably, whereσij
is given of Lemma 7.

Proof. Obviously, the condition of Theorem 9 holds,
from Theorem 9 system (1) has a unique equilibrium
point. In the following, we will prove the equilibrium
point (X∗T , U∗T )T is globally exponential stable.
Let

Wij(t) =

[

xij(t)− x∗ij
uij(t)− u∗ij

]

,

F̄ij(Wij(t)) =

[

f ij(Wij(t))

0

]

.

where
f ij(Wij(t)) = −2r

ε
[(fVp(xij(t))− fVp(x

∗

ij))

+ (fVv(xij(t))− fVv(x
∗

ij)].
From(5) and(8) , we have

W ′

ij(t) = −AijWij(t) + F̄ij(Wij(t)). (22)

From(22), we get

d

dt
(eAij tWij(t)) = eAijtF̄ij(Wij(t)). (23)

Integrating both sides of (23) in[0, t](t > 0), we have
Wij(t)) = e−AijtWij(0))

+

t
∫

0

e−Aij(t−s)F̄ij(Wij(s))ds. (24)

If σij > 4|r|/ε > 0, then

(b+ ηij)−
√

|(b− ηij)2 − 4/ε| > 0,

for i, j = 1, 2, · · · , N.
By Lemma 7 and Lemma 8, we have

|xij(t) ≤ Rij , |uij(t) ≤ Rij, t ≥ 0,

and x∗ij, u
∗

ij are bounded, then there exist constants
R̄ij > 0, such that

‖Wij(t)‖
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=
√

(xij(t)− x∗ij)
2 + (uij(t)− u∗ij)

2 ≤ R̄ij,

for t ≥ 0, i, j = 1, 2, · · · , N.
From(24) we have

‖Wij(t)‖ ≤Mij‖Wij(0)‖e
−σij t

+Mij

t
∫

0
e−σij(t−s)‖F̄ij(Wij(s))‖ds

≤MijR̄ije
−σijt + 4|r|

ε
MijR̄ij

t
∫

0
e−σij(t−s)ds

≤MijR̄ij [e
−σijt + 4|r|

εσij
(1− e−σij t)]

≤ RMij[e
−σij t +

4|r|

εσij
(1− e−σijt)], (25)

where i, j = 1, 2, · · · , N,R = max
1≤i,j≤N

{R̄ij}.

Let

ρij(t) =Mij[e
−σij t +

4|r|

εσij
(1− e−σij t)]. (26)

If σij > 4|r|/ε, then

ρ′ij(t) =Mij[−σij +
4|r|

ε
]e−σij t < 0,

i.e.,ρij(t) is monotone decreasing function.

If we selectTij = max{0, 1
σij
ln

(εσij−4|r|)Mij

εσij−4|r|Mij
}, then

from (26) we have

ρij(t) =Mij [e
−σij t +

4|r|

εσij
(1− e−σijt)] < 1, (27)

for t > Tij, i, j = 1, 2, · · · , N.
From (27), there existhij > Tij , such that

Γij =Mij [e
−σijhij + 4|r|

εσij
(1− e−σijhij)] < 1,

for t > hij , i, j = 1, 2, · · · , N.
From (25), we obtain

|Wij(t)‖ ≤ RΓij, t ≥ hij , i, j = 1, 2, · · · , N. (28)

Integrating both sides of (23) in[hij , t](t > hij), by
(28), we have

‖Wij(t)‖ ≤MijRΓij[e
−σij (t−hij)

+ 4|r|
εσij

(1− e−σij(t−hij))], t ≥ hij ,

for i, j = 1, 2, · · · , N.
Thus we can obtain

‖Wij(t)‖ ≤ RΓ2
ij, t ≥ 2hij , i, j = 1, 2, · · · , N.

(29)
Repeat the above process, we obtain

‖Wij(t)‖ ≤MijRΓ
k−1
ij [e−σij(t−khij)

+ 4|r|
εσij

(1− e−σij(t−khij))]

≤ RMijΓ
k−1
ij [1 + 4|r|

εσij
], t ≥ khij ,

for i, j = 1, 2, · · · , N.
We have

‖Wij(t)‖ ≤ RMij[1 +
4|r|

εσij
]Γ

[t/hij ]
ij , t > 0, (30)

for i, j = 1, 2, · · · , N.
From (30), we can obtain

|xij(t)−x
∗

ij| ≤ KijΓ
[t/hij ]
ij , t > 0, i, j = 1, 2, · · · , N,

|uij(t)−u
∗

ij | ≤ KijΓ
[t/hij ]
ij , t > 0, i, j = 1, 2, · · · , N,

where Kij = RMij [1 +
4|r|
εσij

],Γij < 1, hij > 0, by

Definition 3, the equilibrium point(X∗T , U∗T )T of
system (1) is globally exponentially stable.

Theorem 11 For the system (1), if1 + 4|r| − bε <
0, ηij > 1, and

1 +
8|r|

ε
+

1

ε
− 2b < 0,

1 +
1

ε
− 2ηij < 0,

for i, j = 1, 2, · · · , N, then the unique equilibrium
point of system (1) is globally exponentially stable.

Proof. Obviously, the condition of Theorem 9 holds,
by Theorem 9, system (1) exists unique equilibrium
point (X∗T , U∗T )T . Let
yij(t) = xij(t)− x∗ij , zij(t) = uij(t)− u∗ij ,

fvp(yij(t)) = fvp(xij(t))− fvp(x
∗

ij),

fvv (yij(t)) = fvv(xij(t))− fvv(x
∗

ij).
From (4) and (7), we derive











dyij(t)
dt

= −byij(t) +
1
ε
zij(t)

−2r
ε
[fvp(yij(t)) + fvv(yij(t))],

dzij(t)
dt

= −yij(t)− ηijzij(t),

(31)

for i, j = 1, 2, · · · , N.
From (31), by Lemma 6 we can obtain
d|yij(t)|

dt
= sgn(yij(t)){−byij(t) +

1
ε
zij(t)

− 2r
ε
[fvp(yij(t)) + fvv(yij(t))]}

≤ −b|yij(t)|+
1
ε
|zij(t)|+

4|r|
ε
|yij(t)|

= (
4|r|

ε
− b)|yij(t)|+

1

ε
|zij(t)|, (32)

d|zij(t)|
dt

= sgn(zij(t)){−yij(t)− ηijzij(t)}

≤ |yij(t)| − ηij |zij(t)|, (33)
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for i, j = 1, 2, · · · , N.
From (32) and (33), we can obtain
|yij(t)| ≤ e(4|r|/ε−b)t|yij(0)|

+
1

ε

∫ t

0
e(4|r|/ε−b)(t−s)|zij(s)|ds, (34)

|zij(t)| ≤ e−ηijt|zij(0)|+

∫ t

0
e−ηij(t−s)|yij(s)|ds,

(35)
for i, j = 1, 2, · · · , N.

We considering the functionsg(ξ) and Gij(ξ),
which are given by

g(ξ) = ξε+ 1 + 4|r| − bε, Gij(ξ) = ξ + 1− ηij ,

for i, j = 1, 2, · · · , N.
By the condition of Theorem, obviously

dg(ξ)

dξ
> 0, lim

ξ→+∞

g(ξ) = +∞, g(0) < 0,

dGij(ξ)

dξ
> 0, lim

ξ→+∞

Gij(ξ) = +∞, Gij(0) < 0,

for i, j = 1, 2, · · · , N.
Therefore, there exist constantsσ1, σij ∈ (0,+∞),
such that

g(σ1) = 0, Gij(σij) = 0, i, j = 1, 2, . . . , N.

We chooseξ̄ = min{σ1, σ11, σ12, . . . , σNN}, then
ξ̄ > 0, when0 < σ < ξ̄, we have

σε+ 1 + 4|r| − bε < 0, σ + 1− ηij < 0, (36)

for i, j = 1, 2, · · · , N.
Since the initial valuesϕij(s), ψij(s) are bounded

and continuous functions, then existN1, N2 > 0, such
that

|ϕij(t)| ≤ N1, |ψij(t)| ≤ N2,

for i, j = 1, 2, · · · , N, t ∈ (−∞, 0].
Let L = max{N1, N2}, we will show that for any

sufficiently small constantδ > 0,

|yij(t)| < (L+δ)e−σt, |zij(t)| < (L+δ)e−σt, (37)

wheret ≥ 0, i, j = 1, 2, · · · , N, 0 < σ < ξ̄.
Considering the method of contrary. If (37) does

not hold, there exists somek, l ∈ {1, 2, · · · , N} and
t1 ≥ 0, such that











|ykl(t1)| = (L+ δ)e−σt1 ,

|yij(t)| < (L+ δ)e−σt, t ∈ [0, t1),
|zij(t)| < (L+ δ)e−σt, t ∈ [0, t1],

(38)

or










|ykl(t1)| = |zkl(t1)| = (L+ δ)e−σt1 ,

|yij(t)| < (L+ δ)e−σt, t ∈ [0, t1),
|zij(t)| < (L+ δ)e−σt, t ∈ [0, t1),

(39)

or










|zkl(t1)| = (L+ δ)e−σt1 ,

|yij(t)| < (L+ δ)e−σt, t ∈ [0, t1],
|zij(t)| < (L+ δ)e−σt, t ∈ [0, t1),

(40)

for i, j = 1, 2, · · · , N.
From (34) and (38)(or 39), we obtain
|yij(t1)| = (L+ δ)e−σt1 ≤ e(4|r|/ε−b)t1 |yij(0)|

+ 1
ε

∫ t1
0 e(4|r|/ε−b)(t1−s)|zij(s)|ds

≤ (L+ δ)[e(4|r|/ε−b)t1

+ 1
ε

∫ t1
0 e(4|r|/ε−b)(t1−s)−σsds]

≤ (L+ δ)[e(4|r|/ε−b)t1

+ 1
ε
e(4|r|/ε−b)t1 1

b−4|r|/ε−σ
(e(b−4|r|/ε−σ)t1 − 1)]

= (L+ δ)[e(4|r|/ε−b)t1

+
1

ε(b− 4|r|/ε − σ)
(e−σt1 − e(4|r|/ε−b)t1)], (41)

for ı, j = 1, 2, · · · , N.
By (36), we obtain 1

ε(b−4|r|/ε−σ) < 1, from (41),
we have

L+ δ < L+ δ,

which is a contradiction.
By (35) and (40), we obtain
|zij(t1)| = (L+ δ)e−σt1

≤ e−ηij t1 |zij(0)|+
∫ t1
0 e−ηij(t1−s)|yij(s)|ds

≤ (L+ δ)[e−ηij t1 +
∫ t1
0 e−ηij(t1−s)−σsds]

≤ (L+ δ)[e−ηij t1 + e
−ηij t1

ηij−σ
(e(ηij−σ)t1 − 1)]

= (L+ δ)[e−ηij t1 +
1

ηij − σ
(e−σt1 − e−ηijt1)], (42)

for i, j = 1, 2, · · · , N.
By (36), we obtain 1

ηij−σ
< 1, from (42), we have

L+ δ < L+ δ,

which is a contradiction.
Thus (37) holds, letδ → 0, we have

|yij(t) ≤ Le−σt, |zij(t)| ≤ Le−σt, (43)

wheret ≥ 0, σ > 0, i, j = 1, 2, · · · , N.
From (43), there exist constantsM > 0, δ = e−1 ∈
(0, 1), andσ > 0, such that

|xij(t)− x∗ij | ≤Mδσt, t > 0,

|uij(t)− u∗ij | ≤Mδσt, t > 0,

for i, j = 1, 2, · · · , N.
This implies that the equilibrium of system (1) is glob-
ally exponentially stable.
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Fig.1. Transient response of state variables x
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(t),x
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(t),x
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(t),x
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(t) of Example 4.1
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Fig.2. Transient response of state variables u
11

(t),u
12

(t),u
21

(t),u
22

(t) of Example 4.1
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Fig.3. Transient response of state variables x
11
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(t) of Example 4.2
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(t) of Example 4.2

4 Numerical simulation
In this Section, we give two examples to demonstrate
our results.
Examples. Consider the following second-order
RTD-based CNN systems(N = 2)































































ε
dx11(t)

dt
= a00x11(t) + u11(t)− g(x11(t)) + q11,

ε
dx12(t)

dt
= a00x12(t) + u12(t)− g(x12(t)) + q12,

ε
dx21(t)

dt
= a00x21(t) + u21(t)− g(x21(t)) + q21,

ε
dx22(t)

dt
= a00x22(t) + u22(t)− g(x22(t)) + q22,

du11(t)
dt

= −x11(t)− η11u11(t),
du12(t)

dt
= −x12(t)− η12u12(t),

du21(t)
dt

= −x21(t)− η21u21(t),
du22(t)

dt
= −x22(t)− η22u22(t),

(44)
where
g(xij(t)) = αxij(t)+γ(|xij(t)−Vp|−|xij(t)−Vv|)

− γ(|xij(t) + Vp| − |xij(t) + Vv|),
qij =

∑

k,l∈Nij

bk−i,l−jzkl + Iij , i, j = 1, 2.

Example 4.1 For system (44), letε = 2, a00 =
3, α = 9, γ = 0.01, q11 = 1, q12 = 2, q21 =
3, q22 = 4, η11 = 0.5, η12 = 2, η21 = 5

2 , η22 =
3
2 , Vp = 1, Vv = 2.

For numerical simulation, the following eight cases
are given with the initial state
[ϕ11(0), ϕ12(0), ϕ21(0), ϕ22(0),

ψ11(0), ψ12(0), ψ21(0), ψ22(0)] =
[0.8; 0.7; 1.2; 0.8;−0.4;−0.2;−0.9; 0.1];
[0.1; 0.5; 0.9; 0.7; 0.4; 0.2; 1;−0.6];
[−0.3;−0.1; 0.7; 1.2;−0.1;−0.4;−0.6;−0.4];
[−0.9; 0.2; 0.4; 1.5; 0.1; 0.4; 0.2;−0.8];
[0.6; 0.6; 1; 0.9;−0.6;−0.1;−0.8; 0.5];
[0.4; 0.8; 0.3; 0.5; 0.6; 0.1; 0.5;−0.5];
[−0.5;−0.5;−0.1; 1.2;−0.2;−0.3;−0.4;−1];
[−0.7; 0.4; 0.8; 1.8; 0.2; 0.3; 0.4;−0.9].

Figs.1-Figs.2 depict the time responses of state vari-
ables ofx11(t), x12(t), x21(t), x22(t), u11(t),
u12(t), u21(t), u22(t) of system in example 4.1, re-
spectively.

On the other hand, we have the following results by
simple calculation, we can obtain
b = α−a00

ε
= 3, t > 0(b− ηij)

2 − 4/ε 6= 0,

σij =
(b+ηij )−

√
|(b−ηij)2−4/ε|

2 > 4|r|/ε,

1 + 8|r|
ε

+ 1
ε
− 2b < 0, 1 + 1

ε
− 2ηij < 0,

for i, j = 1, 2, thus the conditions of Theorem 10
hold.

From (44), we can get the equation of the equilib-
riums






















































−3x11 +
1
2u11 −

1
100 [fVp(x11) + fVv(x11)] + 1 = 0,

−3x12 +
1
2u12 −

1
100 [fVp(x12) + fVv(x12)] + 2 = 0,

−3x21 +
1
2u21 −

1
100 [fVp(x21) + fVv(x21)] + 3 = 0,

−3x22 +
1
2u22 −

1
100 [fVp(x22) + fVv(x22)] + 4 = 0,

x11 + 0.5u11 = 0,
x12 + 2u12 = 0,
x21 +

5
2u21 = 0,

x22 +
3
2u22 = 0,

(45)
where

fVp(xij) =
1

2
[|xij + 1| − |xij − 1|], i, j = 1, 2,

fVv(xij) =
1

2
[|xij + 2| − |xij − 2|], i, j = 1, 2.

Obviously, from(45), we can solve the unique equi-
librium point
Z∗ = (x∗11, x

∗

12, x
∗

21, x
∗

22, u
∗

11, u
∗

12, u
∗

21, u
∗

22)
T

= (2588 ,
200
327 ,

150
161 ,

1191
1000 ,−

25
44 ,−

100
327 ,−

60
161 ,−

1191
1500 )

T .
Evidently, this consequence is coincident with the

results of numerical simulation.
Example 4.2 For system (44), letε = 4, a00 =
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1, α = 9, r = 1, q11 = 1, q12 = 2, q21 =
2, q22 = 1, η11 = 3

2 , η12 = 2, η21 = 3, η22 =
4, Vp = 1, Vv = 2.

For numerical simulation, the following eight cases
are given with the initial state

[ϕ11(0), ϕ12(0), ϕ21(0), ϕ22(0),
ψ11(0), ψ12(0), ψ21(0), ψ22(0)] =

[0.8; 0.7; 1.2; 0.8;−0.4;−0.2;−0.9; 0.1];
[0.1; 0.5; 0.9; 0.1; 0.4; 0.2; 1;−0.6];
[−0.3;−0.1; 0.7;−0.2;−0.1;−0.4;−0.6;−0.4];
[0.2; 0.2; 0.4;−0.5; 0.1;−0.6; 0.2;−0.8];
[0.6; 0.6; 1; 0.2;−0.6;−0.5;−0.8; 0.5];
[0.4; 0.8; 0.3; 0.5; 0.6; 0.1; 0.5;−0.5];
[1; 1;−0.1; 1;−0.2;−0.3;−0.4;−1];
[−0.7; 0.4; 0.8; 0.3; 0.2;−0.1; 0.4;−0.9].

Figs.3-Figs.4 depict the time responses of state vari-
ables ofx11(t), x12(t), x21(t), x22(t), u11(t),
u12(t), u21(t), u22(t) of system in example 4.2, re-
spectively.

On the other hand, we have the following results by
simple calculation, we can obtain

b =
α− a00

ε
= 2, 1 + 4|r| − bε < 0, ηij > 1,

1+
8|r|

ε
+
1

ε
−2b < 0, 1+

1

ε
−2ηij < 0, i, j = 1, 2.

Thus the conditions of Theorem 11 hold.
From (44), we can get the equation of the equilib-

riums






















































−2x11 +
1
4u11 −

1
2 [fVp(x11) + fVv(x11)] + 1 = 0,

−2x12 +
1
4u12 −

1
2 [fVp(x12) + fVv(x12)] + 2 = 0,

−2x21 +
1
4u21 −

1
2 [fVp(x21) + fVv(x21)] + 2 = 0,

−2x22 +
1
4u22 −

1
2 [fVp(x22) + fVv(x22)] + 1 = 0,

x11 +
3
2u11 = 0,

x12 + 2u12 = 0,
x21 + 3u21 = 0,
x22 + 4u22 = 0,

(46)
where

fVp(xij) =
1

2
[|xij + 1| − |xij − 1|], i, j = 1, 2,

fVv(xij) =
1

2
[|xij + 2| − |xij − 2|], i, j = 1, 2.

Obviously, from(46), we can solve the unique e-
quilibrium point
Z∗ = (x∗11, x

∗

12, x
∗

21, x
∗

22, u
∗

11, u
∗

12, u
∗

21, u
∗

22)
T

= (27 ,
16
25 ,

24
37 ,

16
49 ,−

4
21 ,−

8
25 ,−

8
37 ,−

4
49)

T .
Evidently, this consequence is coincident with the

results of numerical simulation.

Remark 12 Example 4.1 and Example 4.2 showed
their equilibrium point are exponential stable. In Ex-
ample 4.1, there isη11 = 0.5 < 1. But this condi-
tion isn’t satisfied Theorem 11. While in Example 4.2,
there is(b − η21)

2 − 4/ε = 0. This condition isn’t
satisfied Theorem 10. It showed that theorem 10 and
theorem 11 have different applications.

In fact, the parameterηij in Theorem 10 must be
satisfy(b − ηij)

2 − 4/ε 6= 0, allow ηij ≤ 1. But for
Theorem 11 it is required to satisfyηij > 1, allow
(b − ηij)

2 − 4/ε = 0. Therefore, Theorems 10 and
Theorem 11 can solve different problems.

5 Conclusions
In this paper, we give three theorems to ensure
the existence and the exponential stability of the
equilibrium point for second-order RTD-based CNN
system. Novel existence and stability conditions
are stated with simple algebraic forms and their
verification and applications are straightforward and
convenient. Especially, we give different conditions
in Theorems 10 and Theorems 11 to ensure the
exponential stability of the equilibrium point, which
have different advantages in different problems and
applications. Finally two examples illustrate the
effectiveness in different conditions.
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