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Abstract: - In this paper we propose to study the stability of dynamical systems described by a differential
equation or by a system of differential equations. These dynamic systems have applications in technical and
economy. Dynamic systems are taken from the specialty literature, but the study of stability has, by the
following methods, original elements. Stability study has been my field of study in the last 15 years.
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1 Introduction

The study of economic or technical processes
described by a differential equation or a system of
differential equations is difficult. Most times we can
not find the exact solution. We propose then to see
if the dynamic system is stable or not.

Further we mention the notions of: stable
solution, solution asymptotically stable, positive
defined function, negative defined function and
Leapunov function. These concepts are known in
the specialty literature and can be deepened in [3],
[51, [6] and [8]. We consider the differential system
x=f(t,x)

@

where f: Q— R" is a function verifying the
following conditions:

i) f is continuous in the (t, x)

i) f is locally Lipschitz the x on the set
Q= {(t, X) e R* x R”;||x|| < a}

From the theorems of existence, uniqueness
and extension results that, for any point (t, ,x,) € Q,
the system (1) with initial condition x(t,) = X,
admits a unique solution x = X(t, t, , X,), defined on
a maximal interval [t, , T).

Let x = ¢ (t) asolution of system (1) semi-

axis defined by [t, ,+¢].
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Definition 1. Solution ¢ is called stable if for any
&> 0, there exists O (&, t,) > 0, so that X(t,t,,X, ) is
defined on [t, ,+ ] and the inequality

x(t,ty, %,) —p(t)| <& Vte [t + o ]
)

For every [x,|<a checking the condition

||X0 - q)(to)” < 5(811:0)
Definition 2. Solution ¢ is called asymptotic stable
if it is stable and there is u (t, ) > 0, so that

! Lrg“x(t,tol X,) — @(t)|=0

@)

as soon as ||X, — @(t,)| < w(t,)

Definition 3. Real function V defined on
Q={tx e R xR%|x|<a<wo|

is called definite positive if there is a monotonic not
decreasing and continuous function w: R* - R*
such that w(0) = 0; w(r) >0 forr = 0 and V(t,x)
>w (X)) V(t,x) e Q.

Definition 4. We say that V is negative definite if
-V is positive definite.

Definition 5. Function V is called Leapunov
function associated system x= f(t,x) (non-
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autonomous system) if it satisfies the following
conditions:

J) V is continuous together with its derivatives of
the first order (in t and x) on the field Q.

jl) V is positive definite on Q and V(t,0) = o
vt>0

jjj)aa\t/(t, X) + (grad V(t, x), f(t,x)) <0 V(t,X) e Q

We denoted by (,) the scalar product in the
space R" and by grad,V the gradient function V

as a function of x, ie the vector (ﬂﬂ) .
oX,  OX,

We also present three theorems of which the
most used is Leapunov stability theorem for
autonomous systems. These three theorems we
encounter in [3], [5], [6] and [8].

Leapunov's stability theorem for autonomous
systems. We consider the differential system
x= f(t,x) where f:Q - R" R is a function
verifying the following conditions:
i) f is continuous in the (t, X)
i) f f is locally Lipschitz in x on the set
Q= {(t,x) e R" x R”;||x|| < a}

If there is a Leapunov function V(t,x) for
this system, the trivial solution is stable.

Assume further that the function

w(t, X) = %(t, X) + (grad,V(t,x), f(t,x)) is

negative definited on €2 and the inequality occurs:
V(t,X) < u(X)), v(t,x)eQ
continuous and positive function, which cancels

itself in origin. Then the trivial solution of the
system x = f (t, x) is asymptotically stable.

Theorem 1. If Q= R" x R" and the function w
from the condition V(t,X)>w(|) V(t,x)€Q

where 4 is a

has  the  property w(r)=+ o

im
(W:R* > R*;W(0) =0;w(r)>0 forr=0; w
monotonically decreasing), then the assumptions of
Theorem Leapunov stability of autonomous
systems, the trivial solution of the system
x= f(t,x) isglobally asymptotically stable.

Definition 6. Function V: D — R is called
Lyapunov function on D associated autonomous
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differential system x= f(x) if it fulfills the

following conditions:

e)V € C'(D) and V(0)=0

ee) V(x) >0; Vx =0

eee) (grade V(x), f(x) ) <0Vx e D

We add that D=ixe R"[X|<a<+o | ;

f:D—R"; f locally Lipschitz; (,)Is the scalar
product in R".

grad, V is the vector ﬂﬂ
ox,  OX,

Leapunov's dtability theorem for autonomous
systems. If there is an associated Leapunov
autonomous differential system x= f(x) then the
trivial solution of the system x = f (x) is stable. In
addition, if the condition is checked
(grad V(x), f(x)) <0  ¥x=0
then the null solution is asymptotically stable.

If limV(X) =+

x>

then the trivial

solution is globally asymptotically stable.

Example 1. The study of the stability of the the
neoclassical model of the economical increase

The economic model is described by the
differential equation:
fi=sr” —(n+)r
(4)

Sizes that appear are:
[ = K
L Kisthe capital and L is the work force
S

de Y | S are the savings and Y are incomes
@ s a coefficient between 0 and 1 that appears
considering that the production function is Cobb-

Y = KL, 0¢a(l

S

Douglas function

|ﬁ: nL , n is the rate of increase in the work force

Technical progress occurs by introducing

coefficient O . It will be calculated as the ratio of
capital and stock per unit time.

fi+ (N+O)r =sr”

()
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_ ¢l
By substitution y=r we obtain the
differential equation:
2+(N+0)l—a)z=s(1-a)
(6)
The solution of this equation is:
S

7= Ce—(n+5)(lfa)t +
n+o
(7

zZ(t) > C+
For L >® ’ n+o
Knowing that n, s can be positive constants
and C is determined from the initial conditions is
observed that the studied system is stable. This is an
example of a dynamic system for the stability study
is done using the definition of stability in the
qualitative theory of differential equations as
specified in [5].In conclusion, we note that the
capital work force ratio is stable over time and
depends on the increase rate of work force, technical
progress, savings and income. Stability to the
neoclassical model of economic increase has been
studied in [10], but in this paper there are drawn
some conclusions and made statements on the
method of study. The practical application of the
definition in the study of stability is very difficult
because we can not find the exact solution.

Example 2

The model of urban dynamic of type
Lorenz is described by the system of differential
equations (8).

d _

El - ai(azxz a'3xl)

dx

d_z = C1(02X1 _Csxz) — Gy % X5
t

dx

d_t3 = d1X1X2 - d2)(3

(8)
The economical measures that appear are:

%. production of the urban system, X - the number

a.,¢,d,

of residents, X3 _ the rent land and i are

positive parameters.
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We solve the equation det[A- Al 1=0 ie
det[A-4i 1=

B+ 2 (e —aa;+d,)+

A(-aa,d, —ccd, —aa,cc; +

CCaa,)

- a1a3C1C3d2 =0

For the system to be stable, the real part of
the roots of the characteristic equation have to be
negative. There are few cases where the
characteristic equation can be solved exactly and the
resolution can lead to a situation where we can not
say anything about stability.

The stability study using the characteristic
equation can be seen in [13].
Example 3

The evolution model of the capital of a firm
is described by the system of differential equations

9).

d
d_)il: X, X, +bx,
%: X +ax, -1

dt 9)

X = X1(t)! X, = Xz(t)

The economical measures that appear are:

X _ the capital of the firm and X2 - the
volume of the work force.

The mathematical model implies that the
firm is characterized by a function of production in
the form Cobb-Douglas. Solving the system:

{cxlzx2 +bx, =0

X +ax,-1=0 (10)

We obtain the set of the equilibrium points

which we note by €2. So € is the set of the
solutions of the system (10). We study the stability

of the system (9) on R -Q . we study the stability
of the system (9) using Leapunov function for
autonomous systems.

We take as a Leapunov function
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V(Xl,Xz) =

i(cxlzx2 +bx,)? +1(xl +ax, —1)°
2 2 (11)

We verify the conditions which must be
fulfilled by the V function for the system to be
stable.

V>0
(gradV,F)

= (0%, %, +bx )3 (2cx,x, +b) +
(x +ax,—1)’a

if (204X, +0)<0,2<0 {he gystem s
stable. In the system (9) a, b, ¢ are constants. The
system is an autonomous system and for the study
of the stability we apply the method of Leapunov
function for autonomous systems. The conditions of
the theorems have been verified and we obtained the
condition for the system (9) to be stable. In
conclusion, if the product of the capital of a firm
and the volume of the work force less than or equal
to

_2£ si a<O0 the system (9) is stable.
c

This method of construction of the
Leapunov function can be seen in [11], [12] and
[13]. For the stability condition here is notable the
economic sense.

Example 4

The model request-offer was studied by Beckmann
and Ryder in 1969 and by Collel in 1986 and it
presents the reaction that the price p produces on the
quantity g and the opposite. This model is given by
the system of differential equations:

{ p=KkF(p)-kg

q=up— uC(q) (12)
where F(p) is the excess of request and C(q) is the
cost of q.

The system of differential equations (12) is stable on

the set R°—Q if the following conditions are

fulfilled:

#k(pF (p)—aC(q) <0 13)
We study the stability of the system of

differential equations (12)

2 2
V:,up—+kq7

2 (14)
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Is a prime integral and we take it as a Leapunov
function. We verify the conditions from the theorem
of stability Leapunov for autonomous systems. V is
continuous together with its first degree derivatives
and so the first condition is fulfilled. V is positively

defined if we consider # and k positives and so the
second condition is fulfilled.
If (gradV(x),f(x)) =0 (consider the system

in the form X~ f(X)) then the third condition is

also fulfilled and the system of differential

equations given by (13) is stable.

grad (v, f) = uk(pF (p) - aC(a)) <0 (15)
So the system is stable if the quantity g and the

price p are direct proportional with the excess of

request F(p) and the cost of q C(q).

We applied the method of Leapunov function
for autonomous systems. The six stability theorems
for autonomous and non-autonomous systems can
be found in [5]. It is noted that the function has the
form of an energy.

The study of stability of this example has been
presented in [12]. Here it is used in order to
highlight the author's original method to build the
Leapunov function.

Example 5

One of the measures that must be fulfilled in order
to increase the threading capacity for the milling
machine for wheel gear FD-320 is the diminishing
as much as possible of the vibrations that appear in
the threading process. The increase of the threading
capacity but also of the quality of the worked
surfaces leads to the increase of the production
capacity. The vibrations of the supple system are
described by the solutions of system of differential

equations (16) where Jre: Cs: Co are constants
representing the moment of inertia and the last two
constants of elasticity. The choice of the indix was
done taking into consideration the electrical engine,
the tool and the part.

We start with the cinematic system
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X =X

i = Com Cs0 =) +Co =X)
J e C.+Cs+C,

X3 = X,

5= Cs Cunl6 =) +Co 0 — )
Js C.+Cs+C,

X5 = X

XG_&CW(Xl_X5)+Cs(X3_X5)_
Je Cre tCs +Cp

(16)

We build the Lagrange extension following
the method of Prof.dr. Constantin Udriste. For this
we introduce the vectorial field "milling machine"
which has six components

Xl(X17X21X3’X4’X5’X6):

s(%=%)+Cp(% - x)
C.+Cs+C,

X, (%, %, X, Xy, X, X5 ) =

J
X(X %, X3, Xy X, X5) = X,
C.C

ne (X = %) +Cp (% = X;)
C.+Cs+C,

Xy (%%, X, Xy, X, X5 ) =

X5(X1,X2,X3X4,X5,X6):X6

Cp G (% = %)+ Cs (%~ X))
Jp CtCs+Cp

XG(X1’X2’X3’X4’X5’X6)

(17)

X = (X1, Xp Xy Xy X5, Xg)

where and

X = (X0, %o, X5, Xy X5, X5)

The system (16) is an autonomous system in
the form

dx
ot
(18)
The equilibrium points of the system (16) are in

form x = (a,0,3,0,a,0) where a is a constant.
The f function is given by

18 2
_Eiz:l:xi

(19)

=X, (X1 Xy X33 Xgy X5, Xg )

-
(o]
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Represents the energy density associated to the
vectorial field "milling machine”and the euclidian

structure 5” . The geometrical dynamic associated to
the supple system is described by the differential
system of second degree

o|2xi of oX, oX, dx.
D N
dt ox  Fox;  ox o odt i, j= 16
(20)

That proves to be an Euler-Lagrange extension. In
other words, the lagrangian

1& dx
L=— —_X.)?
Zg(dt y
(21)
or

L=2;

(22)

Determines this second degree system with six
degrees of freedom, whose trajectories contain also
the solutions of the system (16). Depending on the
constant values that appear in the system given by
(16),we apply the stability theorems Leapunov for
autonomous systems. As a Leapunov function we
can take the energy density, a langragian or a prime
integrale. If we take as a Leapunov function V = f
given by (19) we observe that:

e)V € C' (D) because f is an elementary function
and it is easy to check that V(o) = 0;

ee) V(x) >0; VX#0 pecause it has the form (19),
which is a sum of squares;
eee) The condition (grad V(x), f(x) ) <0V x e D

gives the stability condition. The stability condition
is a long but not complicated expression and

depends on the constants. Jirer Crer Cs, Cp -

The elements of differential geometry for this
example are presented in [10] and [14] but details of
the stability and the construction of the Leapunov
function can be found only in this paper.

6
x, &,
dt

i=1

Example 6
The study of the stability of the system of the model
given:

My, + 0% +k(q =X, )=0
MX, +CX, + K(x, =%, )=0
(23)
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Gathering part with part the system equations (23)
we obtain:

Mm% + %)+ o) +%)=0 =

dpr /. .

oM+ )+ el +)]=0=

m()'(l + X2)+ C(Xl + X2) = C isafirst integral.

We make the substitutions: y; = X1, Y = Xz, Y3 = X,

Y4 = XZ .
The system (23) becomes:
Vi =Y,
Yo=Y,
. C k 24
ysz_ays_a(yl_yz) (24)
. c k
Y, = _Ey4 _E(yz - yl)

V(Yry2Yays) = [M(y3 +¥4) +C(y1 +y2)) is
Leapunov function for the system (24) so it fulfills
the conditions e — eee from the Leapunov function
definition for autonomous systems.

Applying the Leapunov theorem of stability for
autonomous systems ,it ensues that the system (23)
is stable. The system given by the relation (23) is a
mechanical system, where m is the mass, c is the
damping coefficient, and k is the elasticity constant.
Expressions having the following form mean:

mX force in general;

cX damping force;

kx elastic force.

Elements on the stability of this example can be
found in [5], in this paper there are made some
remarks on the physical quantities that appear and
some calculations.

Exemplul 7

One considers the vibropercutant system that has a
degree of freedom and a percutant coupling which
can be studied with the q coordinate. Between two
successive collisions the differential equation of
movement will be

4+¢(d4,91) =0

(25)

the function ¢(4,a,1) being recurring in
comparison with t, with T. Collisions occur in
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positions q9=-0 at moments t=t (k=1,2,...), and
can be described with the help of the one-sided
function

f()=g+q, =20

(26)

of interest, however, are the recurrent periods of
movement of the vibropercutant system. These

with b TH=TT

recurrent

made
law of

movements
(r=1,2,...).

are

The movement

q=a is the solution to the differential equation
(25) which is obtained for the initial conditions

q(t, +0)=-0,.q(t, +0) =7, =-Rq,
(27)
and the final conditions,

q(tk+1 - O) =-0Qp, a(tk+1 - O) = qc
(28)

e being the speed at the beginning of the collision,
and R, the restore coefficient.

We will study the stability of the linear system, with
a degree of freedom, with differential equation of
movement

M+ cq + kg = Q(t)

(29)

in which m, ¢, k are constants, and Q(t) is a
recurrent function with period T. Besides, the
system is subjected to a one-sided link of form (26).
The study of stability is based on the equation in
variations

MX+cX+kx=0

(30)

The general integral of this equation depends on the

Z“mk. The

study of stability for case c(C, was tackled in [28].

ratio between constants ¢ and Co =

We will further analyze the other two cases.
Case | ¢~ Cer
The solution to the equation (6) will be

_L(t_tk)
x=e 2" [x,(t—t) + %]
(31)

X, X being integration constants which can be
determined from the initial conditions.
We obtain:
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. c . '
X = Aqk _(%qc +. )Atk
X, = _qc Atk
Taking into considering the final conditions:
X(tyyq —0) = —dcAty

Xty -0 =

Ay yg —UeAly g

(32)

in solution (31) we obtain linear equations in
perturbations.

—o T
e <M IT(-RAq)

—LYT c
—e 2M | ——rT+1|-(-Rac )+ rTdg [At,
2m

C
s
~RAGe 2M f1-—rT |+
2m

2m 2m

irT[i(— ch)+q&:}
Atk =

—-€

C
—IT

= Ay g ~eAly (34)

For the system of equations with finite differences
(33+34) one considers solutions of the form

Aqy = v.,Bk; Aty = H,Bk

On condition that the linear and homogenous system
in v and @ admits non-nil solutions, one obtains an
equation characteristic in B of the form

—ﬂqu +

B[2Ra +RrTd - rTq’C].e_%rT +

e M | 2RITh, + R .4c.— M -R7q¢ |+
2m

_2(r:an|:C2r2T2R2 o o?TR . }
Ac

€ q
4m2 ¢ 2m

= 0(35)

where ¢ and g are calculated from the
differential equation of movement.
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mg + ¢ + kq = Q(t)
(29)
The movement is stable if the roots of the equation
(35) is sub-unit in module. So, by applying Schur’s
criterion, the conditions of stability are obtained.

c

[2Rq¢ + R - rTq'C|e_%rT <2~ 4¢|(36)

Casell. c ) Cer-
The solution to the equation in this case will be:

X = Xle_ﬂl(t_tk) + X2e_'32(t_tk)

2
c c k
—/:’1:—— -l — 1 -—=<0
2m 2m m
2
c c k
—ﬁ2=—— -l — | ——=<0(37)
2m 2m m

X1 and X, are constants of integration which are
determined from the initial conditions.

X(ty +0) = —qLAt,
X(ty +0) = Agj —dcAty,
(38)
What is obtained is
X, = Aty (B24¢ +d¢) — AGj
L=
Br=5,
. = Adi —(dc + £140) Aty
, =
Br— P
Giving the final conditions:
X(tgy1 = 0) =—GcAtyyg
X(tye1 —0) = AGy g —GeAtyyg
(32)
From solution (37), linear equations in perturbations
result.

{Atszqz; +g) - Ag, }—ﬂlﬁ )
)
+{Aork ~ (e + Ade)AL, }—ﬂer _
Br= P,
ety (B - By)
) Br= B,

(39)
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| At (Bt +6) — Ay | AT

_'Bl e —
)

| Ady - (g + AGE)AL, | BT
_ﬂz e —

L )
_ (AGy g —GcAty )8 - By) (40)

)

For the system of equations with finite differences
[(39)+(40)] one considers solutions of the form

Aq =v.B5; At = 0.5
On condition that the linear and homogenous system
solutions, the

characteristic equation in B is obtained. The
movement is stable if the roots of this equation are
sub-unit in module. So, by applying Schur’s
criterion, the condition of stability is obtained.

| —(ﬂl‘ﬂz)z[ ch(ﬂz ‘ﬁl)z
-(e_ﬁer +e—ﬂ2rT)

(s + Rq,c)(e—ﬂer —e_ﬁer) ]|

<2 - 5, f Jac|

(41)

The study of the stability of vibropercutant systems
is extremely difficult. The difficulty originates in the
existence of both collisions and different speeds
before and after collision. When considering the
initial and the final conditions, differentials to the
right and to the left can be different.

The study of stability of the dynamic system of
Example 7 was made for the case c¢(c_ in [28] and

in v and ¢ allows non-nil

for the cases ¢~ %o and ¢ ) Cer IN [1]. The paper

[1] was recently presented WSEAS Conference held
in Brasov on 26-28 June 2014.

3. Presenting the methods of the

stability system

In this paper are analyzed seven dynamic models of
economical and technical processes. Economical
and technical processes are described using
differential equations and systems we considered
that this description is correct as it appears in the
specialty literature and the models are have familiar
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names. The study of the stability of systems of
differential equations is a concern of the author in
the last fifteen years. In fact, the original elements
consist of two methods for the construction of the
Leapunov function. We calculate the Lagrangian L,
the Hamiltonian H and the energy density f as these
functions can be used to build Leapunov function.
There is no general method for determining the
function Leapunov and therefore we can say that the
work has elements of originality. If you find a
function that satisfies certain conditions, which in
the specialty literature is called Leapunov function
and is usually denoted by V, we apply the theorems
of stability for autonomous differential systems. As
a Leapunov function can sometimes take energy
density and Hamiltonian. Also as a Leapunov
function can take a full premium or its square. There
are various ways of finding prime integrals, one of
them being that we use the Lagrangian system.

To find the two methods we have relied on
imagination but any step can be argued
mathematically rigorous. Applying the two methods
require mastery of several knowledge on stability,
computational, imagination, and is the result of
studying the stability of the many examples.

4. Conclusions

Example 1 presents a dynamical system
given by a differential equation in which the study is
done by applying the definition of stability. This
example is rare because the dynamic systems which
describe an economical or technical process are
complicated and the exact solution to apply the
definitions of stability can not be found.

Example 2 presents a dynamic system given
by three differential equations. The system is
autonomous. To study the stability, the equation has
to be found and solved and if its roots have the real
part negative then the system is stable. Even if we
can solve the equation we can not always tell if the
system is stable.

In example 3 we have a dymanical system
described by two differential equations. The study
of stability is done using the Leapunov function. We
take as a Leapunov function an energy density.
Finding the Leapunov function is difficult and is an
original idea.
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In example 4 we have a dymanical system
described by two differential equations. The study
of stability is done using the Leapunov function. We
take as a Leapunov function an energy density.
Finding the Leapunov function is difficult and is an
original idea. To find the Leapunov function we can
start from the liniarized original system. We find the
Leapunov function linearized for the system and see
if it fulfills the conditions of the stability theorems.
So the function we found can be a Leapunov
function for the not liniarized system, so for the
initial system which is more complicated.

In example 5 we have a dynamical system
described by the six differential equations. The
stability study is done using the Leapunov function.
We take an energy density as a Leapunov function.
Finding the Leapunov function is made using the
method of teacher Constantine Udriste to find the
energy density, the Lagrangian and Hamiltonian.
Not always the energy density, Hamiltonian or
Lagrangian helps us to study the stability.

In example 6 we have a dynamic system
described by two differential equations. It gathers
two equations and is an integral first. The stability
study is made using the method of the Leapunov
function. We take the first full the Leapunov
function to the power of two. Finding first integral
the Leapunov function is difficult and is an original
idea.

In example 7 we study the movement of an
vibropercutant system. Here the system is subject to
links and we consider movement periodical. To
study the stability we use a special technique
described in detail from Example 7. We arrive at the
characteristic equation and then apply Schur's
criterion and find the conditions of stability.

In conclusion, the study of the stability of dynamical
systems is a complicated issue. There are several
types of stability. The most known is the stability in
disturbances or stability the Leapunov.

Theory tells us that if there is a Leapunov function
satisfying certain conditions we can say something
about the stability of the system. There is no general
method to find the Leapunov function. Finding the
Leapunov function is an element of originality. At
vibropercutante systems appear collisions and the
stability study technique is special and very difficult
and involves many calculations.
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In conclusion, the paper aims to present some
stability study techniques study involving elements
of originality.

It can be seen that quantitative and qualitative
methods in the study of dynamical systems is a
concern of the author and important results were
published in WSEAS Conferences resulting work
[1]1, [2], [41, [22], [23], [24] and [25].
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