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Abstract: It is well-known that the existence of unstable zero dynamics is recognized as a major barrier in
many control systems, and deeply limit the achievable control performance when controlling a system. When
a continuous-time multivariable system with at least one of relative degrees greater than two is discretized in
the case of the time delay and a zero-order hold (ZOH) assumption, at least one zero dynamics of the resulting
sampled-data model is obviously unstable for sufficiently small sampling periods. Thus, attention is here focused
on continuous-time multivariable systems with time delay, and some of the relative degrees are one and the rest are
two. This paper investigates the asymptotic properties of zero dynamics for the sampled-data models correspond-
ing to the continuous-time multivariable systems mentioned above, and further derives an approximate expression
of the zero dynamics in the form of a power series expansion up to the first order term of sampling period. Mean-
while, the condition for obtaining stable zero dynamics for sufficiently small sampling periods is also presented.
The ideas presented here generalize well-known results from the delay-free multivariable control system to the
time-delay case.

Key–Words:Discrete-time model; Zero dynamics; Zero-order hold; Time discretization; Taylor method; Time
delay; Asymptotic properties; Stability conditions.

1 Introduction

Zero dynamics play an important role in control sys-
tem design. It is well-known that unstable zero dy-
namics limit the control performance that can be
achieved when controlling a system. Further, many
techniques for design of adaptive control systems are
based on the cancellation of the zero dynamics [1, 2].
Such methods will not work when a plant has unstable
zero dynamics [3, 4]. When a continuous-time plant
is discretized using a sampler and a zero-order hold
(ZOH), polespi are transformed aspi → exp(piT ),
whereT is a sampling period. The transformations of
zero dynamics, however, are much more complicated
and the stability of zero dynamics is not necessarily

preserved in the discretization process except in spe-
cial cases [5, 6]. In the past years, for this reason the
asymptotic properties and stability conditions of zero
dynamics are studied by many researchers [3,4,7–21].
Because of its simplicity, most digital control systems
use a ZOH and the studies on properties of zero dy-
namics of the discretized system are mainly limited in
the ZOH case [3,7,8,10–14,18,21].

Roughly speaking, the zero dynamics of a
discrete-time system are classified into two categories
[18]. The former ones have counterpart in the under-
lying continuous-time system and they are called in-
trinsic zero dynamics. The latter ones are generated
in the sampling process and they are called sampling
zero dynamics. The intrinsic zero dynamics are locat-
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ed inside (outside) the unit circle for sufficiently small
sampling periods when the corresponding continuous-
time zero dynamics lie strictly in the left (right) half
plane [22]. For sampling zero dynamics of single-
input single-output (SISO) systems, at least one of
the sampling zero dynamics lies strictly outside the
unit circle if the relative degree of a continuous-time
transfer function is greater than two [3]. This fact in-
dicates that even though all the zero dynamics of such
a continuous-time system are stable, the correspond-
ing discrete-time model has at least one unstable sam-
pling zero dynamics. The same property also holds for
multivariable systems, i.e., when at least one of the
relative degrees of a decouplable multivariable sys-
tem is greater than two, the sampling zero dynamics
of the corresponding discrete-time model stay outside
the unit circle. Therefore, attention is here focused on
continuous-time multivariable systems with all rela-
tive degrees less than three from the viewpoint of sta-
bility of zero dynamics of the corresponding sampled-
data plants.

However, these well-known results proposed [3,
4, 7–18, 21] have presented the asymptotic character-
ization of zero dynamics for the discretized systems
without time delay. In practice, time delay of con-
trolled systems inherently exists in many mechanical
engineering applications and therefore must be inte-
grated into system models. It is inevitable that the
influence of time delay on digital control system must
be considered because it also occurs frequently in in-
formation transmission between elements or systems,
transport of controls and sensors, data computation,
etc. For the time-delay system, perhaps the first at-
tempt to study discrete system zero dynamics with
time delay was given bẙAström and coworkers [3],
who have considered a continuous-time system with
time delay and shown that it can locate the zero dy-
namics of the discretized plant inside the unit circle in
some cases, through examples only. In the very moti-
vating work by Hara [23], the asymptotic behavior of
the discretized system zero dynamics with time delay
have been presented for fast sampling rate as the o-
riginal continuous-time plant is discretized with ZOH.
Further results on the asymptotic behaviors and stabil-
ity conditions of the time-delay plants have been re-
ported [24–28]. So far, the properties of zero dynam-
ics of the discrete-time systems with time delay are
discussed mainly on SISO systems. Hence, it is im-
portant to investigate the asymptotic properties of zero
dynamics in the sampled-data models corresponding
to the continuous-time multivariable plants with time
delay for the digital control system design.

The purpose of this paper is to deal with the
asymptotic properties of the discrete zero dynamics
of sampled-data models corresponding to continuous-

time multivariable plants with time delay when ZOH
is used for signal reconstruction. It is obvious that
the asymptotic behavior of the zero dynamics is an
interesting issue because it is stable for sufficiently s-
mall sampling periods if it approaches the unit circle
from inside as the sampling period tends to zero. Also,
when on the basis of the normal form representation
of the multivariable continuous-time systems is dis-
cretized by Taylor method, the approximate asymptot-
ic expressions of zero dynamics for the corresponding
discrete-time models are explicitly given as power se-
ries expansions with respect to a sampling period up
to the first order term. A condition that assures sta-
bility of all zero dynamics for the discretized system
is also presented for sufficiently small sampling pe-
riods. An insightful interpretation of the results ob-
tained can be made in terms of the explicit character-
ization of discrete zero dynamics with multivariable
time-delay systems. Moreover, the current paper ex-
tends the well-known ideas with time delay from the
SISO case to multivariable system.

The layout of the paper is structured as follows.
In Section 2, we describe the results that are multi-
variable system description, and the ZOH assumption.
Section 3 presents the main result of this paper, name-
ly, the approximate asymptotic expressions of zero
dynamics for the multivariable sampled-data models
in the case of the time delay. A numerical simulation
is represented in Section 4. Finally, conclusions are
presented in Section 5.

2 Preliminaries
Consider square time-invariant multivariable system
expressed by

SC :

{

ẋ = A0x+B0u(t− τ)

y = C0x, C0 = [c1, c2, · · · , cm]T
(1)

with a state vectorx ∈ Rn, an input vectoru ∈ Rm,
an output vectory ∈ Rm and time delayτ . It is
assumed in this paper that the systemSC is minimal
and decouplable by static state feedback, and that the
transfer function matrixGs = C0(sI −A0)

−1B0 has
full rank.

Zero dynamics of multivariable systems are de-
fined in several ways. Multivariable zero dynam-
ics can be termed system zero dynamics, invariant
zero dynamics, transmission zero dynamics and so
on. In spite of many differences and ambiguities, all
those definitions of multivariable zero dynamics refer
or claim to be extensions to those for SISO system.
Then, the definition of invariant zero dynamics, trans-
mission zero dynamics and system zero dynamics for
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the system all coincide and some of the properties of
zero dynamics in SISO systems are inherited in the
discretization process [29]. Thus, these zero dynamic-
s are simply called the zero dynamics throughout this
article. We denote the relative degree corresponding
to theith outputyi by ri, i.e., cTi A

ri−1
0 B0 6= 0T and

cTi A
j
0B0 = 0T, j = 0, 1, · · · , ri − 2. The decoupling

matrixD is then represented as

D =











cT1 A
r1−1
0 B0

cT2 A
r2−1
0 B0
...

cTmArm−1
0 B0











(2)

and nonsingular from the assumption.
We are interested in the sampled-data model for

the linear systems when the input is a piecewise con-
stant signal generated by a ZOH. Thus, for a sampling
periodT ,

u(t) = u(kT ) ≡ uk, kT ≤ t < kT + T (3)

In the case of time delay and ZOH, the sampled-
data models consist of the sampled counterpart of
the continuous-time zero dynamics and the addition-
al zero dynamics produced by the sampling process.
The former ones have counterpart in the underlying
continuous-time system and they are also called in-
trinsic zero dynamics. The latter ones are newly gen-
erated in the sampling process and they are also called
sampling zero dynamics. In particular, for the SISO
systems, the pulse transfer function with time delay
H∆(z) approaches a scalar multiple of the pulse trans-
fer function corresponding to1

sm
when the sampling

period tends to zero [23]. Of particular contribution
is that the sampling zero dynamics ofH∆(z) contain
unstable ones for any∆ ∈ [0, 1] if m > 2.

The pulse transfer functionH∆(z) for G(s) =
1
sm

is given by

H∆(z) =
TmBm(z,∆)

m!(z − 1)mz
(4)

where

Bm(z,∆)=bm0 (∆)zm+bm1 (∆)zm−1+· · ·+bmm(∆)

bmk (∆)=

m−k
∑

ℓ=0

(−1)m−k−ℓ(ℓ+∆)m
(

m+ 1
m− k − ℓ

)

k = 0, 1, · · · ,m

and

(

m

k

)

indicates m!
(m−k)!k! . The polynomials

Bm(z,∆) are listed below form = 1, 2, 3.

B1(z,∆)=(1−∆)z +∆ (5)

B2(z,∆)=(1− 2∆ +∆2)z2 + (1 + 2∆

−2∆2)z +∆2 (6)

B3(z,∆)=(1− 3∆ + 3∆2 −∆3)z3 + (4− 6∆2

+3∆3)z2 + (1− 3∆ + 3∆2 − 3∆3)z

+∆3 (7)

3 Main Results

This paper is related to zero dynamics of the discrete-
time model for sufficiently small sampling periods.
Through above mentioned analyzing, attention then is
restricted to the case when all the relative degrees of
continuous-time system with time delay (1) are less
than three from the viewpoint of stability of the zero
dynamics of the corresponding discrete-time model.
Without loss of generality, we mainly consider here
that some of the relative degrees are one and the rest
are two (see also Remark 1).

LetSD be a sampled-data system of a series con-
nection of a ZOH, the continuous-time systemSC

and a sampler with a sampling periodT . In the re-
mainder of this section, this manuscript derives the
approximate model of the discrete-time systemSD

on the basis of the normal form representation of the
continuous-time systemSC , and gives the approxi-
mate asymptotic expressions of the zero dynamics of
SD as power series expansions with respect to a sam-
pling periodT up to the first order term.

Remark 1 When all the relative degrees of the multi-
variable continuous-time systems with time delay are
less than three, the stability of all zero dynamics of
corresponding discrete-time models could remain sta-
ble. At this point, three cases, i.e., 1) some of the rel-
ative degrees are one and the rest are two, 2) all the
relative degrees are one, and 3) all the relative degrees
are two, should be considered. However, in practice,
all the relative degrees of many intelligent mechanical
systems, irrespectively of whether they involve time
delay or not, in the practical field are mainly consist
of one and two, both linear and nonlinear plants.

It is assumed that the relative degrees
r1, · · · , rp, 0 < p < m for the outputsy1, · · · , yp
are one and the restrp+1, · · · , rm for the outputs
yp+1, · · · , ym are two; i.e.,r1 = · · · = rp = 1,
rp+1 = · · · = rm = 2, without loss of generality.

Then, the system matrixC0 and the decoupling
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matrix have the following form.

C0 =

[

C10

C20

]

,D =

[

C10B0

C20A0B0

]

6= 0,

C20B0 = O (8)

whereC10 andC20 arep×n and(m−p)×n matrices,
respectively.

First, a sampled-data model is derived from the
normal form ofSC . The normal form of (1) withr1 =
· · · = rp = 1 andrp+1 = · · · = rm = 2 is expressed
by

{

ẋ = Ax+Bu(t− τ)

y = Cx
(9)

A=









A11 A12 A13 A14

O O Im−p O

A21 A22 A23 A24

A31 A32 A33 A34









, B =









B1

O

B2

O









,

C=

[

C1

C2

]

=

[

Ip O O O

O Im−p O O

]

where

x =
[

yT

1 ,y
T

2 ,y
T

3 , υ
T
]T

,y1 = [y1, · · · , yp]
T
,

y2 = [yp+1, · · · , ym]T ,y3= ẏ2 = [ẏp+1, · · · , ẏm]T ,

υ = [x2m−p+1, · · · , xn]
T
, x = Sbx,

Sb =
[

CT
10 CT

20 (C20A0)
T

W T
]T

,
[

A11 A12 A13 A14

]

= C10A0S
−1
b ,

[

A21 A22 A23 A24

]

= C20A
2
0S

−1
b ,

A = SbA0S
−1
b , B = SbB0, C = C0S

−1
b

and matricesW,A31, A32, A33, A34 are necessarily
obtained byWB0 = 0 and WA0 = A31C10 +
A32C20 + A33C20A0 + A34W . Further, the roots of
the equation|sI −A34| = 0 are zero dynamics ofSC

and the following relations hold.

B1=C1B = C10B0, C2B = C20B = O,

B2=C2AB = C20A0B0 (10)

The main result of this paper is given by the fol-
lowing Theorem 2, which mainly describes the ap-
proximate asymptotic expressions of zero dynamic-
s of the discrete-time model for the corresponding
multivariable continuous-time system with time delay
(1). More importantly, the explicit characterization of
these significant results is also presented as power se-
ries expansions with respect to a sampling period up
to the first order term.

Theorem 2 The zero dynamics of a discrete-time
model corresponding to a continuous-time system
with time delay (1), withr1 = · · · = rp = 1 and
rp+1 = · · · = rm = 2, are given approximately for
sufficiently small sampling periodsT by the roots of

|FI(z)FS(z)| = 0 (11)

where

FI(z) = (z − 1)I − TA34

FS(z) = (z + 1)I + C2ABDR

+

(

2A23 +
1

3
C20A

2
0B0DR

)

T

whereDL and DR are am × p matrix and am ×
(m − p) matrix, respectively, which are defined by
[ DL DR ] = D−1.

Proof: When a ZOH is used, and notice that the re-
lations u̇ = ü = · · · = 0 are taken into account, (9)
leads to the derivatives of the output vectory and the
vectorυ represented byx andu(= u(t− τ)) as

ẏ1=C1Ax+ C1Bu (12)

ÿ1=C1A
2x+ C1ABu (13)

...

ẏ2=C2Ax+ C2Bu (14)

ÿ2=C2A
2x+ C2ABu (15)

y
(3)
2

=C2A
3x+ C2A

2Bu (16)
...

υ̇=
[

A31 A32 A33 A34

]

x (17)
...

In addition, a sampled-data state vector is defined by
xTk = [yT

1,k,y
T

2,k,y
T

3,k, υ
T

k
]T, where the subscriptk

denotes the sampling instantt = kT, k = 0, 1, 2, · · · .
As it can be easily inferred from (9), the input

variableu(t) remains constant within the two subin-
tervals:[kT, kT + τ), [kT + τ, kT + T ). One readily
obtains


















































yj,k+τ =
4
∑

i=0

T i

i! y
(i)
j,k +O(T 5)

ẏj,k+τ =
3
∑

i=0

T i

i! y
(i+1)
j,k +O(T 5)

ÿj,k+τ =
2
∑

i=0

T i

i! y
(i+2)
j,k +O(T 5)

y
(3)
j,k+τ =

1
∑

i=0

T i

i! y
(i+3)
j,k +O(T 5), j = 1, 2

(18)
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and


















































yj,k+1 =
4
∑

i=0

T i

i! y
(i)
j,k+τ +O(T 5)

ẏj,k+1 =
3
∑

i=0

T i

i! y
(i+1)
j,k+τ +O(T 5)

ÿj,k+1 =
2
∑

i=0

T i

i! y
(i+2)
j,k+τ +O(T 5)

y
(3)
j,k+1 =

1
∑

i=0

T i

i! y
(i+3)
j,k+τ +O(T 5), j = 1, 2

(19)

from which representing the discrete-time model of
the original continuous-time system (1) with time
delay τ , namely, the value of the output vector at
(k + 1)T is a linear combination of the output eval-
uated atkT and the past value of the input variableu.
In addition, note that

υk+1 =
∞
∑

i=0

T i

i!
υik (20)

In the following, the approximate model of the
above sampled-data time-delay system is considered
by neglecting the higher order terms, and the approx-
imate expression of the zero dynamics is also calcu-
lated. Here, the following approximate expressions
of multivariable discrete-time models in the case of a
time delay are treated.

y1,k+1=y1,k + 2T (C1Axk +C1Buk)

+2T 2(C1A
2xk + C1ABuk) +O(T 3) (21)

y2,k+1=y2,k+2T ẏ2,k+2T 2(C2A
2xk+C2ABuk)

+
4T 3

3
(C2A

3xk + C2A
2Buk) +O(T 4) (22)

ẏ2,k+1= ẏ2,k + 2T (C2A
2xk + C2ABuk)

+2T 2(C2A
3xk + C2A

2Buk) +O(T 3) (23)

υk+1=υk+T
[

A31 A32 A33 A34

]

xk+O(T 2) (24)

Settingy1,k = y1,k+1 = y2,k = y2,k+1 = 0 yields the
zero dynamics of the sampled-data system such that

M
[

Z[ẏ2,k] Z[uk] Z[υk]
]T

= 0 (25)

whereZ[.] denotes thez-transform and

M =









M11 M12 M13

M21 M22 M23

M31 M32 M33

M41 M42 M43









(26)

where all the elements of the matrixM are approxi-
mately represented as

M11 = (−z + 1)I + 2TA23,M12 = 2TC2AB,

+2T 2C2A
2B,M13 = 2TA24,M21 = 2A13,

M22 = 2C1B + 2TC1AB,M23 = 2A14,

M31=I+2TA23,M32=2TC2AB+
4T 2

3
C2A

2B,

M033 = 2TA24,M41 = TA33,M42 = O,

M43 = (−z + 1)I + TA34

Hence, the zero dynamics of multivariable sampled-
data system with time delay is obtained bydet(M) =
0.

From the relationship

M=









Im−p O −2Im−p O

O Im O O

O O Im−p O

O O O In−2m+p









M (27)

it is obvious that the conditiondet(M ) = 0 is equiv-
alent todet(M) = 0. The matrix multiplication (27)
gives

M =

[

M11 M12

M21 M22

]

(28)

where

M11≈







−(z + 1)I−2TA23 2TC2AB+ 2T 2

3 C2A
2B

2A13 2C1B + 2TC1AB

I + 2TA23 2TC2AB + 4T 2

3 C2A
2B







M12=
[

−2TA24 2A14 2TA24

]T

M21=
[

TA33 O
]

M22 = (−z + 1)I + TA34

Simple calculation yields

|M | = |M22||M11 −M12M
−1
22 M21| (29)

and

M12M
−1
22 M21≈





−2TA24

2A14

2TA24





1

(1− z)

×

(

I −
1

(1− z)
TA34

)

[

TA33 O
]

=





O(T 2)
O(T ) O

O(T 2)



 (30)

Note here that the order of each block matrix of
the left hand side inM11 is lower than that in
M12M

−1
22 M21, then we have

|M11 −M12M
−1
22 M21| ≈ |M11|

Next, determinant calculation leads to

|M11|=

∣

∣

∣

∣

2C1B + 2TC1AB

2TC2AB + 4T 2

3 C2A
2B

∣

∣

∣

∣

|[−(z + 1)I

−2TA23]−

(

2TC2AB +
2T 2

3
C2A

2B

)
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×

[

2C1B + 2TC1AB

2TC2AB + 4T 2

3 C2A
2B

]−1

×

[

2A13

I + 2TA23

]∣

∣

∣

∣

from which we have
[

2C1B + 2TC1AB

2TC2AB + 4T 2

3 C2A
2B

]−1 [
2A13

I + 2TA23

]

=

{[

I O

O 2TI

]

D

(

I+D−1

[

2C1AB
2
3C2A

2B

]

T

)}

−1

×

[

2A13

I + 2TA23

]

≈

(

I −D−1

[

2C1AB
2
3C2A

2B

]

T

)

D−1

[

I O

O I
2T

]

×

[

2A13

I + 2TA23

]

≈

(

I −D−1

[

2C1AB
2
3C2A

2B

]

T

)

D−1

[

2A13
I
2T

]

≈
[

DL DR

]

[

2A13
I
2T

]

≈
1

2T
DR

Further

(z + 1)I+2TA23+

(

2TC2AB+
2T 2

3
C2A

2B

)

DR

2T

≈(z + 1)I+C2ABDR+

(

2A23+
1

3
C2A

2BDR

)

T

As a result, it holds with a constantK0 that

|M |≈K0 |(z − 1)I − TA34| |(z + 1)I + C2ABDR

+

(

2A23 +
1

3
C2A

2BDR

)

T

∣

∣

∣

∣

=K0|FI(z)FS(z)| (31)

The proof is completed. ⊓⊔

Remark 3 It is found from Theorem 2 that an approx-
imate value of the sampling zero dynamics for multi-
variable time-delay system is expressed as
∣

∣

∣

∣

(z + 1)I+C2ABDR+

(

2A23+
1

3
C2A

2BDR

)

T

∣

∣

∣

∣

= 0 (32)

and the approximate values of the intrinsic zero dy-
namics with multivariable time-delay plant are de-
rived from

|(z − 1)I − TA34| = 0 (33)

Remark 4 The way of constructing polynomial ma-
trix, which has been used by many other authors
[16, 30–33], serves as the main tool in the zero dy-
namics of multivariable sampled-data models. In this
method, the properties of the zero dynamics for mul-
tivariable systems are mainly characterized by the
degrees of the infinite elementary divisors [34] of a
system matrix. Moreover, the degrees of the infinite
elementary divisors is closely related to the relative
degrees mentioned above which also determine the
behavior of the discrete system zero dynamics [35].
However, this approach, i.e., constructing polynomi-
al matrix, could not be applied to the case that at
least one of the degrees of the infinite elementary di-
visors or the relative degrees is very high, or time-
delay case. On the basis of the normal form repre-
sentation used in the proof of Theorem 2 is a very
effective tool for the zero dynamics of discrete mul-
tivariable system with relative degrees being high or
time-delay multivariable systems. Roughly speaking,
one may first establish the normal form representa-
tion of the continuous-time multivariable systems with
time delay, then propose the corresponding sampled-
data models using the Taylor series expression andZ-
transform, and consequently investigate the zero dy-
namics of resulting multivariable discrete-time plants
in the case of time delay. This is two kinds of com-
pletely different methods, which could commonly use
to the multivariable discrete-time systems and their
zero dynamics.

The following corollary shows stability condi-
tions of all the zero dynamics, including intrinsic zero
dynamics and sampling zero dynamics, of discrete-
time models for continuous-time multivariable sys-
tems with time delay.

Corollary 5 Assume that a continuous-time multi-
variable system with time delay has relative degrees
being one and two, and the matrixA23 andA34 are
nonsingular and have no pure imaginary roots. If all
the eigenvalues of the matrixC20A0B0DR, A23 and
C20A

2
0B0DR have negative real parts, then the sam-

pling zero dynamics are stable for sufficiently small
sampling periodsT . Similarly, when all the eigen-
values of the matrixA34 have negative real parts, the
intrinsic zero dynamics are located strictly inside the
unit circle when the sampling periods tend to zero.

Remark 6 When at least one of the eigenvalues of the
matrix A34 (C20A0B0DR or A23 or C20A

2
0B0DR)

has a positive real part, the intrinsic zero dynamics
(sampling zero dynamics) stay strictly outside the u-
nit circle for sufficiently small sampling periods. In
particular, when these matrix are singular, or at least
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one pair of the eigenvalues of these matrix are a pure
imaginary number and the rest are stable, we need
to derive the more accuracy asymptotic expression
than that of Theorem 2 in order to explore the sta-
bility of zero dynamics of discrete-time models for the
continuous-time multivariable systems.

Remark 7 It is trivial to obtain the Corollary 5 from
the Theorem 2 because it is easy found from the equa-
tion (31) that intrinsic zero dynamics and sampling
zero dynamics for a sufficiently small sampling peri-
odT are respectively expressed approximately by the
eigenvalues of the matrixA34, and the linear combi-
nation ofC20A0B0DR, A23 andC20A

2
0B0DR.

Remark 8 If the continuous-time inputu(t) is gener-
ated by a different hold device, for example, a first-
order hold (FOH), this information can be used to
include more complicated steps in the proof of The-
orem 2. This, of course, would lead us to a different
approximate discrete-time model and asymptotic ex-
pression of corresponding zero dynamics in Theorem
2, with different stability conditions of discretized zero
dynamics in Corollary 5.

Remark 9 It is difficult to derive higher approximate
expression in the previous case that some of the rela-
tive degrees ofSC are one and the rest are two. How-
ever, the decent results about sampled-data models
could be presented in the cases that all the relative
degrees are one or two, and further obtain the corre-
sponding approximate asymptotic properties and sta-
bility conditions.

4 NUMERICAL SIMULATION
This section presents an interesting example to show
the asymptotic properties of zero dynamics of a
sampled-data model for a multivariable continuous-
time system in the case of a ZOH and time delay when
some of the relative degrees are one and the rest are
two. Furthermore, in this case, the conditions that
assure stability of all zero dynamics for sufficiently
small sampling periods are also derived. All of the
corresponding zero dynamics are calculated by use of
MATLAB, and in the simulation figures, the solid line
and dotted line indicate the approximate values and
exact values, respectively.

Consider the following abstracted longitudinal
control design with time delay example for a open-
loop CH-47 tandem rotor helicopter model [36]. This
multivariable continuous-time systemSC has a zero
dynamics at−0.018. A nominal model for the dynam-
ics relating these variables at certain knot airspeed and

the corresponding state space matrices are:
{

ẋ = A0x+B0u(t− τ)

y = C0x
(34)

where

A0=









−0.02 0.005 2.4 −32
−0.14 0.44 −1.3 −30

0 0.018 1.6 1.2
0 0 1 0









,

B0=









0.14 −0.12
0.36 −8.6
−0.35 0.009

0 0









, C0 =

[

0 1 0 0
0 0 0 1

]

It is obvious to see that the above continuous-time sys-
tem has relative degrees being one and two. More
specifically, the relative degrees of this system are giv-
en byr1 = 1 andr2 = 2 for simplicity description,
and first the corresponding decoupling matrix is given
by

D =

[

C10B0

C20A0B0

]

=

[

0.36 −8.6
−0.35 0.009

]

Next, it follows from Theorem 2 that the sam-
pling zero dynamics are located strictly inside the u-
nit circle for sufficiently small sampling periods s-
ince C20A0B0DR = −0.998 < 0, |A23| = 0 and
C20A

2
0B0DR = −1.597 < 0 have negative real part-

s, and the intrinsic zero dynamics are also stable ow-
ing to the continuous-time zero dynamics at−0.018.
Therefore, the intrinsic zero dynamicsz1 and the sam-
pling zero dynamicsz2 are expressed approximately
as respectively

z1 ≈ 1− 0.018T, z2 ≈ −1 +W (35)

whereW = 0.998 + 1.597
3 T . The approximate values

and the exact values of the multivariable discrete-time
zero dynamics with time delay are shown in Table I
and Figure I-∐, where Figure I and Figure∐ are re-
spectively represented the values of sampling zero dy-
namics and intrinsic zero dynamics.

Table I Zero dynamics of the multivariable
discrete-time system with time delay and relative

degrees being one and two
T Approximate values Exact values

0.01 0.999820000, 0.0033200000.999820115, 0.003310145
0.02 0.999640000, 0.0086400000.999640263, 0.008638424
0.05 0.999100000, 0.0246000000.999100901, 0.024304410
0.1 0.998200000, 0.0512000000.998202612, 0.049908512
0.2 0.996400000, 0.1044000000.996408465, 0.092006592
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Figure I Sampling zero dynamics of multivariable
sampled-data model with time delay and relative

degrees being one and two
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Figure∐ Intrinsic zero dynamics of multivariable
sampled-data model with time delay and relative

degrees being one and two

5 Conclusion

This paper analyzes the asymptotic properties of ze-
ro dynamics for the discrete-time system when the
continuous-time multivariable system with time delay
is explicitly discretized in the case of a ZOH, and al-
l the relative degrees are one and two. We also give
an approximate asymptotic expression of the zero dy-
namics for the discrete systems with time delay as
power series expansions up to first order term with re-
spect to sampling periods. The stability of discrete
zero dynamics is further discussed for sufficiently s-
mall sampling periods in this case and a correspond-
ing stability condition is also derived. Moreover, an
insightful interpretation is given in terms of an explic-
it characterization of the sampling zero dynamics of
the obtained model in the case of time delay. Our
contributions in this paper are a further extension of
well-known results from the delay-free cases to the
time-delay systems. The idea of this paper is believed
to give important insights which are relevant to many

aspects of linear multivariable discrete-time mechani-
cal control theory in the case of the time-delay.
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