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Abstract: - in paper the new structure of the automatic voltage regulator (AVR) and the power system stabilizer 
(PSS) of the synchronous machines is considered. It is known, that the primary goal, that solved AVR are 
maintenance of a terminal voltage of the synchronous machine according to the reference. For PSS the goal is 
mitigation the electromechanical oscillations of the synchronous machine at various disturbances. For these 
purposes as inputs of AVR and PSS the set of state variables of the synchronous machine is used:  terminal 
voltage, armature current, frequency, speed, power, etc. The key feature of offered excitation control system is 
use only the phasor of terminal voltage for the decision of all above-stated problems, that considerably reduces 
influence of noises and disturbances, simplifies its design and operation. 
 
Key-Words: - Hilbert transform, error function of the complex argument (EFCA), Wirtinger calculus, differen-
tial of EFCA, small-signal stability, transient stability. 
 

1 Introduction 
Now, for excitation control of synchronous ma-
chines, the fundamental role played the feedback at 
terminal voltage [1]. Excitation control is based on 
the calculation the scalar error between the setpoint 
(reference) refV  and the measured terminal voltage 

tV . The resulting scalar error tref VVV −=∆  used 

as the input of the automatic voltage regulator 
(AVR), that is PID controller or its truncated vari-
ants (PD, PI) [2], for field current control. The pur-
pose of this regulation is the exact maintenance tV  

in accordance with refV  in all possible operating 

modes.  That determined the large values of the 
proportional gain of the AVR ( 25≥PK ). However, 

as has been determined theoretically and observed 
in practice [1], in some operation modes of syn-
chronous machines, this leads to a decrease in 

damping component DT  of the electric moment ET , 

proportional to the deviation of the speed ω∆ . This 
is causing the rotor oscillations of synchronous ma-
chines at disturbances in the grid. Therefore, in ad-
dition to the AVR, using feedback to the parame-
ters that reflect the rotor motion – speed, frequency, 
accelerating power, which used in power system 
stabilizer (PSS). This greatly complicates the de-
velopment, subsequent coordination of 
AVR/PSS and commissioning of the excitation 

control of the synchronous machines. 
So, promising is the development of the excitation 
control, which realizes a new type of the feed-
back, which reflects the states of the terminal volt-
age and the rotor motion. 
 Paper includes sections with the following con-
tents. Section II defines the two-dimensional error 
function of the complex argument (EFCA) of the 
terminal voltage phasor and a method of it measur-
ing. This method based on the representation 
the inputs-outputs of the AVR as analytical sig-
nals. Consider the definition of the normal EFCA 
(NEFKA) for steady state of the synchronous ma-
chines. Presented the calculation of the differential 
EFCA at phasor deviations with use the Wirtinger 
calculus, so as shown in the paper, EFCA is not 
analytic function in the whole domain of the termi-
nal voltage phasor. In section III showed the excita-
tion control of the synchronous machine that used 
EFCA at terminal voltage phasor. Impact this exci-
tation control on the synchronising and the damper 
components of the electric moment of a synchro-
nous machine for model “synchronous machine-
infinite bus” is considered. The results of simula-
tions for study the small-signal and transient stabil-
ity with proposed excitation control are given in the 
section IV. The conclusions are summarized the 
contents of this paper. 
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2 Error Function of the Complex Ar-

gument (EFCA). 
The inertia, physical principles of the plant, as well 
as, the limited speed of the signal propagation is 
causing the phase delays, observed between the 
inputs, state variables and outputs of a control sys-
tem. For error, depending on the phase lag of the 
plant output, we formulate: 

Definition 1. Error function of the complex argu-
ment (FFCA) is the difference between the input 
(set point) r  and the output y  of the plant, calcu-

lated on the complex plane C , for it the real axis R 
 is determined by the direction of a complex vector 
 r , and the imaginary axis I shifted an angle π/2 in 
the Cartesian coordinate system. That allows to 
take into account the phase lag deviation of the 
plant complex output at violation the steady state. 

EFCA can be represented in vector or complex 

form: IR jeeyre +=−= , where 1−=j  -  

imaginary unit, Re  - real (in-phase with the  set-

point), and Ie  - imaginary (quadrature setpoint) 

components, fig. 1: 
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Fig.1. Error Function of the Complex Argument 
(EFCA) 
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In the steady state, between the input and output 
of the plant, there is some constant phase delay, 
defining steady states of the inertial elements 
within its structure. That state corresponds to the 
normal error function of the complex argument 
(NEFCA), fig. 2: 
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Fig.2. Normal Error Function of the Complex  

Argument (NEFCA) 
 

Definition 2. Normal EFCA (NEFCA) exist in the 
steady state (equilibrium point) of the plant and 

characterized by equality the magnitudes 00 ry =   

and the normal phase lag 0Nϕ , defined  the steady 

states of the inertial elements within its structure. 
 
At violation the steady state, occurs the deviations 
the magnitude and phase lag of the plant output. 
The deviation of the phase lag ϕ∆  is calcu-

lated, using the Hilbert transform (HT) [3, 4], defin-
ing the input and output as analytical signals, repre-
senting a complex sum of the two orthogonal sig-
nals. The imaginary part of the analytical signal 

)(~)(Im tstZ s =  or the Hilbert transform HT of the 

real signal )(ts  is determined by its convolution 

with the function tπ1 : 
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Then, the analytical signal: 
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and the difference between instantaneous phases of 
the two arbitrary signals [5, 6] is: 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )trtytrty

trtytrty
arctgtt ryyr ~~

~~

⋅+⋅

⋅−⋅
=−=∆ ϕϕϕ  (4) 

So, for steady state, the measured input )(tr  and 

output )(ty  are constant, and taking into account 

the properties of the Hilbert transform [4], the 
measured deviation is 0,0 Nyryr ϕϕϕ ==∆ . In tran-
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sients the deviation of the phase delay occurs 
0≠∆ yrϕ  and defines the structure of the 

EFCA. The deviation of the phase lag in the stable 

transients πϕ <∆ , there is no need to use the un-

wrap-function in (4).               
Next, we consider the application of the EFCA 
for excitation control of the synchronous machines, 
using the vector diagram, Fig. 3: 
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Fig. 3. Vector diagram of the synchronous machine 
with EFCA. 

In the steady state, the setpoint phasor refV  coin-

cides with the synchronous e.m.f. qE  (neglected 

the delay in the excitation system). The magnitudes 
of the phasors setpoint and terminal voltage are 

equal tref VV = , but shifted by the rotor angle 

0SMδ . Thus, it may be determined the NEFCA 

for steady state of the synchronous machine 

with terminal voltage 000 dqt jVVV +=  as: 
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NEFCA (5) in accordance with the definition 2, 
characterized the equality of magnitudes the termi-
nal voltage and setpoint of the excitation sys-
tem and stationary phase state of the iner-
tial element – the rotor of the synchronous ma-
chine. At steady state violation due to disturbances 
in the power system, EFCA Nee ≠1  is: 
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(6)                                                                         

The deviation of EFCA is: 
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EFCA (7) reflects the terminal voltage tV∆  and 

rotor  angle SMδ∆  deviations, and differs from the 

traditional definition of the error in the AVR: 
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 Next we consider the excitation control with 
EFCA at terminal voltage phasor and its impact on 
the small-signal stability for model "synchro-
nous machine -infinite bus" (SMIB). 

3 EFCA Excitation Control.     
If we use the terminal voltage phasor as the input 
for excitation control, we can react to changes in 
both the electromagnetic and electromechanical 
states of a synchronous machine, as take into ac-
count the increments of the terminal voltage and 
rotor angle in case of violation the steady state. 
Control of various plants based on the real signals. 
Therefore, EFCA should be considered as a real 
function of the complex arguments - the output of 
the plant. Accordingly, for excitation control, 
EFCA should be considered as a real function of a 
complex argument – the terminal voltage phasor. 
Also, based on the definition 2, it follows that error 
function between setpoint and the output is always 
there, even in the steady state, and accordingly the 
control should be implemented not by the absolute 
value of EFCA, but to change it. Then, in case the 
steady state violation of the synchronous machine: 
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where 
t

t

V

Ve

∂

∆∂ ))((
- gradient of the real EFCA at 

terminal voltage phasors, t
t V

dt

Vd &=  - derivative of 

the terminal voltage phasors. It is known [5], that 
the nonconstant real-valued function of a complex 
variable is nonanalytic and therefore does not dif-
ferentiate in the accepted sense for the complex 
variables (Cauchy-Riemann conditions). We prove 
this statement with respect to the gradient EFCA 
(9) to introduce the notation for conjugate terminal 
voltage phasor in the steady state: 

0000000 sincos dqSMtSMtt jVVjVVV +=+= δδ

0000000 sincos
~

dqSMtSMtt jVVjVVV −=−= δδ          (10) 

Then, the following theorem can be proved: 

Theorem 1. EFCA is a nonanalytic function for 
entire domain, where define the complex output of 
the plant. 

Proof: We perform a direct method, verify the fea-
sibility of the Cauchy-Riemann equations [5, 6] for 
EFCA (6): 
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The second equation of system (11) shows, that for 
EFCA, Cauchy-Riemann conditions are not met. 
The gradient (9) has the "anisotropy" at change 
the direct and quadrature components of the termi-
nal voltage phasor.▄ 

To calculate the gradient and differential EFCA (9) 
in the whole domain of the terminal voltage phasor, 
we introduce the definition of a real differentiable 
[6] EFCA: 

Definition 3: EFCA called real differentiable if its 
components on the direct and quadrature axes de-
fined as differentiable functions of real variables 
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Thus, EFCA of control system is considered as a 

map 2: RRRCe =×a  and can use the properties 

of the real domain 2R  for the proof [6]:  

Theorem 2. Let EFCA 2: RRRCe =×a  is de-

termined by real variables: 
2
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where tV  and tV
~
 complex and complex-conjugate, 

independent terminal voltage phasors. Then: 

1) the Wirtinger derivatives [5, 6] of EFCA is: 
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where: 

 

 

2) necessary and sufficient conditions for a station-

ary point (equilibrium point) ),,( 00 Ntref eVV  of the 
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Proof: Using the definition of a real differentiable 
EFCA and the chain rule of differentiation of a 
composite function, we obtain: 
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Main requirement, necessary for calculation the 
derivatives of EFCA (12) is the independence 
the complex and the complex conjugate terminal 
voltage phasor. ▄ 

For entire complex domain C  we define the fol-
lowing equivalence: 
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where U  - real vector, formed by the direct and 
quadrature components of the terminal voltage 
phasor, whose values allow to define his complex 
conjugate: 
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Thus, we have three vector spaces, for representa-
tion the terminal voltage phasor of the synchronous 
machine: 

A) complex vectors CVt ∈  (traditional for phasor); 

B) components of the real vectors 2RU ∈ ; 

C) complex and complex conjugate terminal volt-

age phasor 42 RCc ≅∈ . 

We define a bijection (isomorphism) between 
sets (14) (15): 
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The inverse matrix of the coordinate transform: 
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Then can be defined Jacobians: 
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This allows us to determine the differentials of the 
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 differential of the real  EFCA we obtain: 
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Then, the differential of the real  EFCA is: 
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So, the excitation control at EFCA is: 

                  

           (22) 

where K  - gain at deviation of the magnitude ter-
minal voltage phasor, and N  - gain at deviation of 
the rotor angle.                                  

We next consider the application of the excitation 
control (22) for SMIB model (model Heffron - 
Phillips [1]) with static excitation system (type 
 ST2A standard IEEE Std3.421.5-2005 [2]). Block 
diagram of the model shown in Fig. 4: 

 

 

 

 

 

 

Fig. 4. Block diagram of SMIB-model with EFCA. 

 

 In this diagram, the notation of the state vari-
ables, coefficients and time constants in accor-
dance with [1] and in addition the dotted line 
marked the excitation control system of synchro-
nous machine which are designated: TRT - sum-

mary time constant of the excitation control system, 
HT  - block, that performs a Hilbert transform for 
the signals setpoint and the terminal voltage and 
then calculate the deviation of the rotor angle δ∆ , 
N - stabilizing coefficient, the purpose of which 
will be discussed below, AEX KsG =)( - coefficient 

of the static excitation system. At constant me-
chanical torque of a synchronous machine 0=∆ mT  

and the setpoint 0=∆ refV , model in the state space 

{ }tfd V∆∆∆∆ ψδω  is [1]: 
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The increment of the complete electrical moment 

eT∆  of a synchronous machine in case of violation 

the steady state is determined by three compo-
nents - synchronising torque δeT∆ , proportional to 

the deviation of the  rotor  angle, the torque eET∆ , 

proportional to the change of the field  flux link-
age fdψ∆  and damper torque DT∆ , proportional to 

the  speed change ω∆  [1]. Damper moment is al-
ways positive, and taking into account the com-
plexity of determining the damping coefficient 

DK ,  it neglected (i.e., it determines some mar-

gin in the calculation of the stability). Then, the 
increment of the complete electrical moment: 

fdDfd

e

KKKKK

T

ψδωψδ ∆+∆→∆+∆+∆=

=∆

2121

(24)                      

With (23), deviation of the field flux linkage 

fdψ∆ : 

  tfdfd Vaaa ∆+∆+∆=∆ 343332 ψδψ&         (25) 

and taking into account the deviation of the termi-
nal voltage [1]: 

       fdt KKV ψδ ∆+∆=∆ 65                      (26) 

and rearranging, we obtain: 

 

 

 

 

(27) 

where gain 2 with (22) included in AK . Then 

the moment eET∆  is: 
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where  

 

                                                                           
In the literature [1] noted, that at the exist-
ing parameters of the power systems, coefficients 

0),,,( 6432 >KKKK . Appearance, the negative 

damping of the synchronous machines is deter-
mined by the coefficient 5K , which can be nega-

tive, especially for high-speed excitation control. 
Derivation of the analytical expressions for deter-
mining the values AK  and N  with equation (28) is 

rather cumbersome, therefore we considered them 
to calculate a specific example given in [1].  

4. Excitation control with EFCA (Ex-

ample). 
Consider SMIB-model, given in [1], with parame-
ters: 
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 Using these values, and taking into account (28), 
we calculate the complete synchronization and 
damper moments, when the rotor angle deviation is 

1=∆δ  rad. and 0=TRT . Further, we define 

the conditions, under which the synchronization 
and the damper moments, proportional to change of 

the field flux linkage fdψ∆  of the synchronous 

machine is positive: 

 

    

  (29) 

 

 

For model parameters we obtain the next condi-
tions: 

  

 

 

and 

 

 

with domain of admissible values N : 

 

We define 6.1=N . The influence of the gain N  
on the AVR sensitivity at the rotor angle deviation 
shown on Fig. 5: 

 

 

  Fig. 5. Function                           for different N . 

Analysis of the above calculation shows, that 
the excitation control system at EFCA of the termi-
nal voltage phasor has a variable gain of the feed-
back, that defined the initial value for its steady 
state (at small rotor angle deviation) 200=AK  and 

changes  as 
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 in transients (for large 

rotor angle  deviation). Thus, the natural coordina-
tion of tasks by AVR (maintenance of the terminal 
voltage in accordance with a prescribed setpoint) 
and PSS (damping of the electromechanical oscilla-
tions) is achieved.               

The above model was simulated in MATLAB 
[7]. Simulated three-phase  synchronous hydrogen-
erator with rated parameters: power 200 MVA, 
terminal voltage 13.8 kV, speed 112.5 min-1,  con-
nected to the grid with power 10 000 MVA and 
voltage 230 kV through step-up transformer and  
long transmission. For grid, ratio of the inductive 
and active impedance is X/R = 10. AVR with struc-
ture (22) was used to control the thyristor excitation 
system of the synchronous hydrogenerator. We in-
vestigated the small-signal and transient stabilities 
for two different perturbations of the initial steady 
state: 
1)  from  the control input (setpoint of the terminal 
voltage) at 5th s of the simulation  - the step signal 
0.2 p. u. duration 100 ms, which allows to esti-
mate the small-signal stability of the model, 2)  
from the grid - simulated at 10th s of  the simulation 
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-  a three-phase short-circuit duration 300 ms, 
which allows to estimate the transient stability of 
the model. The simulated model shown in Fig. 6: 

 

   Fig. 6. Block diagram of the simulated          
SMIB-model in MATLAB. 

 
The electromagnetic state of the synchronous hy-
drogenerator simulated a system of the differen-
tial and algebraic equations in the Park coordinate 
system [1], taking into account the dynamics of the 
stator windings, rotor and damper circuits, and ties 
the voltage iV , current ii , flux linkage iψ , active 

resistance iR  and inductance iL  of i
th loop, ne-

glecting leakage inductance’s. 

qmqkqkqkq

qmqkqkqkq

fddmdkdkdkd

kddmdfdfdfd

kqmqqqqkdfdmdddd

kq

kqkqkq

kq

kqkqkq

kd
kdkdkd

fd

fdfdfd

dR

q

qsq

qR
d

dsd

iLiL

iLiL

iiLiL

iiLiL

iLiLiiLiL

LINKAGESFLUX

dt

d
iRV

dt

d
iRV

dt

d
iRV

DAMPER

dt

d
iRV

ROTOR

dt

d
iRV

dt

d
iRV

STATOR

+=

+=

++=

++=

+=++=

+=

+=

+=

+=

++=

−+=

222

111

2
222

1
111

,

),(

),(

,),(

:

,

,

,

:

,

:

,

,

:

ψ

ψ

ψ

ψ

ψψ

ψ

ψ

ψ

ψ

ψω
ψ

ψω
ψ

           (30) 

where the notation of the lower indices: qd , - pa-

rameters of the direct d and the quadrature q axes in  
Park coordinate system, kfs ,,  - stator, rotor and 

damper circuits parameters, m   - flux linkages          
parameters. Electromechanical state of the synchro-
nous hydrogenerator was simulated equations (23) -
 (28). The excitation system of type ST2A simu-
lated in accordance with the standards IEEE 
Std3.421.5-2005 [2]. Its main elements are the 
AVR and exciter with the transfer function: 

ee

fd

KsTu

V

+
=

1
             (31) 

where fdV  -  excitation (field) voltage, u   -  output 

of the AVR, ee KT ,  - time constant and gain of the 

exciter, s  - complex variable. For measurement a 
rotor angle deviation used block SIMULINK «delta 
fi», simulated equation (4), Fig. 7: 

 

Fig. 7. Block SIMULINK for equation (4). 

For correct calculate the deviation of the phase de-
lay ϕ∆  ( SMδ∆ ) introduced the lag 2/Z  for   the 

real components of analytical signals input and 
output, where Z  - order of the FIR-filter for Hilbert 
transform. Integration the differential equations of 
the model is performed by numerical integration 
method with variable step tbode23  with a given 

relative error 310− . Simulation results are shown in 
Appendix 1.   

Analysis of the transients shows, that proposed 
excitation control system ensures the accuracy of 
the terminal voltage at different perturbations, 
small-signal and transient   stabilities, and robust-
ness at change the model parameters.   
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5. Conclusion. 

In paper presented the new type of the feedback 
control system, that realized by deviations of mag-
nitude and phase delay of the plant output. In fact, 
the proposed controller (22) is proportional (P-
controller), gain of it is depended by deviation the 
phase delay  (deviation of rotor angle) in transients. 
That provides it high adaptive and robust proper-
ties. Excitation control system by terminal voltage 
phasor of the synchronous machine provides con-
trol of it electromagnetic and electromechanical 
states, and allows us to natural way coordinate the 
AVR/PSS tasks. The next step should be to deter-
mine the method of calculating the required values 
of the gains K and N. 
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 Appendix 1. 
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