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Abstract: A new market model based on combinatorial auction for electricity trade is introduced, where the central
authority (CA) conducting the auction is integrated with the transmission system operator (TSO). The TSO receives
the consumer demands and prices, and conducts a flow based combinatorial auction for the generators. For every
subset of declared demands, a generator evaluates its potential production cost and bids according to this value.
During the auction the transmission limits of the underlying power network are taken explicitly into account, thus
the transmission capabilities are utilized efficiently. The model enhances most efficient utilization of the concave
production characteristics of the generators. We show that in this concept the TSO is motivated for network
expansion.
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1 Introduction

1.1 Market and auction models in electrical

energy trade

Due to the challenging and important nature of the
problem, market concepts of electricity have been
widely studied [23, 27], and the application of Op-
erations research already provided impressive results
in the field [1]. A significant part of the electricity-
market literature focussing on day ahead markets,
uses auction concepts. [19] describes efficient MIP
formulation and algorithms for European day-ahead
electricity market auctions. [2] provides a nodal ap-
proach for the clearing of day ahead power exchanges,
where n-1 security constraints are also incorporated.

As described by [8], there are several characteris-
tic aspects aspects of electricity auctions, which sep-
arate them from the vast body of general auction the-
ory. The most obvious of these aspects is the structure
of generation costs (e.g. start-up costs, no-load costs,
etc.). Demand and cost uncertainties, which are also
typical features of this sector, are discussed in the pa-
per by [24]. [8] discuss the efficiency of multi-unit
auctions, focussing on the sequential decomposition
of the auction process, and show that the unique Sub-
game Perfect Nash Equilibrium outcome of the hori-
zontal auction is efficient. A centralized power pool
auction, based on multipliers stabilization procedure

is described in [15]. [26] analyzes the bidding behav-
ior of capacity-constrained firms in an electricity spot
market. An application using real market data is pro-
vided by [7].

In general, even if no transmission constraints are
taken into account, the problem may be highly com-
plex in several different levels [8, 17, 9, 10]. Other
models focus on scenarios, where the limited trans-
mission capacity of the underlying physical power
network comes into play.

In available transmission capacity (ATC) mod-
els [13] on the one hand there are internal markets,
where the volume of trading is small enough (or the
transmission capacity of the internal network is high
enough) to say that the network transmission con-
straints never apply, and on the other hand bottlenecks
are present between these internal markets, which
usually correspond to state borders. The effect of in-
tegration of energy markets on market power is dis-
cussed in [22]. If there are differences in the market
clearing prices between the internal markets, the bot-
tleneck transmission capacity rights are auctioned by
the transmission system operator (TSO) to ensure that
these lines are not overloaded. Trivially, as the bottle-
neck gets tighter, the higher price the auction will re-
sult in. This leads to the thwarting situation that from
a certain point of view TSOs may be interested in low
transmission capacities of the power network.

Flow-based methods in general use the Power
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Transfer Distribution Factor (PTDF) matrix to de-
scribe how much load a transaction puts on a cer-
tain network component. The PTDF matrix can be
calculated by network parameters, and it is provided
by the TSO. The auction income distribution of flow-
based explicit auctions is discussed by [18]. [11] per-
form the sensitivity analysis of a flow-based capacity
allocation, proposed by the central allocation office
(CAO) in the Central-Eastern European region. [21]
provide a model which in addition to network con-
straints, also accounts for transmission losses.

The unit commitment approach aims to find the
least-cost commitment and dispatch of a set of gen-
erating units to meet expected load over a time hori-
zon consisting of a fixed number of periods, typically,
twenty-four single-hour periods [27]. A case study of
centralized unit commitment is described by [5, 4].

1.2 Motivation

Despite the liberalization-oriented reform-
environment in the European Union [14], trends
towards centralized regulation of energy prices are
occasionally still prevalent in the Central-European
Region [29]. In our model we do not assume a market
clearing price, rather we account for individual zonal
prices. This approach may be plausible e.g. if the
central authority wishes to guarantee low prices of
electrical energy for domestic consumers, or grants
it at discount prices to accentuated industrial con-
sumers. A market, in which consumers preliminary
and explicitly form their bids (’I need X MWs at a
price of Y’) result in the same scenario.

In this paper we present a one-sided combinato-
rial auction mechanism [6] which accounts for net-
work transmission constraints, and suppose that the
authority conducting the auction is integrated with the
TSO. We do not use the PTDF matrix, rather we show
that directly incorporating the network calculations in
the auction model is possible.

The one-sided concept is motivated by the fact,
that because of their concave production cost charac-
teristics, generators are the key players of the market,
thus the concept of the combinatorial auction for gen-
erators is straightforward for enhancing the efficient
utilization of their production capabilities.

Furthermore we wish to show that in contrast to
ATC market models, where the TSOs may be moti-
vated in bottlenecks, since these are auctioned, in the
proposed model the central authority (integrating the
TSO) is interested in high transmission capacity of the
network.

2 Materials and Methods

In the current paper, we focus on the utilization of gen-
eration capacities, rather than on the implications of
start up costs. For the aim of simplicity we assume
that the consumption demands are to be satisfied only
at one time period. Later we discuss, how the model
may be extended to multiple consecutive time periods
(in other words horizontally).

2.1 Models of the physical components

2.1.1 The DC load flow model of the power trans-

mission network

DC load flow models are representative in the power
system economics literature (see e.g. [28, 30, 25]).
The linear nature of these models allows their appli-
cation even in the case of larger systems. In this paper,
it is assumed that every node of the energy transmis-
sion network is assigned either to a generator or a con-
sumer.

The power transmission system is described by a
graph, the system graph, in which n nodes (or buses)
are connected by m edges, which naturally represent
the transmission lines. We assume ng generators, and
nc = n− ng consumers.

The details of the DC load flow model are de-
scribed in [3]. One of the most important properties of
the DC load flow model is that given a power injection
vector P , the network topology and line parameters,
the flows (qij) can be uniquely determined via linear
equations. We assume that the first ng elements of P
correspond to generators for which the pi values are
negative. Pg will denote the truncated vector, which
holds only the first ng elements of P . During the op-
timization process, these elements of P will represent
the decision variables, while the remaining elements
corresponding to the consumption values will be con-
stant. Pc will denote the remaining part of P corre-
sponding to consumers.

2.1.2 Model of the generators

As described eg. in [8], a generator’s costs to produce
energy fall into two general categories; there is a fixed
"start-up" cost incurred each time a generating plant is
turned on, and variable cost per GWh once the plant
is up and running. There exists an inverse relationship
between the start-up cost associated with a technol-
ogy and its variable cost (for example, a nuclear plant
has a large start-up cost but relatively small variable
cost per GWh, while a gas-steam turbine has a rela-
tively low start-up cost, but incurs a large variable cost
per GWh). Generation plants have a constraint on the
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maximum number of GW they generate at any point
in time and are unable to store electricity, but have
few restrictions on the duration for which they can
generate. Furthermore, as nicely worded by [8], gen-
erators in addition to their various costs, are subject
to intertemporal dispatch constraints that relate their
output in different time periods. These characteristics
create cost dependencies in intertemporal production
so that the average cost of generating a fixed amount
of electricity varies with the dispatch schedule and
number of units generated. Regarding the generated
quantity, generation costs for power plants are typi-
cally non-convex in the normal operational range. In
other words, typically, more the total production ca-
pacity of a plant is utilized, less the production price
of one unit of energy becomes.

In the proposed model, we focus on the concave
generation costs. As for the sake of simplicity, the
proposed model will have only one time period, ini-
tially we neglect the start-up costs, however we will
discuss how these factors may be incorporated in a
possible future extension of the model. Regarding
the generation costs, we assume linearly decreasing
marginal production characteristics for each genera-
tor: 1

cj(pj) = aj −mjpj (1)

where aj [$/MWh] and mj > 0 [$/MWh2] are the
constants describing the production characteristics of
generator j (which depend on the applied technology),
while pj [MWh] is the total power produced by the
generator j. The total generation cost of a generator
can be formulated as: Cj = cj(pj)pj . The vector C
holds the generation costs.

2.2 Model of the auction process

Block orders in electricity auctions allow generators
to offer cheaper prices for delivery in multiple consec-
utive hours, and this way spread out their start-up cost.
Because the presence of block orders, multi unit elec-
tric energy auctions are often regarded as combinato-
rial auctions [20]. It is true that block orders (which
represent the 20% of total trading on some exchanges
according to [20]) do have the fill-or-kill (or all-or-
nothing) property, which means that binary variables
are necessary to model the auction problem, and in
this sense they are analogous to combinatorial auction
problems. On the other hand, while in the classical
combinatorial auction problem [6] each bidder may
place a bid to every subset of the goods, on the most
power exchange mutually exclusive bids are not al-
lowed. In other words, if a generator has 200 MW
generating capacity, it can not submit a 100 MW and
a 150 MW block order for the same period. In our

auction, generators place bids on every subset of the
demands.

We call our auction one sided, since we assume
that the consumption demands and the prices the con-
sumers pay for their amount is given and announced,
and the generators bid at the central authority (CA),
integrated with the TSO, to fulfill these needs. The
integration of the TSO is necessary to take network
transmission constraints into account. Similar to
[24, 17, 27, 10], price-inelastic demand is assumed.

Our model for the auction uses the classical for-
malism based on [6], namely

max
∑

j∈Ng

∑

S⊆M

bj(S)x(S, j)

st.
∑

S∋i

∑

j∈Ng

x(S, j) ≤ 1 ∀i ∈ M

∑

S⊆M

x(S, j) ≤ 1 ∀j ∈ Ng

x(S, j) = 0, 1 ∀S ⊆ M, j ∈ Ng (2)

where bj(S) is the bid that agent j has announced it is
willing to pay for the S subset of the goods (M ). Ng is
the set of generators (or players/bidders). x(S, j) = 1
if the bundle S ⊂ M is allocated to j ∈ Ng and zero
otherwise. In our case, M is the set of all consump-
tion demands. If we take only nonempty subsets into
account, |S| = 2nc − 1, where nc = N is the number
of consumers (each with one demand for the aim of
simplicity). Let us denote the length of vector x by
lx, which is equal to ng times |S|. b is composed of
[b1, b2, ..., bN ] where bj is a vector of length |S| for
all j, containing the bids corresponding to all possible
S for each player j.

The first set of equality conditions in 2 corre-
sponds to the requirement that no overlapping subsets
are assigned. The second constraint ensures that no
bidder receives more than one subset.

For a certain subset of the consumption needs, the
generators are able to calculate their efficiency and
generating price in the forthcoming generation pro-
cess, based on their production characteristics. For
every subset, a generator can evaluate its total produc-
tion in the case that subset is assigned to it, and thus
is able to determine the production price per unit. Ev-
ery generator takes this data into account while plac-
ing bids on the subsets (S) of consumption demands
(M )1. The exact value of the bid is determined by the
profit it aims to reach.

1Two very simple examples: If there is a demand of p1 MWh-
s, at the price of a1 and a generator is able to provide this p1

MWh-s at a price c1 < a1 (depends on the applied technology),
it will place a bid b to the corresponding one-element subset such
that 0 < b < a1 − c1. When bidding on a subset containing p1
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Since the production capacity of every generator
is limited, there may be subsets, for which the total
needed generation value exceeds the production limit.
For these subsets, generators bid 0. The other possi-
bility for zero bid is the case, when the announced
price of a certain consumer for its demand is not
high enough to cover the production cost in itself.
Of course, while the bid on this one-element subset
will be 0, bids on other subsets including this demand
may be greater than 0, because as the total produc-
tion amount rises, the production price per unit de-
creases (as implied by the concave production charac-
teristics).

The profit of a generator may be calculated as

ϑ(j) = Ij −
∑

S⊆M

bj(S)y(S, j) −GCj(x) (3)

where Ij is the income of generator j, b is the
vector of bids, and GCj(x) is the production cost of
generator j, in the case of the auction outcome x.

Let us denote the power injection vector of the
network with P . A pi in{1, ..., n} value is negative if
power is injected at the node (generators) and positive
if power is consumed there. The matrix W represents
the connection between any possible outcome of the
auction, and the power injection vector.

P = Wx (4)

Each column of the matrix W ∈ R
n×lx corre-

sponds to an element of the vector x. E.g. the first
column of W determines the implied power values, if
the first subset of consumption demands is assigned to
generator one. Following [3], the network constraints
may be written in the form of

|BDATB+P | < Q̄ (5)

where the vector Q̄ holds the maximal line power
loads, and matrices A, B+, and BD are determined
by the network topology and parameters. The absolute
value corresponds to the consideration that the flow of
a given line can not exceed its limit in neither direc-
tion. The absolute values can be removed from the
problem e.g. as described by [16].

In this way, network capacity constraints in the
DC load flow model may be reformulated using the
variables of the combinatorial auction problem.

and p2 on prices a1 and a2 respectively, and the generator is able
to produce the amount p1 + p2 at the price c12 the bid b will be
0 < b < a1 + a2 − c12.

3 Results

3.1 The example network

We demonstrate the operation of the proposed method
and analyze its properties on the network example de-
picted in Fig. 1. Nodes 1, 2 and three represent gen-
erators, while nodes 4,5,6 and 7 are the consumers.

1

2

7

5

34 6

Y12=1

Y15=1

Y13=1.1

Y26=1

Y27=1

Y36=1.4
Y57=1

Y45=1

Y46=1

(3)

(1)

(1.5)(4.5)

(6)

Y35=1.4

(7)(2)

Figure 1: The example network. The Y values cor-
respond to the admittance of lines, the in and out-
bound arrows at nodes indicate generation and con-
sumption respectively. The numerical values in paren-
theses at the nodes show the generation capacities and
consumption demands.

We assume that the three generators’production
characteristics are described by the curves depicted in
Fig. 2

3.2 A high throughput network favors effi-

cient production and results in higher in-

come of the central authority

In our first simulation study we wish to analyze the
effect of network congestion on the auction outcome,
thus suppose that the generators use a constant, very
simple bidding strategy. We assume that generators
calculate their potential profit for each S subset of the
4 consumption demands, and if they are able to pro-
vide the corresponding quantity at a production cost
which is less than the potential income determined by
the prior given prices, they bid the 30% of their poten-
tial profit (in other words they sacrifice 30% of their
profit for the central authority in the auction). The
prices per unit corresponding to the consumption de-
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Figure 2: The production characteristics of genera-
tors. pj is the amount of energy generated by gen-
erator j.

mands are [4 4.25 4.33 3.92] (regarding nodes 4,5,6
and 7 respectively).

Let us shortly discuss the results summarized in
Table 1. The firs row corresponds to the case when
generator 1 serves consumer 5, and generator 3 serves
consumers 6 and 7. As we can see, in this case the
network transmission capacity is so low that not every
consumption demand is satisfied (consumer 4 is not
served). This is the reason for the low total generation
cost in this case (compared to the following rows).
It is possible to include constraints in (2) to ensure
that all demands are satisfied (if the network allows
this), but in this case some of the resulting generator
profits may be negative. Of course, in such cases of
regulations, these generators have to be compensated.
At q/Y = 1.5 and 1.75 we can see that generator
2 operates at the total load of 3.5 and 4.5 MWs, in
which range its operational cost is lowest of the three
(see Fig. 2). As the transmission capacity further in-
creases, generator 3, which is capable the most effi-
cient production at high loads, seizes three consumers
for itself, and utilizes its capacities the most efficient
way. generator one is efficient at low loads, thus of-
ten acquires single consumer demands. The increase
in production efficiency implies a higher profit, and
thus a higher bid, which is reflected in the total in-
come (Ic) which increases steadily with the transmis-
sion capacity. This result underlines that in the pro-
posed model, the TSO is not interested in the pres-
ence of bottlenecks. Furthermore let us note that from
q/Y = 1.5 (when already all consume demands are
served), the total generation cost decreases, the pro-
duction becomes increasingly efficient.

4 Discussion

In real life scenarios, start-up/shutdown, or ramp-
up/down and no-load costs contribute significantly to
the total generation cost. Basically, the model is ca-
pable to be temporally extended. The most simple
approach is to simply compose M as the set of con-
sumption demands with time parameters (that is the
start time and end time of the given consumption de-
mand). This way, when generators bid to a given
subset of consumption demands, they calculate their
time-dependent production schedule, and the implied
start-up and shut-down costs and determine their bids
according to this data. The benefit that bids may be
placed to mutually exclusive demands (e.g. when two
demands individually are feasible, but satisfying both
would exceed the production limit of the generator at
certain time) still holds, however the decomposition of
production capacity and transmission constraints for
each time instance is needed. The current manuscript
aims to highlight the basic idea of the proposed con-
cept, and demonstrate, how the individual production
characteristics come into play in the model.

The hourly-detailed approach on the other hand,
may represent a greater challenge for the algorithm. If
we do decompose e.g. a shoulder load demand [8] to
6-8 distinct hours, the cardinality of S, and thus the
number of variables in the combinatorial auction in-
creases exponentially. According to this observation,
the temporal extension of the proposed approach may
only be used efficiently, if continuous consumption
demands are not decomposed to consecutive parts,
which are to be marketed individually. Whether, and
under what conditions this approach serves the con-
sumers interests, should be the subject of a future
study.

In addition, the proposed model is capable of test-
ing and comparing different agent-based methods re-
garding bidding strategies - see [12].

5 Conclusions

We presented a possible combinatorial auction mech-
anism for electrical energy market, which takes net-
work constraints into account. The generators in these
mechanism may place bids for each subset of the con-
sumption demands, enhancing the efficient utilization
of production capabilities. Assuming equally profit
seeking generators, we have shown that the increase
of network transmission capacity results in more effi-
cient production, and increasing income of the TSO.
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q/Y Ic ϑ1 ϑ2 ϑ3
∑

ϑ
∑

GC Λ

1.25 1.20825 2.016 0 0.80325 2.81925 18.9325 {5} {∅} {6,7}
1.5 1.941 0.63 2.219 1.68 4.529 24.49 {6} {4,7} {5}

1.75 2.376 0 3.864 1.68 5.544 23.04 {∅} {5,7} {4,6}
2 2.751 0 6.139 0.28 6.419 21.79 {∅} {5,6,7} {4}

2.5 3.44025 0.55125 0 7.476 8.02725 19.4925 {7} {∅} {4,5,6}
3 3.92025 0.63 0 8.51725 9.14725 17.8925 {6} {∅} {4,5,7}

Table 1: The change of central income (Ic) the profit of single generators (ϑj), the total profit of generators (
∑

ϑ)
and the total generation cost (

∑
GC) as the power transmission constraints get loose. We suppose that the maximal

transmission (q) on each line is linearly dependent on its admittance value (Y ). Λ is the lexicographic enumeration
of Λj-s, where Λj denotes the consumer subsets assigned to each generator.

5.1 Future Works

The proposed model may be easily extended to incor-
porate n− 1 contingency constraints as well (see [2]).

The proposed framework furthermore may be ex-
tended to account for reserves as well. In this case we
may assume that reserve demands are defined by the
TSO, together with the corresponding prices (the price
the TSO is willing to pay for the reserve allocation).
If the maximal ramp up and ramp down rates of the
generators are known, it is possible to calculate the
available secondary/tertiary reserves the correspond-
ing unit may produce in the case of a given production
level corresponding to a given subset of demands. In
this case the generator may bid for the subsets of re-
serves as well with the same approach presented in the
paper.
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