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Abstract: - The main goal of this work was to develop a mathematical model in the field of UAV object flight 
dynamics, taking into account the stabilization of its location in space in such a way that the balancing state of 
the flying object can be ensured despite both atmospheric and equipment disturbances. Mathematical model of 
quadcopter dynamics developed using the Newton-Euler method, which describes the exact relationship 
between all variables, significant in the context of the movement of the object in the coordinate system. For this 
purpose, it was necessary to derive linear equations regarding state spaces intended for the design of the 
controller and its further evolution. It should be noted that the issues related to the stability of the quadrotor 
flight in terms of making turns and wear during operation (explosion) of its propellers are due to the 
aerodynamic force and gyroscopic effect during take-off and landing. In addition, vibrations resulting from the 
influence of atmospheric turbulence are an additional disturbance indirectly affecting the stability of the UAV 
object. The created mathematical model of the quadcopter was developed in the Matlab/Simulink programming 
environment, and the obtained test results at the stage of simulation tests were presented in the form of tilts in 
the motion of the considered quadrotor object. In the final stage of this article, based on the UAV object 
research (mathematical model, simulations, tests) and analysis of the results obtained, practical conclusions 
were formulated.  
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1 Introduction  
Currently, modern unmanned aerial vehicles 

(UAVs) are increasingly used in the use of them for 
long-term flights, characterized by the requirement 
both in terms of the need to take more fuel, as well 
as in the context of equipping drones with heavier 
but more efficient sources power supply in the form 
of accumulator batteries [1], [2], [3].  

This situation obliges designers to design a larger 
platform size or to implement a solution to 
significantly reduce the lifting capacity of the UAV 
object.  

In addition, constantly rising fuel costs lead to 
increased competition among flying object 
engineers in the aspect of savings in terms of fuel 
consumption during the flight.  

One of the key solutions is the search for ways to 
reduce energy demand required for long-term flight 
of the flying object, mainly by reducing 
aerodynamic drag.  

In addition, it should be noted that an interesting, 
but still not fully explored area are, among others 
unconventional aerodynamic constructions.  

 
 

 They mainly include constructions with reduced 
or no tail section, i.e. flying wing systems or a 
newer concept, i.e. the BWD (blended wing body).  

It is estimated that their use can provide savings 
of up to about 25% less in-flight resistance 
compared to the latest conventional flying 
apparatuses [4], [5].  

The flying wing is an aerodynamic system that 
does not have a clear division between the fuselage 
and the wings, unlike the flying wing system, which 
does not have a distinctive fuselage. In addition, the 
BWD design usually does not have a tail section.  

The potential advantages of this type of solution 
are wings with a high lift coefficient, i.e. supporting 
fuselage, which means that the structure as a whole 
produces lifting force reducing the size and thus the 
resistance generated by the wings as a separate part 
of the object [6], [7], [8].  

The blended wing is characterized by much 
greater aerodynamic excellence compared to a 
conventional aircraft, ensuring greater fuel savings.  

This type of construction, despite the potential 
profits and possible applications, also has properties 
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that require the use of unconventional technical 
solutions.  

It should be noted that in conventional 
constructions the center of gravity is slightly in front 
of the pressure center, which causes the aircraft to 
tend to fly downwards.  

Horizontal stabilizers placed in the tail part of the 
aircraft create an anti-motion moment, which allows 
a steady flight of the aircraft (flying in a straight 
line, without changing the height of the flight 
without the intervention of the pilot).  

It should be noted that in the case of a blended 
wing, the moment action arm counteracting 
unbalancing moments is short, the issue of the 
position of the center of mass of the aircraft begins 
to be a significant problem [9], [10].  

In addition, the lack of horizontal stabilizers 
means that to ensure an adequate reserve of 
longitudinal stability it is necessary to use an 
electronic control system FBW (fly-by-wire).  
 
 
2 Object reference systems  

Complete aircraft characteristics are obtained by 
combining three reference systems associated with 
the aircraft and an inertial reference system related 
to the UAV object [11], [12], [13].  

It is assumed that the total movement of the 
UAV object is a combination of the body center of 
gravity motion and rotational motion of the body as 
a rigid body.  

The center of gravity movement results from the 
position of the axis in the aerodynamic reference 
system over time.  

The total movement of the body as a rigid body 
therefore arises from the position of the axis in the 
reference system associated with the aircraft, 
relative to the axis in the aerodynamic reference 
system [14], [15], [16].  

In the context of the needs of further 
considerations in the field of object stability, an 
aerodynamic reference system is used.  
 
 
2.1 Inertial reference system (Earth-related)  

The inertial reference system is the only system 
in which Newton's laws of dynamics are applied. It 
is assumed that the Earth is flat and not rotating 
(Fig. 1).  

Given the typical length and the duration of local 
UAV flights, and the fact that the angular velocities 
of the aircraft are much higher compared to the 
angular velocity of the Earth, the assumption of a 
flat plane is justified [17], [18].  

The horizontal plane in this reference system 
coincides with the surface of the Earth, and the 
origin of the reference system is at the most suitable 
point in the case under consideration, e.g. a runway.  

 
Fig. 1 Inertial reference system  

 
 
2.2 The reference system associated with the 

body  
The reference system is associated with the body, 

with its origin in its center of gravity (Fig. 2). It is 
assumed that gravity is the same at every point, 
hence the center of gravity coincides with the center 
of body mass [19], [20], [21].  

 
Fig. 2 Reference system associated with the body  

 
 
2.3 The reference system associated with the 

flow  
The reference system is similar to the body 

related reference system in axis directions, except 
for the X axis, which is always parallel to the flow 
velocity vector [22], [23], [24].  
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The Z axis is in the plane of symmetry of the 
aircraft, while the Y axis perpendicular to the other 
two axes is directed towards the right wing (Fig. 3).  

 
Fig. 3 Aerodynamic reference system  

 
 
3 Control surfaces  

Control instruments are aerodynamic devices 
used to rotate the aircraft around its selected axis. 
The tested UAV is equipped with 6 steering gears, 
respectively: (δ1, δ2, δ3, δ4, δ5, δ6).  

When modeling a classic airplane, a standard 
rudder system is used, namely: elevator (δE), rudder 
(δR) and ailerons (δA) [25], [26], [27].  

To facilitate the creation of the BSP model, it is 
necessary to determine the relationship between the 
deflections of individual control devices in the UAV 
(δ1, δ2, …, δ6) and the forces, as in the classic model 
(δE , δR, δA).  

 
Fig. 4 Control surfaces arrangement  

Control surface deflection is determined in 
radians, where a positive deflection causes a 
negative moment.  

Surfaces δ1, δ2, …, δ6, which act as rudder, work 
synchronously (Fig. 4). Both parts of the wing have 
identical sets of aerodynamic devices [28], [29].  

For control purposes it is desirable that the 
control surfaces on one part of the wing swing 
simultaneously.  

Therefore, according to the conditions described 
above, the following relationships (1), (2) and (3) 
can be established [30], [31]:  

δ4 = δ5 (1) 

δ1 = δ6 (2) 

δ2 = δ3 (3) 
In order to link the arrangement of devices in 

UAV with devices in the classic control system, 
apparent, replacement control devices (4), (5) and 
(6) are created:  

δ𝐸 = (δ2+δ3+δ4 + δ5)/4 (4) 

δ𝐴 = (−δ2−δ3+δ4 + δ5)/4 (5) 

δ𝑅 = (δ1+δ6)/2 (6) 
By combining the above equations, the 

relationship between real and substitute control 
devices can be represented in the form of a matrix 
(7):  

𝛿𝑉 = [𝑇𝑉𝑅]𝛿𝑅 (7) 
where: V and R in superscript represent substitute 
and real control devices respectively.  

Considering the above, δV and δR can be 
considered as (8), (9):  

𝛿𝑉 = [δ𝑅 δ𝐸 δ𝐴 δ𝑇 δ𝑇 δ𝑆 0 0 0]𝑇 (8) 

𝛿𝑅 = [δ1 δ2 δ3 δ4 δ5 δ6 δ7 δ8 δ9]𝑇 (9) 

The matrix transforming the deflections of real 
control devices into the deflections of replacement 
control devices is as follows (10) [32], [33], [34]:  

𝑇𝑉𝑅 =

[
 
 
 
 
 
 
 
 
 
 
 
1

2
0 0 0 0

1

2
0 0 0

0
1

4

1

4

1

4

1

4
0 0 0 0

0 −
1

4
−

1

4

1

4

1

4
0 0 0 0

0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
1 0 0 0 0 −1 0 0 0
0 1 −1 0 0 0 0 0 0
0 0 0 1 −1 0 0 0 0]

 
 
 
 
 
 
 
 
 
 
 

 (10) 

Control devices such as drive and landing gear 
are unambiguous mappings (one-to-one mapping of 
data).  
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The virtual actuator δS on the ground is 
controlled by signals coming from the rudder, while 
it is inactive during flight.  

The relationship between actual control surfaces 
and specific replacement control devices can be 
definitively recorded as (11):  

𝛿𝑅 = [𝑇𝑉𝑅]−1𝛿𝑉 (11) 
It should be noted that with the help of the 

relationships established above, the modeling 
process is greatly facilitated by the possibility of 
using the definition of classic control devices 
(ailerons, rudder, elevator, propulsion).  

After obtaining the appropriate model, defined 
with the help of replacement devices, it can easily 
be converted to the model determined by real 
devices using equation (11).  
 
 
3.1 Parameters of stability and control of the 

UAV object  
The change of force or moment caused by the 

change of normalized motion variables or control 
surface deflections are described by dimensionless 
quantities.  

These types of parameters can be calculated from 
the first principle of dynamics, numerical methods 
for calculating fluid dynamics, wind tunnel 
measurements, in-flight data, and during 
identification of control systems [35], [36].  

In addition, the above parameters allow 
comparison of aircraft of different sizes.  

By expressing dimensionless stability and 
control parameters in an aerodynamic system, the 
following equations (12), (13) and (14) are obtained:  

𝐶𝐷 = 𝐶𝐷0
+

𝐶𝐿
2

𝜋𝐴𝑒
 (12) 

[
𝐶𝑦

𝐶𝐿
]

= [
0

𝐶𝐿0

]

+

[
 
 
 
 0 𝐶Υ𝛽

𝑏

2𝑉̅̅̅̅
𝑎

𝐶Υ𝑝
0

𝑏

2𝑉̅̅̅̅
𝑎

𝐶Υ𝑟

𝐶𝐿𝛼
0 0

𝑐̅

2𝑉̅̅̅̅
𝑎

𝐶L𝑞
0

]
 
 
 
 

[
 
 
 
𝛼
𝛽
𝑝
𝑞
𝑟]
 
 
 

+ [
𝐶Υ𝛿𝐴

0 𝐶Υ𝛿𝑅

0 𝐶L𝛿𝐸
0

] [

𝛿𝐴

𝛿𝐸

𝛿𝑅

] 

(13) 

[

𝐶𝑙

𝐶𝑚

𝐶𝑛

]

= [
0

𝐶𝑚0

0

]

+

[
 
 
 
 
 
 0 𝐶𝑙𝛽

𝑏

2�̅�𝑎
𝐶l𝑝 0

𝑏

2�̅�𝑎
𝐶l𝑟

𝐶𝑚𝛼
0 0

𝑐̅

2�̅�𝑎
𝐶m𝑞

0

0 𝐶𝑛𝛽

𝑏

2�̅�𝑎
𝐶n𝑝

0
𝑏

2�̅�𝑎
𝐶n𝑟]

 
 
 
 
 
 

[
 
 
 
𝛼
𝛽
𝑝
𝑞
𝑟]
 
 
 

+ [

𝐶𝑙𝛿𝐴
0 𝐶𝑙𝛿𝑅

0 𝐶𝑚𝛿𝐸
0

𝐶𝑛𝛿𝐴
0 𝐶𝑛𝛿𝑅

] + [

𝛿𝐴

𝛿𝐸

𝛿𝑅

] 

(14) 

For the purpose of this work, the movement of 
whirling wind simulation program of the AVL 
company was used, which created its own standard 
in the field of AST (Advanced Simulation 

Technology) simulation process technology. This is 
to determine stability and control parameters.  

In equation (12), A - defines airframe elongation,  
𝐶𝐷0

 - coefficient, and e - defines Oswald's efficiency 
factor.  

However, in equations (13) and (14), 𝐶𝐿0
 - is the 

static lift coefficient, while 𝐶𝑚0
 - is the static 

moment coefficient.  
Shape conditions can be written in the following 

form (15) [37]:  

𝐶𝜆𝜖
= 

𝜕𝐶𝜆

𝜕𝜖′
 (15) 

where: 𝜖 is equal to (16):  

𝜖′ = 𝑛𝜖 (16) 
Shape conditions recorded in the form of 

equation (15) represent dimensionless stability and 
control parameters with n as the normalizing factor 
𝜖.  

For the angular velocity of inclination, the 
normalizing factor is 𝑐̅

2�̅�𝑎
, and for the tilting and 

deflection velocity 𝑏

2�̅�𝑎
.  

Thus, any change in 𝜖′ causes a change in 𝐶𝜆 and 
is recorded as 𝐶𝜆𝜖

. In turn, strength and the moment 
is symbolized by 𝜆, while the normalized kinematic 
state – by 𝜖′ symbol.  

In the presented model, the first degree stability 
parameters were omitted. Only first-level 
parameters 𝐶𝐿𝛼

 and 𝐶𝑚𝛼
 quantifying effects such as, 

among others, flow (downwash lag). For the 
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blended wing, flow is negligible due to the lack of 
the tail section of the airframe, hence it is assumed 
that the additional mass is negligibly small for 
modeling calculations.  

Additionally, it is assumed that the stability and 
control parameters are not a function of the 
rotational dynamics of the rigid body, but rather the 
parameters of this dynamics.  

It should be noted that this type of assumption is 
true for the operating aircraft in a narrow range of 
the angles of attack and significantly simplifies the 
analysis of the control system.  

 
 

3.2 The forces of gravity  
Rotational dynamics equations require 

coordination of the gravity vector with the axes of 
the aerodynamic system. For this purpose, a rotation 
matrix is used to coordinate the gravity vector (G), 
having a fixed position in the inertial space, with the 
axes of the aerodynamic system (W).  

The moment of gravity is zero, because the 
vector of this force passes through the center of 
gravity, which can be written in the form of the 
following equation (17):  

[

𝑋𝑊
𝐺

Υ𝑊
𝐺

𝑍𝑊
𝐺

] = [𝐷𝐶𝑀𝑊Ι] [
0
0

𝑚𝑔
] (17) 

where: g - is gravitational acceleration, m - mass of 
the aircraft, and 𝐷𝐶𝑀𝑊Ι - is the transforming matrix 
of rotation.  
 
 
4 Sample simulation results in the 

AVL program  
As mentioned earlier, AVL is software that uses 

modeling methods using the network of whirls.  
The drawings below (Fig. 5-8) illustrate how 

stability and control parameters are discussed in part 
change with a linear change in the center of mass 
position within the range from a static position to a 
statically non-static position.  

In the figures below, a value of 0% means a 
change in the center of mass position, corresponding 
to the case when the aircraft is statically stable, and 
100% is the case in which the change occurs when 
the center of mass is in the extreme rear statically 
unstable position.  

The data presented in this part (chapter 4) 
correspond and are valid for the model used by one 
of the scientific circles of the Polish Air Force 
University.  

 
Fig. 5 Percentage change in parameters 𝐶𝐿𝑞

, 𝐶𝑚𝑞
, 𝐶𝑚𝛼

, 
𝐶𝑚𝛿𝐸

 due to the change in the center of mass position  

In the figure above (Fig. 5), the parameters 𝐶𝐿𝑞
, 

𝐶𝑚∝
 i 𝐶𝑚𝛿𝐸

 change linearly with the position of the 
center of mass, with the 𝐶𝑚𝑞

 parameter showing a 
quadratic relationship with the tested position of the 
center of mass.  

In addition, the parameters 𝐶𝑚𝛿𝐸
 and 𝐶𝑚𝑞

, 
depending on the moment arm 𝑙𝑇, show an approx. 
25% change in the function of the center of mass 
position change, which means that the aerodynamic 
center of the replacement horizontal stabilizer must 
be in front of the edge of the proper wing.  
 

 
Fig. 6 Percentage change in parameters 𝐶𝐿𝛼

, 
𝐶Υ𝛽

, 𝐶𝐿𝛿𝐸
, 𝐶n𝛽

 due to changes in the center of mass 
position  

The above figure (Fig. 6) confirms the reasoning 
carried out in [38] showing that the parameters 𝐶𝐿𝛼

, 
𝐶Υ𝛽

 and 𝐶𝐿𝛿𝐸
 basically remain unchanged in relation 

to the position of the center of mass.  
In addition, the parameter 𝐶𝑛𝛽

 shows an approx. 
10% change, therefore for the purposes of the 
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control system analysis it is assumed that it remains 
constant with the change of the center of mass 
position.  

In turn, the next figure (Fig. 7) shows that the 
parameters 𝐶Υ𝛿𝑅

, 𝐶l𝛿𝑅
 and 𝐶l𝛿𝐴

 remain constant with 
a change in the position of the center of mass, 
because they change by 4%, confirming the 
arguments included in [38].  

The parameter 𝐶Υ𝛿𝐴
 shows a change of less than 

15%, therefore, similarly to 𝐶𝑛𝛽
 is recognized for 

the purposes of the control system analysis, it 
remains constant when the center of mass position 
changes.  

 
Fig. 7 Percentage change in parameters 𝐶Υ𝛿𝑅

, 
𝐶l𝛿𝑅

, 𝐶Υ𝛿𝐴
, 𝐶l𝛿𝐴

 due to changes in the center of mass 
position  

Data for modeling the object presented in the 
next figure (Fig. 8) show compliance with the 
arguments included in [38], because the parameters 
𝐶n𝛿𝑅

, 𝐶Υ𝑟
, 𝐶𝑙𝑟 and 𝐶𝑙𝑝, change by less than 10%, 

which means that for the purposes of analysis of the 
control system they are considered constant at the 
changing center of mass.  

 
Fig. 8 Percentage change in parameters 𝐶n𝛿𝑅

, 𝐶Υ𝑟
, 𝐶l𝑝 , 𝐶l𝑟   

due to changes in the center of mass position  

5 Conclusions  
A detailed analysis of key stability and potential 

control parameters of the object carried out in 
Chapter 4 and the results of their simulation suggest 
that the most important parameters from the point of 
view of lateral motion dynamics can be considered 
to be independent of changes in the center of mass 
position with a high degree of certainty.  

It is clearly shown that with the change of 
position of the center of mass, the lateral stability 
remains at an acceptable level, simultaneously with 
the significantly changing longitudinal stability.  

This causes that the problem of stability changes 
is the same as for a conventional aerodynamic 
system, which also allows the use of conventional 
solutions in the scope of tilt and deviation control, 
when designing the control system.  

It should be noted that all stability and control 
parameters occur as linear or to significant insights 
(Figs. 5-8) assumption (through the possible use of 
quadratic center of gravity position functions for 
possible verification of simulation software) for 
conventional lateral control system using complete 
dynamics of variable stability aircraft.  

In addition, the analysis of the most important 
results for longitudinal stability leads to important 
conclusions and justifies longitudinal stability as the 
most important problem when considering the 
overall stability of an aircraft.  
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