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Abstract: - In the article the attitude motion of a spacecraft with variable mass/structure is considered at 

the variability of the volume of liquids (the fuel and the oxidizer) in tanks of the jet engines. The 

variability of the liquid’s volume is occurred under the action of systems of the extrusion of liquids by the 

pressure creation and, as a result, by the diaphragm (a thin soft foil) deformation inside the fuel/oxidizer 

tank. The synthesis of the attitude dynamics is fulfilled by the change of directions of the extrusion of the 

liquids in tanks – this modifies the inertia-mass parameters (their corresponding time-dependencies) and 

affects the final motion dynamics. Here we showed that the extrusion in the lateral radial ―outside‖ 

direction is most preferable in comparison with the longitudinal extrusion (in the direction of jet-vector). 

It means that the precession cone of the longitudinal axis of the spacecraft (the axis of the jet-engine 

reactive thrust) is ―twisted up‖ to the precalculated necessary direction of jet-impulse, and it has not 

―untwisted‖ phases. This scheme of the liquid extrusion is dynamically optimal, because it allows to 

improve the active inter-orbital maneuver by the natural/uncontrolled/passive way. 

 

 

Key-Words: - Spacecraft; Variability of the Volume of Liquids; Tanks of the Jet-Engines; Attitude 

Dynamics; The Curvature Method; Precession Motion 

 

 

1. Introduction. 

The task of the spacecraft (SC) attitude 

dynamics investigation/synthesis at the 

implementation of the active maneuvers is one of 

the main tasks of the space flight mechanics.  

This task is considered in different 

formulations taking into account many different 

aspects, including regimes of 

controlled/uncontrolled regular/chaotic attitude 

motion of rigid and flexible SC with constant and 

variable inertia-mass parameter, an 

implementation of the attitude reorientation using 

mechanical actuators and thrusters, etc. The 

corresponding research results are described in 

many works [e.g. 1-44], which are not limited by 

the indicated references list.  

In this research we give the short 

description of some features of the SC with two 

types of the liquids extrusion in spherical jet-

engines tanks. We will consider symmetrical 

bunches of four spherical tanks (for example, two 

tanks contain the fuel, and other two tanks contain 

the oxidizer). This scheme is usually used in the 

upper stages and boosters configurations. So, let 

us describe the scheme with spherical tanks 

(fig.1).  

The attitude motion of the SC is considered 

in this research as the angular motion around the 

fixed point, coincided at the initial time-moment 

with the initial position of the center of mass of 

SC [9-11]. 

 
Fig.1 The bunch/block of spherical tanks 

 

This mechanical model allows applying the 

simple type of the definition of the internal 

geometry (inertia-mass geometry) and 

corresponding variable inertia-mass parameters. 

So, the mathematical model of the attitude 

motion was built in the works [9-11] for the case 

of dual-spin spacecraft (with four degrees of 

freedom). This model represents the dynamical 
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equations connected with the angular momentum 

components, and we will use this model in this 

article without essential modifications at the 

fixing/elimination of the relative rotation of 

coaxial bodies. 

 

2. The mathematical model of motion 

Let us investigate the free (without the 

action of any external perturbations) attitude 

motion of the spacecraft with the variable volume 

of the liquids (the fuel/oxidizer) in the tanks. The 

equations [9-11] in the considering case can be 

reduced to the simple form: 
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where    A t B t ,  C t  — the variable inertia 

moments of the SC calculated relatively the point 

O; and  p, q, r — are the angular velocity’s 

components. The total values of the inertia 

moments are summarized by the terms   

       

   

2 ,

,

S T C

S T
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where AS, CS are the constant parts of the inertia 

moments corresponding to the rigid part of the SC 

structure (the main SC body including the empty 

tanks), and AT, CT – are the varied (depending on 

time) parts corresponding to inertia moments of 

the tanks with momentary ―current-freezing‖ 

forms of liquids (    , CM t z t  the current values 

of the mass of the SC and the coordinate of the 

current position of the center of mass (zC(0)=0). 

The angular/attitude/spatial orientation of 

the SC (fig.2) is described by the Euler’s type 

angles (ψ→γ→φ).   

 
Fig. 2 The spatial orientation angles 

The kinematical equations for the spatial 

angles are follows: 
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It will be quite useful to make the change 

of the variables [9-11]: 

( )sin ( ),

( )cos ( ).

p G t F t

q G t F t




  (3) 

Then the dynamical equations (1) can be 

rewritten: 

 
1

( ) ( ) ,
( )

cosnt 0, const

F C t A t r
A t

G r


      
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   


 (4) 

Let us consider the case of the attitude motion of 

the gyroscopic stabilized SC with the 

predominance of the longitudinal component of 

the angular velocity (r) in comparison with the 

equatorial component: 

2 2 1.p q r     

In this case we can rewrite the kinematical 

equations in the simplified form [9-11]: 

cos ( ), sin ( ),

, ( ) ( ) ( ).

G t G t

r t F t t

 

 

   

   

 


 (5) 

where ( )t  is the phase of spatial oscillations. 

The equations (5) allow to consider the dynamics 

of the SC longitudinal axis (OC z) with the help of 

the phase point (the apex of the axis OC z) at the 

phase-plane {ψ-γ}. Then the velocity (V) and the 

acceleration (W) of this phase point, and the 

curvature (k) of the corresponding trajectory of 

this point are: 

, , , .V V W W              

   
322 2 2 2 2 .k G            

 

For the analysis/synthesis of the dynamics 

we can apply the qualitative ―curvature‖ method 

[9-11], which is very useful for the optimization 

of the form of the hodograph vector of the jet-

thrust direction of the SC at the gyroscopic 

attitude stabilization. This method is based on the 

evaluation of the roots of the ―evolution function‖ 

 P t , which describes the evolution of the 

curvature of the trajectory of the phase point 

(excluding the multipliers of constant signs): 
2const .P kk G G          (6) 
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Taking into account the equations (4) we 

can rewrite the expression for the ―evolution 

function‖ (excluding the multipliers of constant 

signs): 

  P t CA AC    (7) 

The intervals of the positive sign 

conservation of this function correspond to the 

SC’s monotonous phases of the angular motion 

with twisting (Fig.3-a) sections of the longitudinal 

axis (the trust direction) hodograph (on the plane 

of parameters γ-ψ). The alternation of the signs of 

the function (the existence of real roots) results in 

the alternation of the hodograph’s phases. At the 

Fig.3 it is possible to see the clotoid (Fig.3-b, that 

corresponds to the existence of one root of  P t ) 

and the complex phase-alternation-spiral (Fig.3-c, 

that corresponds to the existence of many roots of 

 P t ). 

 

 
Fig.3 The hodographs of the longitudinal SC 

axis (Ocz) on the tangential plane {ψ-γ} 

 

These evolutions of the hodographs’ affect the 

inter-orbital transitions’ implementation [9] due to 

the corresponding ―travel‖ of the trust-vector 

(Fig.4) with the accumulation of the impulses’ 

error. 

 

 
Fig.4 The influence of the attitude motion on the 

inter-orbital transitional maneuver 

 

So, in the purposes of the ―positive‖ 

dynamics (with the inside twisting hodograph 

(Fig.3-a)) synthesis the function  P t  has to be 

positive on the whole time-interval of the motion 

[9-11]. 

The following references’ frames are used 

in the research: 

1. 
CO xyz  — the main coordinates frame 

connected to the main axes of the SC (Fig.1) 

with the origin in the point OC of the SC 

coincided with the initial position of the 

system’s mass center. 

2. 
S S S SO x y z  — the frame connected to the 

rigid part of the system’s structure (the SC 

without the tanks). Moreover, the frame axes 

(Fig.1) are collinear with the axes of the 

main coordinates frame 

 ; ;S S Sx x y y z z   . 

3. 
0 0 0Ox y z  — the frame geometrically 

connected to the tank (coinciding with its 

main axes) with the origin in the geometrical 

center of the tank (Fig.5). 

 

 
Fig. 5. The frame connected with the tank  

 

4. T T T TO x y z  — the frame (Fig. 6) connected to 

the bunch of the tanks  with the origin in the 

geometrical center of the tanks bunch. 

 

 
Fig. 6 The frame connected with the geometrical 

center of the tanks bunch 

 

5. ' ' ' 'O x y z  — the frame with axes which 

is collinear to the axes CO xyz , and with 

the origin in the ―lowest‖ point of the 

SC O.  
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Now we can calculate the inertia moments: 

 
   

   

2 ,

,

S T C

S T

A t A A t Mz

C t C C t

  

 
 (8) 

where ,SA SC — are the constant parts of the 

inertia moments corresponding to the rigid part of 

the SC structure (the main SC body with the 

empty tanks), and AT, CT – are the varied parts 

corresponding to inertia moments the tanks 

(including momentary ―current-freezing‖ forms of 

liquids and the empty tanks) calculated in the 

frame CO xyz ;  M M t  — is the mass of SC in 

the current time-moment;  
C Cz z t  — is the 

current coordinate of the SC mass center, that can 

be calculated as follows  

 
0

' ' ,C C Cz z z   (9)

  ,S ET TM m m m t    (10) 

where 'Cz  — is the coordinate of the position of 

the mass center at present time in the frame 

' ' ' 'O x y z  and  
0

' ' 0C Cz z  — the coordinate of 

the center of mass at the initial time moment (also 

in the frame ' ' ' 'O x y z ); 
Sm  — the constant mass 

of the rigid part of the SC without the empty 

tanks; 
ETm  - is the mass of the empty tanks; 

 
Tm t  — is mass of liquids in the tanks at the 

current time. 

The recalculation of the inertia moments of 

the rigid part of the SC without empty tanks can 

be fulfilled as follows: 
2

0

0

,

,

S S S SC

S S

A A m z

C C

 


 

где 0 ,SA 0SC  — the inertia moments of the rigid 

SC body in the frame S S S SO x y z , with the 

defined/known values; constSCz   — is the 

distance between the mass center of the rigid SC 

body and point OC (the initial position of the mass 

center of the system with the filled tanks).  

The inertia moments of the tanks can be 

find in the form: 

 
 

 

2

0

0

,

,

T T T T

T T

A A t m z

C C t

 


 (11) 

where  
0 ,TA t  

0TC t  — are the inertia moments 

calculated in the frame T T T TO x y z , and  

 
T Tz z t  — is the distance between the mass 

center of the tanks bunch and the point OC. 

The value SCz  also formally follows from 

the expression: 

 
0

' ' ,SC C SCz z z   (12) 

where 'KCz  — the position of the mass center of 

the SC’s rigid part/structure in the frame 

' ' ' 'O x y z . The value 
Tz  satisfies to the equality: 

 
0

' ' ,T C Tz z z   (13) 

where 'Tz  is the position of the mass center of the 

bunch of the tanks in the frame ' ' ' 'O x y z . 

Now it is possible to formally find the 

position of the system mass center in the frame 

' ' ' 'O x y z : 

  
1

' ' ' ,C SC S T Tz z m z m
M

   (14) 

For example, we consider the SC with the 

height of the main rigid part HS and with the 

bunch of the tanks with the diameter a. Then we 

have  

 
 

1
' / 2 ,

2

.

SC S S ET

SC

SC S ET

a
z m a H m

m

m m m

 
   

 

    

(15) 

The defined geometrical values 

undoubtedly depend on the selected shapes of the 

tanks. In turn, it is clear that the tanks can have 

different shapes (spheres, cylinders, conical parts, 

compound forms). Also methods of the liquids 

extrusion from the tanks differ from each other. 

For example, the fuel-tank pressurization with the 

tissue-type or foil-type diaphragms is quite useful.  

Let us consider in this research the 

spherical tanks equipped with the extrusion 

systems with the hemispherical foil-type 

diaphragms edge-stiffened in the line of the 

internal diameter of the tank – the pressure is 

injected into the gap between the diaphragm and 

the internal tank’s wall, then the irretrievable 

foil’s deflection forms. Such types of the 

diaphragms allow to fulfill the liquid extrusion 

without formation of the free liquid’s surface at 

the conservation of the current reached lens-

shaped deformity (Fig.5) of the foil (this lens-

shaped deformity/deflection rises with the time, 

and in limit it coincides with the complete 

spherical tank). 

 

So, the main considering task is the search 

of the tanks dispositions providing the realization 

of the ―positive‖ attitude dynamics of the SC on 

active sections of the trajectory/orbital motion, 

when the accuracy of the jet propulsion inter-

orbital impulse increases by natural way during 

the SC precession motion with the spiral-

convolving hodograph of the SC longitudinal axis 

(coinciding with the vector of the jet-engine 

thrust).  

Here the most important part of the task is 

the selection of the direction of the internal 
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motion of the extrusive diaphragms inside the 

tank. We can dispose the extrusive diaphragm 

inside the tank along the thrust vector 

(―downward extrusion‖ – Fig.1); or the 

diaphragms can be disposed in the orthogonal 

direction and the liquid will be extruded radially 

outwards (―radial extrusion‖ – Fig.6). 

It is possible to expect that the attitude 

dynamics at the radial extrusion will differ from 

the downward one. Let us to make an 

investigation of this question. 

 

3. The comparative modeling of the 

extrusions 

 

3.1. The radial extrusion 

 

Let us consider the attitude motion at the 

radial extrusion realization (Fig.6).  

The inertia moments  
0TA t  and  

0TC t  in 

the frame T T T TO x y z  can be calculated as follows: 

 

    2 2

0 2 2 2 ,T F F TA t A C m l r     (16) 

    2 2

0 4 4 ,T F TC t A m l r    (17) 

 

where  
F FA A t

 
and  

F FC C t  — are the 

inertia moment of the current volume of the liquid 

in the single tank in the frame 0 0 0Ox y z  (Fig.5); 

 l l t  — is the distance between the point TO  

and the mass center of the current volume of the 

liquid in one tank along
 T TO x ;  r r t  — the 

distance between the geometrical center of the of 

the single tank and the mass center of the current 

volume of the liquid in one tank along T TO x . 

We must additionally comment the process 

of the liquid extrusion: the foil-type diaphragm 

deforms under the action of the pressure such 

way, that the created empty space (between the 

internal tank’s wall and the sagged diaphragm) 

always has symmetrical lens-type shape (Fig.5). 

In this case the inertia moments (16) and 

(17) have the concretized form: 

 

 
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 (18) 
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 


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
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 (19) 

where
0I  – the inertia moment of the single full 

spherical tank completely filled with the liquid; 

  – the liquid density; R  – the radius of the tank; 

 h h t  – the distance between the geometrical 

center of the tank and the median plane of the 

empty lens-type space (Fig.5); 
1m  – the mass of 

the current extruded volume of the liquid in the 

tank;
1Cz  – the distance between the geometrical 

center of the of the single tank and the spherical 

segment (one half of the ―lens‖). 

 2 3

0 0 0

2 4
,

5 3
I m R m R   (20) 

  
2

1

2 1
2

3 3
m R h R h

 
   

 
 (21) 

 
 

2
2 2

1 3 2 3

3

4 2 3
C

R h
z

R R h h




 
 (22) 

The value l and r are calculated as: 

    1

0 1

m
r t h t

m m



 (23) 

 
   2l t R r t   (24) 

 'Tz R  
Let us consider the linear time-

dependence of  h t : 

 
0 1h t h h t  . 

Now we can plot the graph (Fig.7) for the 

function of the thrust’s hodograph curvature 

 P t at the parameters from the table 1.  

 

Table 1 – The parameters of the SC  

The parameter The value 
3, kg m

 
780 

0 , mh  1 

1, m/ sh  0.025 

R, m 1 
2, kg mSA   8600 
2, kg mSC   18600 

, kgSm  100 

, mSH  2 
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Fig.7 The thrust’s hodograph curvature function 

 P t  at the radial extrusion: 

the function is positive;  

and it has no roots 

 

As we can see, the thrust’s hodograph 

curvature function is positive and has no roots. 

The corresponding hodograph is presented at the 

figure (Fig.8) – as it was expected this hodograph 

is spiral-convolving curve and the corresponding 

attitude dynamics is also ―positive‖ in the above 

mentioned sense.  

 

 
(a) 

 
(b) 

Fig.8 The thrust’s hodograph at the radial 

extrusion of the liquids in the tanks: 
(a) – the schematic monotone type of the hodograph   

(b) – the real implementation 

(G0=1.5 [1/s]; F0=0; r=2 [1/s]; the small blue circle 

corresponds to the initial position) 

 

3.2. The downward extrusion 
 

Let us now consider the second type of 

extrusion – the ―downward extrusion‖ (like at the 

Fig.1). the inertia moments  
0TA t  and  

0TC t  

can be calculated from (11): 

   2

0 4 2 ,T F TA t A m d   (25) 

   2

0 4 4 ,T F TC t C m d   (26) 

where 2 constd R   — is the distance 

between the point TO  and the geometrical center 

of the tank. 

The inertia moments (16) and (17) in 

considering case have the form (18) and (19). 

Also the following values take place: 

  
 

 
 1

0 1

'T
m t

z t R h t
m m t

 


 (27) 

Then the evolution functions  P t  (at the 

conditions from tab.1) is sign-alternating and has 

real roots (Fig.9). 

 

 
Fig.9 The thrust’s hodograph curvature function 

 P t  at the downward extrusion: 

the function is sign-alternating;  

and it has two roots in the open interval t=(0,T) 

 

The corresponding hodograph is presented 

at the figure (Fig.10) – as it was expected, this 

hodograph is not monotonously twisting, and it 

has the first twisting phase (the black section of 

the schematic hodograph – Fig.10-a), the second 

untwisting phase (the red section of the schematic 

hodograph – Fig.10-a) and the third twisting 

phase (the blue section of the schematic 

hodograph – Fig.10-a). So, the untwisting phase is 

realized in the time-interval t=(12..28) where the 

evolution function is negative) – it characterizes 

the attitude dynamics as not-positive because 

inside the ―untwisting phase’s‖ time-interval the 

thrust defocusing takes place, and corresponding 

jet-impulse is ―nebulized in parasite directions‖.  

 

 
(a) 

 
(b) 

Fig.10 The thrust’s hodograph at the downward 

extrusion of the liquids in the tanks 
(a) – the schematic three-section type of the hodograph   

(b) – the real implementation 
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So, as we can see, the radial type of the 

extrusion system is optimal in the dynamical 

sense, when the accuracy of the inter-orbital jet 

impulse increases by the natural way during the 

SC precession motion with the spiral-convolving 

hodograph of the SC longitudinal axis (coinciding 

with the vector of the jet-engine thrust), that in its 

turn corresponds to the precessional motion with 

the twisting nutation cone.  

The attitude dynamics at the downwards 

extrusion is not positive, and we can recommend 

to change this type of extrusion system on the 

radial one – this is the main applied/technical 

result of the fulfilled research. 

 

Conclusion 

 

The attitude dynamics of the SC with the 

variable volume of the liquids (the fuel and the 

oxidizer) in the bunch of spherical tanks was 

investigated based on the qualitative method for 

the analysis of the curvature of phase trajectories. 

Two schemes of the extrusion system (the radial 

and the downward extrusion) were considered.  

As it was shown, the attitude dynamics at 

the downwards extrusion is not positive, that 

results in the complex trajectory of the apex of the 

longitudinal axis of the SC (coinciding with the 

thrust vector of the jet-engine) – this trajectory 

represents the complex spiral with the twisted and 

untwisted sections, and the corresponding attitude 

motion negative affects the jet-engine-impulse.  

Owe of the main results of the work is the 

recommendation of using of the radial extrusion 

scheme instead the downward scheme. The radial 

extrusion scheme is optimal in the dynamical 

sense, when the accuracy of the inter-orbital jet-

impulse increases by the natural way during the 

SC precession motion with the spiral-convolving 

hodograph of the SC longitudinal axis (coinciding 

with the vector of the jet-engine thrust), that in its 

turn corresponds to the precessional motion with 

the twisting nutation cone.  

So, the work additionally confirms the fact 

that the attitude dynamics of the SC with the 

variable mass/structure strongly affects its orbital 

motion.  
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