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Abstract- The present paper shows the development of a frequency inverter by means of a common source three-phase 

multilevel inverter of 15 steps, this adopts modulations found by means of a multiobjective optimization algorithm, 

developed in Matlab, which allows obtaining a law of voltage vs. frequency that reduces the value of the voltage as the 

frequency decreases maintaining the total of harmonic distortion (evaluated until the harmonic 50 at levels very close 

to 0%, in the entire range of operating frequencies. The control of the inverter is done by FPGA Virtex5. The 

experimental tests shown in the work allow to validate the THD optimization in the whole frequency range and the 

good behavior of the common source multilevel inverter as a frequency inverter. 
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1. Introduction 
The power converters DC/AC, AC/AC and DC/DC are 

very used elements in the current industry, one example 

of this are the frequency inverters, applied in the speed 

control of asynchronous machines [1]; these inverters 

when changing the frequency of the motor supply change 

the synchronous speed and therefore the mechanical 

speed of the motor. This process is carried out by 

obtaining voltages of variable frequency and magnitude 

[2], whose actuation law will depend on the requirements 

of the control technique to be used [3]. 

A well-known principle in the speed control of speed of 

electrical machines is the law of scalar control "V vs f", 

this establishes that in order not to saturate the machines, 

the supply real mean square (RMS) voltage must decrease 

as the frequency falls from its rated value [4], usually to 

make this change of effective voltages and frequency, 

conventional inverters using pulse width modulations 

(PWM) are used. These modulations vary the frequency 

and voltage level by controlling the duration of the pulses 

within the waveform and the period of the same [1]. 

These inverters present problems in terms of power 

quality [5], because their output voltage has a not 

sinusoidal waveform, which causes a high harmonic 

content [6], [7], which can cause heating of the windings 

and generation of opposite parasitic torque in the 

induction machine [7], [5]. Since the voltage waveform 

will depend on the voltage level required and the 

frequency, the THD of the drive changes as the frequency 

and the effective value of the voltage varies, becoming a 

function of the RMS value and the switching frequencies 

THD (Vrms, f) [8]. 

In order to solve this problem of harmonic distortion in 

DC / AC conversion of inverters and inverters in general, 

multilevel power inverters have appeared as a very good 

alternative [9], [10]. Presenting multiple works in the area 

of the optimization of the harmonic content of the 

inverters at constant frequency [11] - [16] and some 

approximations in the application [17] - [19] and the 

optimization in the area of the variable frequency in the 

control of electric machines [15], [20], [21]. Ratifying the 

benefits that multilevel investors have as electric machine 

feeders [22], [23]. 

This is why this article presents the implementation of a 

multilevel frequency inverter of 9 steps per phase and line 

15, which has a low THD and independent of the RMS 

voltage level and the desired frequency, that is, an 

optimized THD in the entire range of operating 

frequencies. Likewise, it uses the multilevel inverter 

topology of common source H bridges, which according 
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to some works is reported as not recommended for 

variable frequency applications due to the saturation of 

the transformers [24] [31], however in this work to the use 

of a design methodology proposed by the authors, it is 

evident that the inverter can be used in these applications 

[25]. 

 

 

2. Multi-Level Inverter With Nine Steps 

Per Phase and 15 Line Steps 
The multilevel inverter topology selected for this work is 

the common source asymmetric cascade H bridge inverter 

with a 2-stage 1: 3 ratio, which generates 9 voltage levels 

at the output of each phase, the potential difference of the 

phase voltages generates a line voltage with 15 steps, this 

topology is shown in figure 1 [11]. 

 
Fig. 1. Cascade asymmetric inverter common source of 

two stage with 9 levels at the out voltage, asymmetry 1:3 

a) topology. b) Output voltage. 

In the Figure 2 shows the three-phase topology that is not 

more than the triplicate of the phase presented in figure 1, 

as you can see the three phases share the DC bus [14]. 

Fig. 2. Inverter topology. 

 

 

3. Mathematical Modelling 
In order to obtain an algorithm that allows to vary the 

frequency and voltage, maintaining a very low value of 

harmonic distortion, it was necessary to obtain equations 

that quantify the RMS value and the THD of the line 

voltage wave, in terms of the shooting angles per phase; 

For this, the Fourier series of the phase voltages were 

determined and the series of the line voltage was 

calculated as the difference of the phase series, as shown 

in equation: 

𝑣𝐴𝐵(𝑡) = 𝑣𝐵(𝑡) − 𝑣𝐴(𝑡)       
In this way, with the Fourier series of the line voltage, the 

RMS value and the THD in terms of the harmonics are 

quantified. In Figure 3 shows the first quarter waveform 

of phase A of a three-phase system of nine steps per phase 

[11] 

 
Fig.3. The ¼ waveform of the modulation in terms of on 

and off angles of each step. 

As the form of the modulation shown saves 1/4 wave 

symmetry, it is only necessary to define the firing angles 

in the first quarter wave, the other parts of the phase 

modulation and the other two phases are constructed by 

trigonometric ratios. In this way we define a vector L = [a 

b c d] that represents the total number of on and off angles 

in each step. The Fourier series for periodic waveforms 

states: 

𝑣(𝑡) =
𝑎0
2
+∑ℎ𝑛 ∗ 𝑠𝑒𝑛(𝑤𝑡 + 𝜑𝑛)

𝛼

n=1

                   (1) 

Where, hn is the peak magnitude of the harmonic n and φn 

their respective phase shift, which are defined as: 

ℎ𝑛 = √𝑎𝑛
2 + 𝑏𝑛

2                                   (2)  

𝜑𝑛 = tan−1
𝑎𝑛
𝑏𝑛
                                      (3) 

The Fourier series for the waveform of Phase A is defined 

by: 

ℎ𝑛 = {

0                                                          𝑓𝑜𝑟 𝑛 𝑝𝑎𝑖𝑟 

4𝑣𝑑𝑐

𝜋𝑛
∑∑(−1)𝑗−1𝑐𝑜𝑠𝑛𝛼𝑖𝑗

𝐿𝑖

𝑗=1

4

𝑖=1

       𝑓𝑜𝑟 𝑛 𝑜𝑑𝑑 
   (4) 

𝜑𝑛 = 0                                          (5) 
Where Vdc is the voltage value of each step, and α_ij is the 

angle j of the step i. 

For phase B, which is displaced 120° electrical with 

respect to phase A, the Fourier series will be defined by: 
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0                                                    for n pair              

4vdc

πn
(∑∑(−1)j−1cosnαij

Li

j=1

4

i=1

)  n odd non mult of 3

4vdc

πn
(∑∑(−1)j−1cosnαij

Li

j=1

4

i=1

)n odd non mult of 3

    (6) 

 

φ𝑛 = {

−                      for n pair                                         
0                         for n odd non multiple of three  
2π

3
(−1)k+1      for n odd non multiple of three 

 (7) 

Where, k is the appearance of the odd harmonic does non 

multiple of three, ie k = 1, for the harmonic 5, k = 2, for 

the harmonic 7, k = 3, for the harmonic 11, so on 

Making the respective differences in terms of the Fourier 

series of Phases A and B, we obtain the Fourier series for 

the line voltage VAB, of which in the article only the 

amplitude of the harmonics in the equation is presented 

(8), since the objective is to minimize the THD and 

calculate the RMS value, for this the phase shifts are not 

required: 

 
ℎ𝑛

=

{
 
 

 
 
0                                                             𝑓𝑜𝑟 𝑛 𝑝𝑎𝑖𝑟                                        

0                                               𝑓𝑜𝑟 𝑛 𝑜𝑑𝑑 non mult of 3

4√3 𝑉𝑑𝑐

𝜋𝑛
[∑∑(−1)𝑗−1𝑐𝑜𝑠𝑛𝛼𝑖𝑗

𝐿𝑖

𝑗=1

4

𝑖=1

]  𝑓𝑜𝑟 𝑛 𝑜𝑑𝑑 non mult of 3

(8) 

 

THD of line voltage 

The IEEE 519 of 1992 defines the total harmonic 

distortion as (9) [29]: 

 
50

2

2

1

100

n

n

h

THD
h


 


        (9) 

Where the harmonic h1 is the fundamental component and 

hn the peak of the harmonic n. Replacing (8) in (9): 

𝑇𝐻𝐷 = 

√∑ (
1

𝑛
[∑ ∑ (−1)𝑗−1𝑐𝑜𝑠𝑛𝛼𝑖𝑗

𝐿𝑖
𝑗=1

4
𝑖=1 ])

2
50
𝑛=2

[∑ ∑ (−1)𝑗−1 cos 1 𝛼𝑖𝑗
𝐿𝑖
𝑗=1

4
𝑖=1 ]

∗ 100                                                                  (10) 
Where n takes odd values do non multiple of three, that is 

to say 5, 7, 11, 13, 17, ... td, and Li are the components of 

the vector L = [a b c d]. 

In the same way, the effective value can be defined in 

terms of harmonics such as: 

𝑉𝑙𝑖𝑛𝑒𝑅𝑀𝑆 = √∑𝑉𝑟𝑚𝑠𝑛
2

𝛼

𝑛=1

                                  (11) 

Replacing an upper bound hmax = 50 the Vrms is determined 

by the equation (12) 

𝑉𝑙𝑖𝑛𝑒𝑎𝑅𝑀𝑆 = 
√∑

(
4√3 𝑉𝑑𝑐

𝜋𝑛
[∑ ∑ (−1)𝑗−1𝑐𝑜𝑠𝑛𝛼𝑖𝑗

𝐿𝑖
𝑗=1

4
𝑖=1 ])

2

2

50

𝑛=1

 𝑓𝑜𝑟 𝑛 

= 5,7,… 𝑜𝑑𝑑 𝑛𝑜𝑛 𝑚𝑢𝑙𝑡 𝑜𝑓 3            (12) 
In this way in (10) the THD equation is defined as the 

objective function to be minimized by the optimization 

algorithm and in (12) the restriction equation, in this way 

the algorithm will look for a modulation with a certain 

RMS value and with the minimum THD, the frequency 

will depend on the implementation times, so the inverter 

can reproduce modulations with a certain frequency, 

voltage level and minimum harmonic distortion 

Scalar Law V/Hz 

In order to avoid the saturation of the machines that the 

frequency inverter feeds, the voltage must be decreased as 

the frequency decreases from its rated value [1], this 

decrease is proportional to the reduction of the frequency, 

and in this work this law takes the form of the function of 

equation (13): 
𝑉(𝑓)

= {
(

𝑉𝑛
𝑓𝑛 − 𝑓𝑖

) (𝑓 − 𝑓𝑖) + 𝑉𝑏𝑜𝑜𝑠𝑡              𝑓𝑜𝑟 𝑓 < 𝑓𝑛𝑜𝑚

𝑉𝑛                                                        𝑓𝑜𝑟 𝑓 ≥ 𝑓𝑛𝑜𝑚

              (13) 

Where Vn and fn are the rated voltage and rated frequency 

of the machine, fi, the initial frequency of the operating 

frequency range, Vboost, the RMS level of the voltage at 

the initial frequency and f the desired frequency at the 

output of the inverter. 

Optimization algorithm 

To develop the optimization of the modulations 

throughout the frequency range, genetic algorithms [28] 

[30] were used as an optimization technique, in order to 

make equation 10 as close as possible to zero and equation 

12 approach to a greater extent a voltage value given by 

the scalar law; in this way the authors propose the 

algorithm shown in figure 4 to solve the optimization 

problem. 

In the algorithm as the first measurement the rated values 

of the machine are assigned, these are line voltage (Vn) 

and rated frequency (fn), the range of frequencies on 

which the control law is going to be entered (fi , ff) and 

the frequency step with which the voltage-frequency 

relation (Δf) is to be calculated. Then the user is given the 

maximum number of generations with which the multi-

objective genetic algorithm (Nmax) should operate in each 

modulation. With these data the algorithm calculates a 

vector of frequencies and a vector of RMS voltage 

according to a law that is designated as a mathematical 

equation V(f), for the case of this work the selected law is 
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the one shown in equation 13. With this for each 

frequency, the algorithm calculates a modulation with the 

respective RMS value and optimum THD. 

 
Fig. 4. Genetic algorithm multi objective optimization 

on the command law V/Hz 

With the help of the Matlab® and the gamultiobj 

command, the algorithms corresponding to the 

mathematical model of the fitness functions (Equations 

10 and 12) and their respective optimization by means of 

multiobjective genetic algorithms were programmed. 

 

 

4. Optimization Algorithm Results 
The rated voltage of the machine is assigned at 220 Vrms, 

the rated frequency 50 Hz, The frequency range of [1 Hz, 

100 Hz] with steps of Δf = 0.5 Hz, the Vboost level is set to 

30 Vrms of line. With these data, the activation angles of 

200 modulations with optimum harmonic content and 

with RMS values that follow the law V vs f given by 

equation 13 with the previous data were obtained. Table 

1 shows a fragment of this information. 

 

 

Table 1. Optimization 
f  k a b c d TC VRMS THD Angle 

1 1 121 0 0 0 121 33,8 0,2742 0,07759 0,16753 2,9178 

1,5 1 121 0 0 0 121 35,7 0,0754 1,02185 1,03020 2,9183 

2 1 85 0 0 0 85 37,6 0,0394 2,52739 2,55259 4,3227 

2,5 1 89 0 0 0 89 39,5 0,0686 1,64416 1,65871 3,9459 

3 1 85 0 0 0 85 41,4 0,1286 1,13806 1,16112 4,4966 

In the first column of the table the frequency of each 

modulation is shown, in the second column it is shown k 

that is the number of steps that the modulation uses in the 

first quarter of a wave without counting the zero step, a, 

b, c and d define the vector L is only used in the table due 

to the low voltage level required for these frequencies, TC 

is the total number of switching angles, VRMS is the 

effective level obtained and THD is the total harmonic 

distortion of the modulation; as angles only three are 

shown, of the TC angles that exist in the modulation. 

Figure 5 shows the graph of the control law 'Vvsf' 

established with the RMS values found by the algorithm 

 
Fig. 5 Scalar relationship V/Hz according the 

Multiobjective algorithm. 

Similarly, in Figure 6 shows the behavior of the total 

harmonic distortion with respect to frequency, the results 

show that in most frequencies is very close to 0%, 

however in the range of [40.5 42Hz] THD exceeds 1% 

and presents a maximum peak of 1.8%. In the same way 

these peaks comply fully with the requirement of 2% 

maximum 

 
Fig. 6. Total harmonic distortion with respect to 

frequency. 
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In this way it is verified that the optimization algorithm is 

capable of generating a command law Vvsf, which 

guarantees a minimum of harmonic distortion at all 

operating frequencies. 

 

 

5. Implementation 
To validate the optimization carried out and the command 

law found, a multi-level inverter prototype of H bridges 

was implemented in cascade, with a common source with 

an asymmetric 1: 3 relationship and with the capacity to 

vary its frequency from 1 Hz to 100 Hz, the design of the 

transformers was carried out following the methodology 

proposed by the authors of this work [25]. 

To measure the total harmonic distortion and the line 

Vrms were used: the Fluke 125 oscilloscope and the Fluke 

434 network analyzer. The network analyzer allows to 

measure the harmonic content of voltages and currents in 

the frequency range close to 50 or 60 Hz, however, for 

this application is not very useful, since it was intended to 

validate the frequencies between 1 and 100 Hz. The 

oscilloscope allows to measure the harmonic content of 

any frequency, however it will not have the same analyzer 

accuracy. Figure 6 shows the assembly of the test 

 
Fig. 6 Assembly of the test 

The results of the validation are given below, in the first 

part the waveforms and the harmonic spectrum given by 

the oscilloscope for several sample frequencies are 

shown. The THD shown is quite low, however it is not 

close to zero percent, this is due to the presence of the 

transformers and the lack of precision of the FFT of the 

oscilloscope, for this reason in the second part the 

validation is done with the analyzer Fluke 434 at 

frequencies close to 50 and 60 Hz. 

Validation of control law V vs F and THD optimization 

The inverter presented an excellent behavior regarding 

the variation of the RMS value of the line voltage, in 

figure 7.a. The waveform of the voltage is observed at a 

frequency of 100 Hz (maximum frequency) and where the 

RMS level is 220 Volts. The optimized harmonic 

spectrum of this voltage is shown in Figure 7. b. 

The THD of the line voltage is 2.7%, being less than the 

5% limit [29]. In figure 8.a. The waveform of the line 

voltage is observed at a frequency of 60 Hz which is a 

frequency above the rated and where the RMS voltage 

level is 220 Volts. 

 
Figure.7 a) Line voltage waveform at 100 Hz  

b) Harmonic spectrum. 

The Figure 8 b shows the optimized harmonic spectrum 

of the line voltage, whose THD is 2.6%, this complies 

fully with the 5% limit for low voltage systems [29]. The 

waveform is identical to the one in figure 7, this is due to 

the fact that modulations with frequencies higher than 50 

Hz are the same because they have the same RMS value, 

only the pulse duration changes and therefore the 

frequency. 

 
Figure. 8 a) Line voltage waveform at 60 Hz  

b) Harmonic spectrum 

In figure 9.a. the waveform of the line voltage is observed 

at a frequency of 40 Hz and where the RMS voltage level 

is 156.9 Volts. As you can see, the waveform is different 

from the previous ones, this is due to the fact that the 

voltage level is lower, since the frequency is below the 

rated frequency. 

 
Figure. 9. a) Line voltage waveform at 40 Hz  

b) Harmonic spectrum. 
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The THD of the line voltage is 1.6%, this value is lower 

than that measured in the previous tests, this is because as 

the frequency drops, the measuring instrument can take 

more samples and make a more accurate calculation. The 

harmonic spectrum can be seen in figure 9.b where the 

optimization is evidenced. 

In figure 10 .a. the waveform of the line voltage is 

observed at a frequency of 20 Hz, the RMS voltage level 

is 93.4 Volts. As you can see, the waveform has a lower 

number of steps than the previous ones, the number of 

levels is only 7, while in the line voltage shown in figure 

9 it was 13 and in figures 7 and 8 it was 15 steps. The 

THD of the line voltage is 1.9% 

 
Fig.10 a) Line voltage waveform at 20 Hz  

b) Harmonic spectrum. 

Validation of the inverter's power quality 

In the following test the frequency inverter was placed to 

operate at 60 Hz and the line and phase voltages 

waveforms were captured to more accurately validate the 

harmonic content, the power quality and the operation of 

the inverter, for this the fluke 434 analyzer was used, 

figure 11 shows the comparison between the three phase 

voltage waveforms measured by the analyzer, Fluke 434 

 
Fig 11. Three-phase voltage waveform 

With respect to phase shifts, the following figure shows 

the phasor diagram of the three phase voltages measured 

by the Fluke analyzer. 

 
Fig 12. Phasor diagram of the three phase voltages. 

Figure 13 shows the harmonic spectrum of the phase 

voltage where it shows that the harmonics present are the 

multiple of three 3, 9, 15, 21, 33 and 45, where the 

harmonic 33 has the greatest magnitude. As for the total 

of harmonic distortion in the observed that the THD is 

10.9%. These harmonics disappear in line voltages, 

allowing the harmonic content of these voltages to be zero 

 
Fig. 13. Harmonic spectrum of the phase voltage 

Figure 14 shows the line voltage waveforms measured by 

the oscilloscope, where it is observed that in the three 

lines the behavior is the same. 

 
Fig 14. Three-phase voltage waveform 

The effective values of the line voltages measured by the 

analyzer are shown in Table 2. 

Table 2. Line voltage RMS values 
Vrms  

líne AB 

Vrms  

líne BC 

Vrms  

líne CA 

217.3 V 217.6 V 219.4 V 

The line voltage RMS values are unbalanced due to the 

small imperfections in the construction of the phase 
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transformers, the unbalance between the line voltages is 

less than the unbalance between the phase voltages, 

presenting a value of 0.34%. 

Figure 15 shows the phasor diagram measured in the 

operation of the frequency inverter connected to an 

induction motor of 450 W in order to observe the 

characteristics of the current. 

 
Fig. 15. Phasor diagram of the three phase voltages. 

This figure shows that the phase differences of the system, 

of ABC positive sequence, is of 0, 120 and 240 electrical 

degrees, in the same way, it shows the lags of the currents 

that enter the motor, and it is clearly observed that the 

system is balanced. 

Figure 16 shows the harmonic spectrum of the line 

voltage obtained in the experiment. 

 
Fig. 16. Harmonic spectrum of the line voltage. 

The given harmonic spectrum confirms the optimization 

performed by the inverter that adopts the modulation 

found by the optimization algorithm. The THD is 0.6% 

higher than that found by the optimization algorithm; due 

to the small disturbances exerted by the transformers used 

by the inverter. Figure 17 shows the spectrum of the three 

line voltages, it shows that the behavior is identical in the 

three voltages. 

 
Fig. 17. Harmonic spectrum of the three line voltages. 

Figure 18 shows the waveform of the stator currents of 

the motor, where you can see a virtually sinusoidal 

waveform in all three phases 

 
Fig.18 Waveforms of the three line currents. 

Figure 19 shows the spectrum obtained in the test. It is 

observed that there is a presence of low order harmonics 

2, 3, 4 and 5 due to the current waveform that the motor 

demands. However the THD is 2.3% a considerably low 

value 

 
Fig. 19 Harmonic spectrum of the line current 

Figure 20 shows the spectrum of the three line currents, it 

shows that the behavior is identical in all three phases 

 
Fig. 20. Harmonic spectrum of the three line currents. 
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6. Conclusions 
Within the review of the state of the art it was found that 

few works have been able to reduce the THD of the output 

voltage of a multilevel inverter below 1%, which is why 

this project gives an important contribution, having a 

wide range of modulations that theoretically have a 

harmonic content in line voltage less than 1% THD. 

The THD measured experimentally for the line voltages 

shows the good functionality of the optimization 

algorithm performed, since in all the tests the THD is 

below 3%, the lowest value measured was 0.6% and the 

highest value of 3%, which are very low magnitudes for 

the Total Harmonic Distortion. 

The command law V vs F found in that work, allows to 

vary the frequency from 1Hz to 100Hz, changing 

proportionally the voltage as the frequency decreases 

from its rated value, according to equation 13, however 

the algorithm can take any form of equation that involves 

V and F. 

Because the optimization proposed in this work is done 

directly in the line voltage, the multiple of three 

harmonics can exist in the phases, since these are 

eliminated when realizing the potential difference 

between them, therefore in the line voltages there will be 

no , this is demonstrated in the mathematical modeling 

developed 

The results regarding the THD of the line voltage, reflects 

the good design of the inverter, since it reproduces the 

waveforms calculated in an appropriate way. Although 

the inverter uses transformers at the output of the H 

bridges, the design thereof minimizes the disturbances 

that they can generate, that is why the THD is low even 

though they are used as variable frequency transformers. 

It is noteworthy that the bridge inverter H in common 

source cascade can indeed be used in variable frequency 

applications as long as the transformers are designed 

properly. 

The feeding of the induction motor with multilevel power 

inverter and optimization of harmonics developed this 

work, offers advantages for the induction motor, such as 

the reduction of the harmonic components of the current 

and voltage, which theoretically decreases the ripple in 

the torque electromagnetic, in the speed and own currents, 

in this way problems like opposing pairs, overheating and 

other inconveniences associated with harmonic distortion 

are avoided. 

The magnitude of the THDi depends on the frequency and 

the filtering performed by the inductances of the motor 

and the transformers. Despite this in all tests the 

magnitude is below 5% and the contributions of each of 

the harmonics is very low 
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