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Abstract: - In this paper, the natural frequency, critical fluid velocity and stability analysis of piezoelectric 
biomedical nanosensor (PBMNS) based on cylindrical nanoshell conveying viscous fluid is investigated using 
the electro-elastic Gurtin–Murdoch surface/interface theory. This system subjected to nonlinear electrostatic 
field and viscoelastic medium including visco-pasternak and damping coefficients. Hamilton’s principle and 
the assumed mode method combined with Euler – Lagrange is used for the governing equations and boundary 
conditions. It is shown that fluid velocity due to motion of biomarkers has major unpredictable effects on 
natural frequency and critical fluid velocity of the system and one should precisely consider their effects.  
Key-Words: - Piezoelectric biomedical nanosensor, Natural frequency, Instability, Critical fluid velocity, 
Nanoshell, Gurtin–Murdoch surface/interface theory, Electrostatic force, Visco-Pasternak medium. 
 

1 Introduction 
Nanotechnology is a multidisciplinary branch of 
science which encompasses numerous diverse fields 
of science and technology, pharmaceutical, 
agricultural, environmental, advanced materials, 
chemical science, physics, electronics, information 
technology, and specially biomedical fields such as 
imaging agents, drug delivery vehicle, diagnostic 
tools, etc. to save human life along with other areas 
by application of engineering skills in surgical 
diagnosis, monitoring, treatment, and therapy etc. In 
recent years, the application of nanotechnology 
shows further advancement in several specific areas 
in biomedical such as drug targeting, bio-
diagnostics, bioimaging, and genetic manipulation 
[1]. For example, in head and neck cancer (tumors) 
and breast cancer cells, image-guided laser ablation 
and photothermal therapy with laser light and 
plasmon naturals are the promising minimally 
invasive techniques currently being investigated as 
an alternative to conventional surgical interventions. 
For increase the conformality of therapy delivery, 
the use of tumortargeted nanoparticles, especially 
metallic nanoshell, which are preferentially targeted 
to the tumor and, thereby enhance the safety and 
efficacy of the overall procedure, are proposed [2-
5]. For detection of a wide range of biomarkers such 
as cancer biomarkers many of materials such as 
carbon nanotubes, magnetic nanoparticles, gold 
nanoparticles and nanowires and other materials 
have been presented and developed [6]. Recently 
Gold nanoshells (AuNSs) and nanotube-based 
composite sensors have been intensively 
investigated and applied for medical application [7-

11]. Also, a nanosensor is proposed for detection of 
cancer cells located in a particular region of a blood 
vessel [12] and for detection of cancer biomarkers in 
serum at ultralow concentrations [13]. Recently, a 
research project will lead to development of a new 
category of nanometer-sized chemical and 
biological sensors that are compatible with the 
intracellular environment and will enable new 
hypotheses to be tested in the role of metabolic 
coupling in pancreatic alpha cells and a range of 
other cellular systems involved in the regulation of 
normal human health [14]. With the development of 
material science, the piezoelectric nanosensor and 
nano actuator play an important role for medicine 
applications and have been fabricated as nano-
beams, nano-plates, nano-membranes and nano-
shells [15-17]. One of the most important scientific 
concepts in the design and fabrication of this 
nanosensor, and due to the high sensitivity that can 
be found in medical applications, is the analysis of 
dynamic and vibrations considering of nano-
mechanical theories. Because of the large ratio of 
surface area to volume in nano-scaled structure, the 
behaviour of surfaces and interfaces lead to a 
significant factor in controlling the vibration 
analysis of piezoelectric Nano biomedical sensor 
based on nano-shell. In this case some non-classical 
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continuum theories such as the electro-elastic 
Gurtin–Murdoch surface elasticity theory have been 
introduced to develop the size-dependent continuum 
models [18-19]. In the past two decades, 
investigating the surface effects on the mechanical 
behavior of nanostructures has become one of the 
attractive research areas in nanomechanics, as 
evidenced by the large number of publications on 
this issue [20-25]. Recently, Zhu and Fang et al. 
studied free and forced vibration analysis of nano-
sized single and double shell structures with 
piezoelectric layer based on GM surface/interface 
theory [20-21]. Ghorbanpour Arani et al. studied on 
vibration analysis of double walled visco-carbon 
nanotubes under magnetic fields [22]. In another 
research by Ghorbanpour Arani et al., nonlinear 
vibration of nano sheet with small scale and surface 
effects are investigated by using of nonlocal and 
surface piezoelasticity theories [23]. Also, vibration 
analysis of viscoelastic DWCNT unified with ZnO 
layers and subjected to magnetic and electric fields 
are studied by Fereidoon et al. [24]. Surface stress 
effect on the vibration of nanoscale pipes based on a 
size-dependent Timoshenko beam model is 
investigated by Ansari et al. [25].  Ye et al. 
presented a unified solution method for the free 
vibration analysis of composite shallow shells with 
general elastic boundary conditions [26]. Fazollari 
developed an analytical formulation for free 
vibration analysis of doubly curved laminated 
composite shallow shells by combining the dynamic 
stiffness method and a higher order shear 
deformation theory [27]. Mirza and Alizadeh 
investigated the effects of detached base length on 
the natural frequencies and modal shapes of 
cylindrical shells [28]. Loy et al. presented the free 
vibration analysis of cylindrical shells using an 
improved version of the differential quadrature 
method [29]. An analytical procedure to study the 
free vibration characteristics of thin circular 
cylindrical shells was presented by Naeem and 
Sharma, in which Ritz polynomial functions are 
used for solution of the problem [30]. Zeighampour 
et al. investigated wave propagation in viscoelastic 
single walled carbon nanotubes by accounting for 
the simultaneous effects of the nonlocal constant 
and the material length scale parameter and visco-
Pasternak foundations [31].  
In the present study, the natural frequency, critical 
fluid velocity and stability analysis of piezoelectric 
biomedical nanosensor (PBMNS) based on 
cylindrical nanoshell conveying viscous fluid is 
investigated using the electro-elastic Gurtin–
Murdoch surface/interface theory and considering 
von-karman-Donnell's shell model. This system 

subjected to nonlinear electrostatic field, 
viscoelastic medium including visco-pasternak and 
damping coefficients. Hamilton’s principle and also 
the assumed mode method combined with Euler – 
Lagrange is used for the governing equations, 
boundary conditions and for changing the partial 
differential equations into ordinary differential 
equations. Also stability analysis and dimensionless 
natural frequency (Ωഥ) versus fluid velocity (ݑത௙) 
dimensionless of a piezoelectric biomedical 
nanosensor are accurately studied with respect to the 
different geometrical and material parameters.  
 
 

2 Mathematical formulation 
A piezoelectric biomedical nanosensor shown in 
Figure 1 based on cylindrical nanoshell embedded 
with a visco-Pasternak medium and electrostatic 
force with incoming bloodstream as viscous fluid.  

Fig. 1. Piezoelectric biomedical nanosensor 
(PBMNS) conveying viscous bloodstream
 
The length of nano shell is ܮ	, the geometrical 
parameters of the cylindrical shell are mid-surface 
radius ܴ, thickness of cylindrical shell 2݄ே 
thickness of piezoelectric material layer ݄௣. With 
the origin of coordinate system located on the 
middle surface of nano-shell, the coordinates of a 
typical point in the axial, circumferential and radius 
directions are described by ݔ,  .respectively ,ݖ and ,ߠ
Also,	ܭ௪ ,ܭ௣ and ܥ௪ are

 
stiffness coefficient of 

Winkler foundation, shear layer of Pasternak 
foundation and the damping factor of the visco 
medium for the transverse motion, respectively. 
Young modulus, Poisson ratio and the mass density 
of cylindrical nano-shell represent ܧே, ߭ே and ߩே, 
respectively. In the present nano-shell, it is assumed 
that the mention material properties vary through 
the thickness of nano-shell according to the power-
law function. They are written as 

ேܧ  )1( ൌ ሺ்ܧ െ ஻ሻܧ ൬
ݖ2 ൅ ݄ே
2݄ே

൰
௤

൅  ஻ܧ

(2)  ߭ே ൌ ሺ்߭ െ ߭஻ሻ ൬
ݖ2 ൅ ݄ே
2݄ே

൰
௤

൅ ߭஻
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ேߩ (3) ൌ ሺ்ߩ െ ஻ሻߩ ൬
ݖ2 ൅ ݄ே
2݄ே

൰
௤

൅ ஻ߩ

where ݍ is the power-law exponent. The subscripts 
ܶ and ܤ represent the properties of the nano-shell at 
the upper and lower layers, respectively. 
Young modulus, Poisson ratio, piezoelectric and 
dielectric constants and the mass density of 
piezoelectric layer are ܧ௣, ߭௣, ݁ଷଵ௣, ݁ଷଶ௣,  ଷଷ௣ andߟ
 ௣. Due to the nano-sized property, the ratio ofߩ
surface to the volume becomes large, and the 
surface energy around the shell expresses significant 
effect on the vibration of nano-structure. According 
to the electro-elastic surface/interface theory, the 
surface/interface region adhered to the neigh boring 
solids is several atomic sizes, and has its own 
electromechanical properties. The surface at the 
outer piezoelectric layer is denoted by ݏଶ, and the 
inner surface is denoted by ݏଵ, as shown in Fig. 1. 
The material properties of surface ݏଶ are Lamé’s 
constants ߣ௦మ, ௦మߤ , residual stress ߬଴

௦మ  and 
piezoelectric constants ݁ଷଵ௣

௦మ , ݁ଷଶ௣
௦మ . Those of the 

inner surface are Lamé’s constants ߣ௦భ,  ௦భ,   andߤ
residual stress ߬଴

௦భ
. 

Due to the character of nano-shell, the state of 
generalized plane stress of shells is assumed, and 
the normal stress in the radial direction is zero. In 
the cylindrical nano-shell, the constitutive relation 
can be expressed as [32, 33]; 

)4( 
൝
௫௫ேߪ
ఏఏேߪ
߬௫ఏே

ൡ ൌ ൥
ଵଵேܥ ଵଶேܥ 0
ଶଵேܥ ଶଶேܥ 0
0 0 ଺଺ேܥ

൩ ൝
௫௫ߝ
ఏఏߝ
௫ఏߛ

ൡ,						 

ேሽߪሼ							ݎ݋ ൌ ሾܥேሿሼߝሽ,  
In the outside piezoelectric shell, the constitutive 
relation can be expressed as [17] 

)5( 

൝
௫௫௣ߪ
ఏఏ௣ߪ
߬௫ఏ௣

ൡ ൌ ቎
ଵଵ௣ܥ ଵଶ௣ܥ 0
ଶଵ௣ܥ ଶଶ௣ܥ 0
0 0 ଺଺௣ܥ

቏ ൝
௫௫ߝ
ఏఏߝ
௫ఏߛ

ൡ 

െ൥
0 0 ݁ଷଵ௣
0 0 ݁ଷଶ௣
0 0 0

൩൞

ത௫௣ܧ
തఏ௣ܧ
ത௭௣ܧ

ൢ, 

	or							൛ߪ௣ൟ ൌ ሽߝ௣൧ሼܥൣ െ ൣ݁௣൧൛ܧത௣ൟ,
In which the subscripts ܰ and ܲ represent the 
cylindrical nano-shell and piezoelectric layers, 
respectively.

 
൛ܧത௣ൟ

 
is the vector of electric field for 

piezoelectric layers.
 
ሾܥேሿ and ൣܥ௣൧are the matrixes 

of elastic constants, and they can be denoted as 

)6(  
ଵଵேܥ ൌ

ேܧ
1 െ ߭ே

ଶ ൌ  ,ଶଶேܥ

ଵଶேܥ	 ൌ
߭ேܧே
1 െ ߭ே

ଶ ൌ ,ଶଵேܥ ଺଺ேܥ ൌ
ேܧ

2ሺ1 ൅ ߭ேሻ
 

)7( 

ଵଵ௣ܥ ൌ
௣ܧ

1 െ ߭௣ଶ
ൌ ,ଶଶ௣ܥ  

ଵଶ௣ܥ ൌ
߭௣ܧ௣
1 െ ߭௣ଶ

ൌ  	,ଶଵ௣ܥ

଺଺௣ܥ ൌ
௣ܧ

2ሺ1 ൅ ߭௣ሻ
Since the piezoelectric layers are very thin, ܧത௫௣and 
ത௫௣ܧ) തఏ௣are assumed to be zeroܧ ൌ തఏ௣ܧ ൌ 0), and 
only the radial component of electric field ܧത௭௣	is 
considered. Consequetly, ൛ܧത௣ൟ can be written as [34] 

)8(  ൞

ത௫௣ܧ
തఏ௣ܧ
ത௭௣ܧ

ൢ ൌ ൝
0
0

௣ܸ ݄௣⁄
ൡ, 

where ௣ܸ is the voltage applied to piezoelectric 
layers. In addition, the voltages at the piezoelectric 
surface ܵଶሺݖ ൌ ݄ே ൅ ݄௣ሻ

 
and ଵܵሺݖ ൌ ݄ேሻ are ൅ ௣ܸ 

and െ ௣ܸ , respectively. Based on these assumptions 
mentioned above, the radial component of electric 
displacement ܦ௭௣ can be presented as 

௭௣ܦ  )9( ൌ ݁ଷଵ௣ߝ௫௫ ൅ ݁ଷଶ௣ߝఏఏ ൅  ത௭௣ܧଷଷ௣ߟ
 
 

3 Non- classical Shell theory 
Within the framework of classical shell 

theory, the displacement fields of the nano-shell can 
be written as 

,ݔ௫ሺݑ  )10( ,ߠ ሻݖ ൌ ,ݔሺݑ ሻߠ െ ݖ
,ݔሺݓ߲ ሻߠ

ݔ߲
, 

,ݔఏሺݑ  )11( ,ߠ ሻݖ ൌ ,ݔሺݒ ሻߠ െ
ݖ
ܴ
,ݔሺݓ߲ ሻߠ

ߠ߲
,

,ݔ௭ሺݑ  )12( ,ߠ ሻݖ ൌ ,ݔሺݓ ,ሻߠ
where ݒ ,ݑ and ݓ stand for the middle surface 
displacements in the ߠ , ݔ and ݖ directions, 
respectively. The nonlinear deflection and 
curvatures are defined by von-karman-Donnell's 
theory as [32, 33] 

)13(  

൝
௫௫ߝ
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௫ఏߛ
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଴

௫ఏߛ
଴
ቑ ൅ ݖ ൝
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1
2ܴଶ
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ଶ
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ۖۖ
۔

ۖۖ
ۓ

߲ଶݓ
ଶݔ߲
1
ܴଶ

߲ଶݓ
ଶߠ߲

2
ܴ
߲ଶݓ
ۙߠ߲ݔ߲

ۖۖ
ۘ

ۖۖ
ۗ

 

in which  ߝ௫௫଴ ఏఏߝ، 
଴  and ߛ௫ఏ

଴  are the middle surface 
strains, and ߢ௫௫ ,	ߢఏఏ and ߢ௫ఏ are the curvature 
components of the nano-shell. 
Since the dimension of the shell is at nanometer 
scale, the surface effect needs to be considered. On 
based of the Gurtin–Murdoch surface elasticity 
theory, the constitute relations for surfaces can be 
written as [18-20] 

ఈఉߪ  (14)
௦మ ൌ ߬଴

௦మߜఈఉ ൅ ൫߬଴
௦మ ൅  ఈఉߜ௤௤ߝ௦మ൯ߣ

൅2൫ߤ௦మ െ ߬଴
௦మ൯ߝఈఉ 

൅߬଴
௦మݑఈ,ఉ

௦మ െ ݁௣
௦మܧ௭௣, ఈ௭ߪ

௦మ ൌ ߬଴
௦మݑ௭,ఈ

௦మ ఈ௭ߪ ,
௦భ ൌ

߬଴
௦భݑ௭,ఈ

௦భ , ሺߙ, ߚ ൌ ,ݔ ሻߠ
ఈఉߪ 

௦భ ൌ ߬଴
௦భߜఈఉ ൅ ൫߬଴

௦భ ൅  ఈఉߜ௤௤ߝ௦భ൯ߣ

൅2൫ߤ௦భ െ ߬଴
௦భ൯ߝఈఉ ൅ ߬଴

௦భݑఈ,ఉ
௦భ , 

in which ߜఈఉ
 

is the Kronecker delta function. 
Furthermore, the components of stress at the 
surfaces can be expressed as 

௫௫ߪ  (15)
௦మ ൌ ሺߣ௦మ ൅ ௫௫ߝ௦మሻߤ2 ൅ ൫߬଴

௦మ ൅  ఏఏߝ௦మ൯ߣ

െ
߬଴
௦మ

2
൬
ݓ߲
ݔ߲
൰
ଶ

൅ ߬଴
௦మ െ ݁ଷଵ௣

௦మ  ,௭௣ܧ

ఏఏߪ
௦మ ൌ ൫߬଴
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െ߬଴
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ݓ
ܴ
൅

1
2ܴଶ

൬
ݓ߲
ߠ߲
൰
ଶ

ቇ ൅ ߬଴
௦మ െ ݁ଷଶ௣
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௫௫ߪ
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െ
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2
൬
ݓ߲
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ఏఏߪ
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ݖ
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߲ଶݓ
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௫௭ߪ	
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ݔ߲
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ఏ௫ߪ
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1
ܴ
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ߠ߲

൅
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ݔ߲
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ߠ߲

െ
ݖ
ܴ
߲ଶݓ
ߠ߲ݔ߲
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ఏ௭ߪ
௦೔ ൌ

߬଴
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ܴ
ݓ߲
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, ሺ݅ ൌ 1,2ሻ 

Based on the classical continuum models, ߪ௭௭ is 
neglected due to its small value as compared to 
other normal stress components. But, in the present 

nonclassical continuum model, this assumption does 
not satisfy the surface conditions. Thus, it is 
supposed that ߪ௭௭ varies linearly through the 
thickness and satisfies the balance conditions on the 
surfaces [35, 36], i.e. 
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For simplification, the material properties of 
surfaces and interfaces are selected as 

)17(  

߬଴
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௦  

By means of Eqs. (15) and (16), zzσ can be 

rewritten as 
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According to Eq. (18), the normal stresses xxσ  and 

θθσ  
Eqs. (4) and (5) can be rewrite ten as 
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4 Governing equations  
In this section, the governing equations of 

motion of the piezoelectric cylindrical nanoshell are 
obtained by applying the assumed mode method. 
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The total strain and kinetic energies considering the 
surface stress effect are expressed as: 
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where  
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Which ߩே,  ௦ are the mass density ofߩ  and	௣ߩ
nanoshell, piezoelectric layer and surfaces, 
respectively.  
In Eq. (20), the stresses and moment resultants are 
defined in appendix A.  
The work done by the surrounded viscoelastic 
medium including the visco-Pasternak medium and 
viscous damping and the electrostatic force can be 
written as [37-39] 
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For electrostatic force,	ܾ, ܴ and Υ ൌ 8.85 ൈ
10ିଵଶܥଶܰିଵ݉ିଶ, respectively, are electrode 

distance to nanoshell, nanoshell radius and the air 
permittivity [39].  
The equation for the fluid (in this paper, 
bloodstream) motion may be described by the well-
known Navier–Stokes equation as [40] 
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where V ≡ ሺݒ௫, ,௭ݒ  ௭ሻ is the flow velocity vector inݒ
cylindrical coordinate system with components in 
,ݖ  directions. This vector can be expressed ݎ and ,ߠ
as follows 
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Where ߠ ൌ െ
డ௪

డ௫
 and ݑ௙ is the constant velocity of 

the fluid (blood). Also ܲ,  ,௙ are the pressureߩ and ,ߤ
the effective fluid viscosity, and the mass density of 
the fluid, respectively, and ܨ௕௢ௗ௬ represents the 
body forces. Furthermore,	׏  and ׏ଶ are gradient 

and Laplasian operators, respectively and 
஽

஽௧
 is 

perfect derivative which can be defined as below: 
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Substituting Eqs. (26) and (27) into (25) we obtain 
the pressure of fluid as: 
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With multiple both side of above equation at the 
cross-sectional area of the internal fluid (ܣ௙ ), radial 
force is expressed as: 
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Considering the slip boundary condition in the 
analysis for exact investigation of the behaviour of 
the nanoflow, the average velocity correction factor 
 is introduced to establish the relation between ܨܥܸ
slip average velocity ௦ܸ௟௜௣ and no-slip average 
velocity ௡ܸ௢ି௦௟௜௣, i.e.; 

(30)
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where ܸܨܥ coefficient can be written as [40]: 
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where the slip of flow from inner nanotube through 
Knudsen number (݇௡) is considered and for 
practical purposes, the tangential momentum 
accommodation coefficient ߪ௩ ൌ 0.7. Other 
parameters are: 
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Where ܽଵ ൌ 4 and ܤ ൌ 0.4. And also for slip 
boundary condition, the value of parameter  ܾଵ is set 
to be  ܾଵ ൌ െ1. Hence, the external work of the 
fluid can be expressed as: 
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The equations of motion and corresponding 
boundary conditions of the piezoelectric shell can be 
derived from Hamilton’s principle 

)34(  

There are two ways to obtain the equations of 
motion for a mechanical system: Hamilton's 
principle and Euler–Lagrange equation. Hamilton's 
principle is the main procedure to obtain the 
equations of motion and boundary conditions. The 
equations of motion and corresponding boundary 
conditions of the piezoelectric nano shell can be 
derived from Hamilton’s principle and by taking the 
variations of displacements ݑ,  and ,ݓ and ݒ

integrating by parts, and by equating the coefficients 
of ݒߜ ,ݑߜ and ݓߜ to zero, the governing equations 
of motion are derived as: 
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and boundary conditions are obtained as follows: 
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But Euler–Lagrange method is an easier way to 
obtain the equations of motion. The resulting 
equations can be solved by the assumed mode 
method. In the assumed modes method, the 
admissible functions must satisfy the geometric 
boundary conditions and there is no need to satisfy 
the natural boundary conditions. Hence, solving the 
equations with this method reduces significantly the 
complexity of the problem. Therefore, in this work, 
the assumed mode method is used to obtain the 
equations of motion using Euler–Lagrange method. 
Following dimensionless parameters are used: 
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Respectively, dimensionless strain and kinetic 
energies are obtained as follows: 
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ߦ߲
൰
ଶ

 

൅ߙଶ଴ݓഥ ൬
ഥݓ߲
ߠ߲

൰
ଶ

൅ ଶଵߙ
തݑ߲
ߠ߲

߲ଶݓഥ
ߠ߲ߦ߲

൅ ଶଶߙ
തݑ߲
ߦ߲

߲ଶݓഥ
ଶߠ߲

 

൅ߙଶଷ
തݑ߲
ߦ߲

߲ଶݓഥ
ଶߦ߲

൅ ଶସߙ
ݒ߲̅
ߠ߲

߲ଶݓഥ
ଶߦ߲

 

൅ߙଶହ
ݒ߲̅
ߦ߲

߲ଶݓഥ
ߠ߲ߦ߲

൅ ଶ଺ߙ
ݒ߲̅
ߠ߲

߲ଶݓഥ
ଶߠ߲

 

൅ߙଶ଻
߲ଶݓഥ
ଶߦ߲

൬
ഥݓ߲
ߠ߲

൰
ଶ

൅ ഥݓଶ଼ߙ
߲ଶݓഥ
ଶߦ߲

 

൅ߙଶଽ
߲ଶݓഥ
ଶߠ߲

൬
ഥݓ߲
ߦ߲
൰
ଶ

൅ ଷ଴ߙ
߲ଶݓഥ
ଶߦ߲

൬
ഥݓ߲
ߦ߲
൰
ଶ

 

൅ߙଷଵ
߲ଶݓഥ
ଶߠ߲

൬
ഥݓ߲
ߠ߲

൰
ଶ

൅ ଷଶߙ
߲ଶݓഥ
ߠ߲ߦ߲

ഥݓ߲
ߦ߲

ഥݓ߲
ߠ߲

 

൅ߙଷଷݓഥ
߲ଶݓഥ
ଶߠ߲

൅ ଷସߙ ቆ
߲ଶݓഥ
ଶߦ߲

ቇ
ଶ

൅ ଷହߙ ቆ
߲ଶݓഥ
ଶߠ߲

ቇ
ଶ

 

൅ߙଷ଺ ቆ
߲ଶݓഥ
ߠ߲ߦ߲

ቇ
ଶ

൅ ଷ଻ߙ
߲ଶݓഥ
ଶߦ߲

߲ଶݓഥ
ଶߠ߲

൅ ഥݓଷ଼ߙ  

൅ߙଷଽ
തݑ߲
ߦ߲

൅ ସ଴ߙ
ݒ߲̅
ߠ߲

൅ ସଵߙ ൬
ഥݓ߲
ߦ߲
൰
ଶ
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൅ߙସଶ ൬
ഥݓ߲
ߠ߲

൰
ଶ

൅ ସଷߙ
߲ଶݓഥ
ଶߦ߲

൅ ସସߙ
߲ଶݓഥ
ଶߠ߲

 

൅ߙସହ
߲ଶݓഥ
ଶߦ߲

߲ଶݓഥ
߲߬ଶ

൅ ସ଺ߙ
߲ଶݓഥ
ଶߠ߲

߲ଶݓഥ
߲߬ଶ

 

൅ߙସ଻
തݑ߲
ߦ߲

߲ଶݓഥ
߲߬ଶ

൅ ସ଼ߙ
ݒ߲̅
ߠ߲

߲ଶݓഥ
߲߬ଶ

൅ ഥݓସଽߙ
߲ଶݓഥ
߲߬ଶ

 

൅ߙହ଴ ൬
ഥݓ߲
ߦ߲
൰
ଶ ߲ଶݓഥ
߲߬ଶ

൅ ହଵߙ ൬
ഥݓ߲
ߠ߲

൰
ଶ ߲ଶݓഥ
߲߬ଶ

 

൅ߟଷଷܧത௭௣ଶ ݄௣ൟܴ݀ݔ݀ߠ, 

)41(ܶ ൌ
1
2
න න

ۉ

ۈ
൬ۇ

തݑ߲
߲߬
൰
ଶ

൅ ൬
ݒ߲̅
߲߬
൰
ଶ

൅ ൬
ഥݓ߲
߲߬
൰
ଶ

ی

ۋ
ଶగۊ

଴

௅

଴
ݔ݀ߠܴ݀

 

where coefficients of ߙ௞ሺ݇ ൌ 1. .51ሻ are introduced 
in Appendix B. 
Also, dimensionless work done by viscoelastic 
medium, potential due to external electric voltage, 
visco-pasternak effect and harmonic force, 
respectively, obtained as follows: 

(42a) 

௩ܹ௠ ൌ 

െන න

ە
ۖۖ
ۖ
۔

ۖۖ
ۖ
ۓ

ۉ

ۈ
ۈ
ۈ
ۈ
ۈ
ۇ

ഥݓഥ௪ܭ െ ഥ௣ܭ ൈ

ۉ

ۈ
ۇ

߲ଶݓഥ
ଶߦ߲

൅݉଴
ଶ ߲

ଶݓഥ
یଶߠ߲

ۋ
ۊ

൅ܥ௪̅ ൬
ഥݓ߲
߲߬
൰ ی

ۋ
ۋ
ۋ
ۋ
ۋ
ۊ

ഥݓ

ۙ
ۖۖ
ۖ
ۘ

ۖۖ
ۖ
ۗ

ଶగ

଴

௅

଴
 ߦ݀ߠ݀

(42b)

௙ܹ ൌ 

න න

ە
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۓ

െ

ۉ

ۈ
ۈ
ۈ
ۇ

௙ߩ̅
߲ଶݓഥ
߲߬ଶ

൅2̅ߩ௙ݑത௙
߲ଶݓഥ
߲߬ߦ߲

൅̅ߩ௙ݑത௙
ଶ ߲

ଶݓഥ
ଶߦ߲ ی

ۋ
ۋ
ۋ
ۊ

൅̅ߤ௙
߲ଷݓഥ
ଶ߲߬ߦ߲

൅݉଴
ଶ̅ߤ௙

߲ଷݓഥ
ଶ߲߬ߠ߲

൅̅ߤ௙ݑത௙
߲ଷݓഥ
ଷߦ߲

൅݉଴
ଶ̅ߤ௙ݑത௙

߲ଷݓഥ
ଶߠ߲ߦ߲ ۙ

ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۘ

ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۗ

ଶగ

଴
ഥݓ

௅

଴
 ߦ݀ߠ݀

(42c) 

௘ܹ ൌ 

න න

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ

ത௘ܨ ቆ
തܸ஽஼

൅ തܸ஺஼ cosሺ ഥ߱߬ሻ
ቇ	
ଶ

ഥݓ

ඨ൫തܾ	 െ ഥ൯ݓ ൬2
തܴ ൅ തܾ	
െݓഥ

൰ ൈ

ቂcoshିଵ ቀ1 ൅
௕ത	ି	௪ഥ

ோത
ቁቃ
ଶ

ۙ
ۖ
ۖ
ۖ
ۖ
ۘ

ۖ
ۖ
ۖ
ۖ
ۗ

ଶగ

଴

௅

଴
 ߦ݀ߠ݀

 
Using electrostatic force in according to Eq. (42c), 
complicate solution of the obtained equation of 
motion. Hence it is necessary to express it to the 
polynomial form. For this purpose, Taylor 
expansion or curve fitting methods can be used. For 
curve fitting method, the nonlinear electrostatic 
force is approximated with polynomial with desired 
order. This is a standard problem in optimization 
theory and can be implemented in different 
mathematical software such as Matlab, Maple and 
Mathematica. For example lsqcurvefit function in 
Matlab which solve nonlinear curve-fitting (data-
fitting) problems in least-squares sense can be used 
here. Hence with expressing the electrostatic force 
as a polynomial form, the dimensionless work done 
by electrostatic force can be express as follows: 

)43(

௘ܹ ൌ 

න න

ە
ۖ
۔

ۖ
ത௘ܨۓ ቆ

തܸ஽஼ ൅
തܸ஺஼ cosሺ ഥ߱߬ሻ

ቇ
ଶ

ൈ

ቌ
ଵ̅ܥ

൅ܥଶ̅ݓഥ ൅ ഥଶݓଷ̅ܥ

൅⋯൅ ഥ௡ିଵݓ௡̅ܥ
ቍݓഥ

ۙ
ۖ
ۘ

ۖ
ۗ

ଶగ

଴

௅

଴
ݔ݀ߠܴ݀

 

which ܥଵ̅ െ  .௡̅ are constantܥ
 
 

5 Solution procedure 
In this section, first, discretizing equations of 
motion is expressed by applying the assumed mode 
method and then the complexification-averaging 
method is applied for studying of the steady state 
response of the system. 
 
 
5.1 Discretizing equations of motion 

In this section, by applying the assumed 
mode method, the in-plane, transverse and shear 
deformations can be expressed as general 
coordinates and mode shape functions that satisfy 
the geometric boundary conditions, as follows [33]: 

(44)቎
,ݔሺݑ ,ߠ ሻݐ
,ݔሺݒ ,ߠ ሻݐ
,ݔሺݓ ,ߠ ሻݐ

቏ ൌ 
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෍ ෍

ۏ
ێ
ێ
ێ
ێ
ێ
ቈۍ
௠,௝,௖ሺ߬ሻݑ cosሺ݆ߠሻ
൅ݑ௠,௝,௦ሺ߬ሻ sinሺ݆ߠሻ

቉ ߯௠௝ሺߦሻ

ቈ
௠,௝,௖ሺ߬ሻݒ sinሺ݆ߠሻ
൅ݒ௠,௝,௦ሺ߬ሻ cosሺ݆ߠሻ

቉߶௠௝ሺߦሻ

ቈ
௠,௝,௖ሺ߬ሻݓ cosሺ݆ߠሻ
൅ݓ௠,௝,௦ሺ߬ሻ sinሺ݆ߠሻ

቉ ےሻߦ௠௝ሺߚ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

ே

௝ୀଵ

ெభ

௠ୀଵ

 

൅ ෍ ቎
ሻߦ௠,଴ሺ߬ሻ߯௠଴ሺݑ
ሻߦ௠,଴ሺ߬ሻ߶௠଴ሺݒ
ሻߦ௠଴ሺߚ௠,଴ሺ߬ሻݓ

቏

ெమ

௠ୀଵ

ൌ 

෍ ቎
ሻߠ௜ሺߴሻߦ௜ሺ߬ሻ߯௜ሺݑ
ሻߠ௥ሺߙሻߦ௥ሺ߬ሻ߶௥ሺݒ
ሻߠሻ߰௦ሺߦ௦ሺߚ௦ሺ߬ሻݓ

቏ ,

ெమାெభൈே

ሺ௜,௥,௦ሻୀଵ

 

where ߯௜ሺߦሻ, ߶௥ሺߦሻ and ߚ௦ሺߦሻ are modal functions 
which satisfy the required geometric boundary 
conditions. ݑ௜ሺ߬ሻ, ݒ௥ሺ߬ሻ and ݓ௦ሺ߬ሻ are unknown 
functions of time and are related to dynamical 
response. 
Substituting Eqs. (44) into Eqs. (40)- (43) and 
applying the Lagrange equtions: 

(45)

߲
߲߬
ቆ
߲ܶ

തሶ௜ݍ߲
ቇ െ ൬

߲ܶ
ത௜ݍ߲

൰ ൅ ൬
ߨ߲
ത௜ݍ߲

൰ 

ൌ෍൬
߲ܹ
ത௜ݍ߲

൰,				ሺݍത ൌ ,തݑ ,ݒ̅ ഥݓ ሻ 

Where ܹ ൌ ௩ܹ௠ ൅ ௙ܹ ൅ ௘ܹ. 
Results in the following reduced-order model of the 
system: 

(46)
ሾሺܯሻ௨௨ሿሼݑതሷ ሽ ൅ ሾሺܯሻ௨௪ሿሼݓഥሷ ሽ ൅ ሾሺܭሻ௨௨ሿሼݑതሽ 
൅ሾሺܭሻ௨௩ሿሼ̅ݒሽ ൅ ሾሺܭሻ௨௪ሿሼݓഥሽ ൅ ሾሺܰܮሻ௨௪ሿሼݓഥଶሽ 
ൌ  ,ത௨௣൧ܨൣ

(47)
ሾሺܯሻ௩௩ሿሼ̅ݒሷ ሽ ൅ ሾሺܯሻ௩௪ሿሼݓഥሷ ሽ ൅ ሾሺܭሻ௩௨ሿሼݑതሽ 
൅ሾሺܭሻ௩௩ሿሼ̅ݒሽ ൅ ሾሺܭሻ௩௪ሿሼݓഥሽ ൅ ሾሺܰܮሻ௩௪ሿሼݓഥଶሽ 
ൌ  ,ത௩௣൧ܨൣ

(48)

ൣሺܯሻ௪௪ ൅ ሺܭሻ௪ଶ
௪ሷ ሼݓഥሽ൧ሼݓഥሷ ሽ ൅ ሾሺܿሻ௪௪ሿሼݓഥሶ ሽ 

൅ሾሺܭሻ௪௨ ሿሼݑതሽ ൅ ሾሺܭሻ௪௩ ሿሼ̅ݒሽ ൅ ሾሺܭሻ௪௪ሿሼݓഥሽ 
൅ሾሺܰܮሻ௪௨ ሿሼݓഥݑതሽ ൅ ሾሺܰܮሻ௪௩ ሿሼݓഥ̅ݒሽ 
൅ሾሺܰܮሻ௪ଶ

௪ ሿሼݓഥଶሽ ൅ ሾሺܰܮሻ௪ଷ
௪ ሿሼݓഥଷሽ 

ൌ ሾܨത௪௘ሿ ൅  ത௪௣൧ܨൣ

൅

ۏ
ێ
ێ
ێ
ۍ

ത௘ܨ

ە
ۖ
۔

ۖ
ۓ ቆ

ሺ തܸ஺஼ܿݏ݋ ഥ߱߬ሻଶ

൅2 തܸ஺஼ തܸ஽஼ܿݏ݋ ഥ߱߬
ቇ ൈ

ቆ
ଷ௘ሻ௪௪ܮସ̅ሺܰܥ ൅ ଶ௘ሻ௪௪ܮଷ̅ሺܰܥ

൅ܥଶ̅ሺܭ௘ሻ௪௪ ൅ തଵܨଵ̅ܥ
ቇ
ۙ
ۖ
ۘ

ۖ
ۗ

ے
ۑ
ۑ
ۑ
ې

,

where ሺܯሻ, ሺܥሻ and ሺܭሻ are mass, damping and 
linear stiffness matrixes. ሺܰܮሻ௨௪, ሺܰܮሻ௩௪, and 
ሺܰܮሻ௪ଶ

௪ 	are second-order nonlinear stiffness 
matrixes and ሺܰܮሻ௪ଷ

௪  is third-order nonlinear 
stiffness matrix. Also,	ܭ௘, ܰܮଶ௘ and ܰܮଷ௘	are the 
linear stiffness, second and third order nonlinear 
stiffness matrixes for electrostatic force expansion, 
respectively. Also, ܨത௨௣, ܨത௩௣ and ܨത௪௣ are applied 
loads by piezoelectric voltage and surface stress. All 

coefficients of mass, stiffness, linear and nonlinear 
term matrixes and applied loads Eqs. (46) - (48) are 
presented in Appendix C. 
Natural frequencies and mode shapes can be 
obtained from solving following eigenvalue 
equation: 

(49)
ൣሾܭሿ ൅ ݅߱௠௡ሾܥሿ െ ߱௠௡ଶ ሾܯሿ൧ ൈ 
ሼݑ௠௡ ௠௡ݒ ௠௡ሽ்ݓ ൌ 0, 
 
 

6 Results and Discussions 
In this section, first, comparing the present 

numerical results of macroscopic cylindrical shell 
with previously published in the literature is 
presented for arbitrary boundary conditions and 
convergence study of a Piezoelectric biomedical 
nanosensor (PBMNS) based on nano-shell with 
simply supported boundary condition is investigated 
for Gurtin–Murdoch surface/interface theory. Then 
estimation of the natural frequency, critical fluid 
velocity and stability analysis of piezoelectric 
biomedical nanosensor conveying viscous 
bloodstream is investigated using the electro-elastic 
Gurtin–Murdoch surface/interface theory and 
considering von-karman-Donnell's shell model. In 
order to simplify the presentation, CC, SS, CS and 
CF represent clamped edges, simply supported 
edges, clamped-simply supported edges and 
clamped-free edges, respectively and also for 
simplification of surface effect is represented SE. 
The material properties for nonhomogeneous nano-
shell and piezoelectric layer are shown in Table 1-2, 
respectively [42].  

 
Table 1. Properties of stainless steel and nickel [42] 

Stainless steel Nichel 
ሻܽܲܩ஻ሺܧ ߭஻ ߩ஻ሺ݇݃ ݉ିଷ ሻܽܲܩሺ்ܧ ሺ்݇݃ߩ ்߭ ݉ିଷ

208 0.381 8166 205 0.31 8900 
 

Table 2. Properties of PZT-4 [42] 
ܽܲܩ௣ሺܧ ߭௣ ݁ଷଵ௣ሺܥ ݉⁄ ݁ଷଶ௣ሺܥ ݉⁄ ଷଷ௣ሺ10ିଵଵߟ ܨ ௣ሺ݇݃ߩ ݉ି

95 0.3 െ5.2 െ5.2 560 7500
 
The material and geometrical parameters used in all 
following results are shown in Table 3. 

 
Table 3. The material and geometrical parameters 

[20, 37, 43-44] 
ܴሺ݉ሻ ܮ ܴ⁄   ݄ே ܴ⁄  	݄௣ ܴ⁄ ௌభሺܰߣ   ݉⁄ ௌభሺܰߤ ݉⁄
1 ൈ 10ି 10 0.02 0.02 4.488 2.774 
߬଴
ௌభ 

ሺܰ ݉⁄ ሻ
⁄ௌభሺ݇݃ߩ ௣ܸሺܸሻ ߣௌమሺܰ ݉⁄ ௌమሺܰߤ ݉⁄ ߬଴

ௌమሺܰ ݉⁄

0.6 3.17 ൈ 1 1 ൈ 10ିହ 4.488 2.774 0.6 

݁ଷଵ௣
ௌమ ሺܥ⁄ ݁ଷଶ௣

ௌమ ሺܥ⁄ ⁄ௌమሺ݇݃ߩ .௪ሺܰܥ	 ܵ⁄ ௪ሺܰܭ	 ݉⁄ ௣ሺܰܭ ݉⁄
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െ3 ൈ 10 െ3 ൈ 10 5.61 ൈ 1 1
ൈ 10ିଵ 

8.99950
ൈ 10ଵ଻ 

2.07127

஺ܸ஼ሺܸሻ ஽ܸ஼ሺܸሻ 	ܾ ܴ⁄  ଴ܸ ߤ௙ሺܽ݌. ݏ ௙ሺ݇݃ߩ ݉⁄
3	 1 2 1 3 ൈ 10ି 1060 

 
Of course, the geometrical parameters can be 
varying according to the type of problem. In this 
paper, the results are presented in dimensionless 
form and thus the results are not limited to a 
particular type of matter. The data presented in the 
form of sample data to approximate the numbers 
used in the actual range. 
 
 
6.1 Convergence and comparison studies 
The method proposed in this paper is validated by 
comparing the present numerical results with 
previously published in the literature. If we neglect 
the piezoelectric, visco-Pasternak and surface 
effects, the present model can be reduced to the 
macroscopic cylindrical shell model. The 

dimensionless natural frequencies ቀ߱௡ ൌ

Ωܴඥሺ1 െ ߭ଶሻߩ ⁄ܧ ቁ of present work are compared 

with macroscopic cylindrical shell which previously 
given by Loy et al. [29] that is shown in Table 4 for 
the three classical boundary conditions. The 
parameters used in this example are: ݉ ൌ ܮ ,1 ܴ⁄ ൌ
20, 	݄ே ܴ⁄ ൌ 0.01, and ߭ ൌ 0.3. It can be observed 
from Table 5 that the present results agree very well 
with the reference solutions, which indicates that the 
method presented in this paper is suitable and of 
high accuracy for free vibration analysis of 
cylindrical shells with classical boundary 
conditions. The slight differences in the results may 
be attributed to the different shell theories and 
solution approaches adopted in the literature and in 
this paper. 
 

Table 4. Comparison of dimensionless natural 

frequencies ቀ߱௡ ൌ Ωܴඥሺ1 െ ߭ଶሻߩ ⁄ܧ ቁ for SS, SC 

and CC boundary conditions for a homogeneous 
cylindrical shells with ݉ ൌ ܮ ,1 ܴ⁄ ൌ 20, 	݄ே ܴ⁄ ൌ

0.01, and υ ൌ 0.3. 
݊ SS CS CC 
 Presen

t 
Loy 
[29] 

Presen
t 

Loy 
[29] 

Presen
t 

Loy 
[29] 

1 0.016
101 

0.016
101 

0.023
299 

0.023
974 

0.032
074 

0.032
885 

2 0.009
235 

0.009
382 

0.010
963 

0.011
225 

0.013
202 

0.013
932 

3 0.021
753 

0.022
105 

0.020
953 

0.022
310 

0.019
713 

0.022
672 

4 0.039
307 

0.042
095 

0.041
300 

0.042
139 

0.041
386 

0.042
208 

 
Complete convergence for the dimensionless natural 
frequencies Ωഥ௡ and dimensionless damping 
frequencies Ωഥௗ of SS piezoelectric biomedical 
nanosensor considering with the Gurtin–Murdoch 
surface/interface theory and the material and 
geometrical parameters of Tables (1-3) is shown in 
Tables 5 and 6, respectively.  
 

Table 5. Convergence of dimensionless natural 
frequencies Ωഥ௡ of the SS piezo piezoelectric elastic 

biomedical nanosensor 
݊ ܰ ൌ 1 ܰ ൌ 2 ܰ ൌ 3 ܰ ൌ 5
2 0.8107340

4357 
0.8107351
0782 

0.8107351
0781 

0.8107351
6796 

3 1.8151243
0896 

1.8151572
0073 

1.8151571
8273 

1.8151580
8628 

4 2.8327282
9570 

2.8328471
2539 

2.8328467
7062 

2.8328504
1730 

 
Table 6. Convergence of dimensionless damp 

frequencies Ωഥௗ of the SS piezoelectric biomedical 
nanosensor 

݊ ܰ ൌ 1 ܰ ൌ 2 ܰ ൌ 3 ܰ ൌ 5
2 0.8062114

8043 
0.8062124
2314 

0.8062124
2313 

0.8062124
7871 

3 1.8029349
1873 

1.8029658
5533 

1.8029658
4049 

1.8029666
9801 

4 2.8103357
1036 

2.8104503
3736 

2.8104500
1216 

2.8104535
3764 

 
It is observed that the number of polynomial 
terms,	ܰ, is increased, the value of the frequency 
parameter (Ωഥ௡, Ωഥௗ), converges rapidly. With 
considering of the two succesasing values of ܰ, it is 
shows that as ܰ increases, the percentage difference 
between the successive frequency approximations 
decreases. Thus the error as shown above is less 1 
per cent, which is well within the limits of 
engineering tolerance. The minimum frequency in 
this case is associated with the circumferential wave 
number ݊ ൌ 2. This assertion is valid for the entire 
range of shell. 
 
 
6.2 Parametric study 
The convergence and comparison study of the 
present work was verified in the previous 
subsection. In this subsection, dimensionless 
frequencies Ωഥ versus dimensionless fluid 
(bloodstream) velocity ݑത௙ for stability analysis and 
estimation of critical fluid velocity of a SS 
piezoelectric biomedical nanosensor (PBMNS) are 
presented in Figures 2-10 with respect to the 
different geometrical and material parameters such 
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as the ratio of the length of the nanosystem to the 
radius ܮ ܴ⁄ , the ratio of nanoshell thickness to 
radius ݄ே ܴ⁄ , the ratio of the piezoelectric thickness 
to the radius ݄௣ ܴ⁄ , the effects of the viscoelastic 
medium (	ܭഥ௪, ,ഥ௣ܭ	  ௪̅), the piezoelectric voltage ௣ܸܥ	
and also surface energy effects. As shown in these 
figures, the frequency is decreased as the flow 
velocity is increased. 
Figure 2 demonstrate in the dimensionless 
frequency (Ωഥ) versus fluid velocity (ݑത௙) for the first 
five vibration modes of the PBMNS. It can be seen 
that Ωഥ௡ reduces with increased ݑത௙. For zero natural 
frequency, PBMNS becomes unstable and the 
corresponding fluid velocity is called the critical 
flow velocity. As can be seen, the critical fluid 
velocity correspond to the 1ୱ୲ and 2୬ୢ modes is 
reached at the vicinity of ݑത௙ ≅ 6.894 . This 
physically implies that the DWBNNT losses its 
stability due to the divergence via a pitchfork 
bifurcation while the 3୰ୢ,  4୲୦ and 5୲୦ modes are 
still stable. Thereafter, for the fluid velocity within 
the range 6.894 ൑ ത௙ݑ ൑ 7.23, the first amd second 
modes are zero, which the system becomes unstable. 
As the flow velocity reaches about ݑത௙ ≅ 7.23 , 
natural frequencies in the 1ୱ୲ mode return to 
positive and the system tends to regains stability in 
the first mode, while, the 2୬ୢ  mode still remain 
instable. Also, the PBMNS becomes unstable at 3୰ୢ 
mode when ݑത௙ ≅ 7.248. This phenomenon may be 
observed in different modes for higher velocities in 
this figure. The same behavior can also be observed 
for other vibration modes of following figures. 

Fig. 2. Dimensionless frequencies Ωഥ versus fluid 
velocity ݑത௙ for the first five vibration modes of SS 

piezoelectric biomedical nanosensor 
 
The effect of length-to-small radius ratio (ܮ ܴ⁄ ) on 
dimensionless natural Ωഥ௡ versus dimensionless fluid 

velocity ݑത௙ for SS piezoelectric biomedical 
nanosensor is illustrated in Figure 3. It is evident 
that natural frequencies and critical fluid velocity of 
the PBMNS increase with increasing ܮ ܴ⁄ . As can 
be seen, the critical fluid velocity corresponds to the 
lower value of ܮ ܴ⁄ ൌ 5 sooner than the rest values 
of this ratio are reached to be zero. This physically 
implies that first the PBMNS in ܮ ܴ⁄ ൌ 5 losses its 
stability due to the divergence via a pitchfork 
bifurcation. In addition, the length-to-small radius 
ratio of cylindrical shell has an important effect on 
natural frequency. The reason is that a higher ܮ ܴ⁄  
ratio leads to increase in the nanoshell stiffness, and 
cause to higher natural frequencies of nanoshells. 

 
Fig. 3. The dimensionless frequencies Ωഥ versus fluid 

velocity ݑത௙ of SS piezoelectric biomedical 
nanosensor for different values of ܮ ܴ⁄  ratio  

 
Figure 4 illustrates the effect of thickness shell to 
small radius ratio ݄ே ܴ⁄  on dimensionless natural 
frequencies Ωഥ௡ versus dimensionless fluid velocity 
  .ത௙ for SS piezoelectric biomedical nanosensorݑ

Fig. 4. The dimensionless frequencies Ωഥ versus fluid 
velocity ݑത௙ of SS piezoelectric biomedical 

nanosensor for different values of ݄ே ܴ⁄   ratio  
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It can be seen that with the increasing of the 
nanoshell stiffness ratio (݄ே ܴ⁄ ), the natural 
frequency Ωഥ and the critical fluid velocity ݑത௙ 
decrease. Also, the critical fluid velocity 
corresponds to the higher value of ݄ே ܴ⁄ ൌ 0.05 
sooner than the rest values of this ratio are reached 
to be zero. This physically implies that first the 
PBMNS in ݄ே ܴ⁄ ൌ 0.05 losses its stability due to 
the divergence via a pitchfork bifurcation. 
The effect of piezoelectric thickness to small radius 
ratio (݄௣ ܴ⁄ ) on dimensionless natural frequencies 
Ωഥ௡ versus dimensionless fluid velocity ݑത௙ is 
presented in Figure 5. It can be seen that unlike 
previous results for ݄ே ܴ⁄  ratio, in this case with the 
increasing of the piezoelectric thickness to small 
radius ratio, the natural frequency Ωഥ and the critical 
fluid velocity ݑത௙ increase. Also, the critical fluid 
velocity corresponds to the lower value of ݄௣ ܴ⁄ ൌ
0.005 sooner than the rest values of this ratio are 
reached to be zero. This physically implies that first 
the PBMNS in ݄௣ ܴ⁄ ൌ 0.005 losses its stability 
due to the divergence via a pitchfork bifurcation. 

  
Fig. 5. The dimensionless frequencies Ωഥ versus fluid 

velocity ݑത௙ of SS piezoelectric biomedical 
nanosensor for different values of ݄௣ ܴ⁄   ratio 

 
Figures 6 and 7 respectively illustrate dimensionless 
stiffness coefficient of Winkler foundation 	ܭഥ௪ and 
shear layer of Pasternak foundation 	ܭഥ௣ on 
dimensionless natural frequencies Ωഥ௡ versus 
dimensionless fluid velocity ݑത௙ for SS piezoelectric 
biomedical nanosensor. In both case, it can be seen 
that with the increasing of 	ܭഥ௪ and 	ܭഥ௣ ratios, the 
natural frequency Ωഥ and the critical fluid velocity ݑത௙ 
increase.  

Fig. 6. The dimensionless frequencies Ωഥ versus fluid 
velocity ݑത௙ of SS piezoelectric biomedical 

nanosensor for different values of ܭഥ௪ 
 

This is perhaps because increasing Winkler and 
Pasternak coefficients increases the shell stiffness. 
For zero natural frequency, PBMNS becomes 
unstable and this physically implies that the 
PBMNS losses its stability due to the divergence via 
a pitchfork bifurcation. 

 

Fig. 7. The dimensionless frequencies Ωഥ versus fluid 
velocity ݑത௙ of SS piezoelectric biomedical 

nanosensor for different values of ܭഥ௣ 
 
Figure 8 presents the effect of dimensionless 
damping coefficient 	ܥ௪̅ on dimensionless damp 
frequencies Ωഥௗ versus dimensionless fluid velocity 
 ത௙ for SS piezoelectric biomedical nanosensor. Itݑ
can be seen that with the increasing of damper 
coefficient, the natural frequency Ωഥ and the critical 
fluid velocity ݑത௙ decrease. Also, the critical fluid 
velocity corresponds to the higher value of 	ܥ௪̅ 
sooner than the rest values of this ratio are reached 
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to be zero and system losses its stability due to the 
divergence via a pitchfork bifurcation. 

Fig. 8. The dimensionless frequencies Ωഥ versus fluid 
velocity ݑത௙ of SS piezoelectric biomedical 

nanosensor for different values of 	ܥ௪̅ 
 
Figure 9 presents the effect of several of 
surrounding medium on dimensionless natural 
frequencies Ωഥ௡ with respect to the dimensionless 
fluid velocity ݑത௙. As can be seen, without medium, 
Winkler (	ܭഥ௪), Pasternak (	ܭഥ௣), visco (	ܥ௪̅), visco-
Winkler (	ܭഥ௪ ൅	ܥ௪̅), visco- Pasternak (	ܭഥ௣ ൅	ܥ௪̅), 
Winkler-Pasternak (	ܭഥ௪ ൅	ܭഥ௣) and Visco-medium 
ഥ௪ܭ	) ൅	ܭഥ௣ ൅	ܥ௪̅), are eight assumptions medium in 
this work. It can be founded, that the frequency and 
the critical velocity have minimum and maximum 
values when the system respectively has with and 
without damping coefficient. In this results indicate 
that the system tends to be very sensitive to whether 
or not there is a damping coefficient in all cases. 
Also, it is worth mentioning that critical velocity in 
Pasternak foundation is more than critical velocity 
predicted by Winkler foundation. This is due to the 
fact that the Winkler foundation describes the effect 
of the normal stress of the elastic medium, whereas 
Pasternak elastic foundation describes the effect of 
the tangential and normal stresses of the elastic 
medium.  

Fig. 9. The dimensionless frequencies Ωഥ versus fluid 
velocity ݑത௙ of SS piezoelectric biomedical 

nanosensor for different cases of Visco-medium 
 
The effect of piezoelectric voltage ௣ܸ on 
dimensionless natural frequencies Ωഥ௡ versus 
dimensionless fluid velocity ݑത௙ for SS piezoelectric 
biomedical nanosensor is illustrated in Figure 10.  

Fig. 10. The dimensionless frequencies Ωഥ versus 
fluid velocity ݑത௙ of SS piezoelectric biomedical 

nanosensor for different values of തܸ௣ 
 
As shown in this Figure, with the increasing of തܸ௣, 
the natural frequency Ωഥ and the critical fluid 
velocity ݑത௙ increase. This is perhaps because 
increasing piezoelectric voltage increases the 
nanoshell stiffness. For zero natural frequency, 
PBMNS becomes unstable and this physically 
implies that the PBMNS losses its stability due to 
the divergence via a pitchfork bifurcation. 
And in end, dimensionless natural frequencies Ωഥ௡ 
versus dimensionless fluid velocity ݑത௙ for SS 
piezoelectric biomedical nanosensor with and 
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without surface energy effects are shown in Figures 
11. As show in results, the most important 
parameters on natural frequencies and fluid velocity 
is surface density (ߩேூ,  ) that with regardless of	௉ௌߩ
this parameter, the critical fluid velocity sooner than 
the rest parameters are reached to be zero and 
system losses its stability due to the divergence via a 
pitchfork bifurcation but in this case system has 
maximum natural frequency due to higher stiffness 
of nanoshell in this case. Also when all surface 
effect is considered, the critical fluid velocity later 
than the rest parameters are reached to be zero. 

  
Fig. 11. Surface energy effects on the dimensionless 

frequencies Ωഥ versus fluid velocity ݑത௙ of SS 
piezoelectric biomedical nanosensor 

 
 

7 Conclusion 
In current study, the natural frequency, 

critical fluid velocity and stability analysis of 
piezoelectric biomedical nanosensor (PBMNS) 
based on cylindrical nanoshell conveying viscous 
fluid is investigated using the electro-elastic Gurtin–
Murdoch surface/interface theory, Hamilton’s 
principle and also the assumed mode method 
combined with Euler – Lagrange. This system 
subjected to nonlinear electrostatic field, 
viscoelastic medium including visco-pasternak and 
damping coefficients. The convergence, accuracy 
and reliability of the current formulation are 
validated by comparisons with existing results. Also 
stability analysis and dimensionless natural 
frequency versus dimensionless fluid velocity of a 
piezoelectric biomedical nanosensor are accurately 
studied with respect to the different geometrical and 
material parameters. 
Some conclusions are obtained from this study: 
 With comparing the previously published in the 

literature, the present results agree very well 
with the reference solutions, which indicates 

that the methods are suitable and of high 
accuracy for free vibration analysis of 
cylindrical nanoshell. 

 In convergence study, as the number of 
polynominal terms,	ܰ, is increased, the value of 
the frequency parameter, Ωഥ௡, converges rapidly 
and also the convergence mode number is ݉ ൌ
2 and ݊ ൌ 2 and this means that two 
longitudinal mode and in according to Eq. (45), 
five peripheral modes, and totally fifteen 
number of mode shapes can represent the 
response of system with sufficient degrees. 

 In the 1ୱ୲ and 2୬ୢ modes, at the vicinity of the 
critical flow velocity 6.894, natural frequency 
equal to zero, where divergence instability 
occurs due to pitchfork bifurcation while at this 
critical flow velocity, the 3୰ୢ, 4୲୦ and 5୲୦  
modes still remain stable.  

 As the flow velocity reaches about 7.23 , 
natural frequencies in the 1ୱ୲ mode return to 
positive and the system tends to regains stability 
in the first mode, while, the 2୬ୢ  mode still 
remain instable.  The same behavior can also be 
observed for other vibration modes. 

 For all following results, zero natural frequency 
of PBMNS becomes unstable and this 
physically implies that the PBMNS losses its 
stability due to the divergence via a pitchfork 
bifurcation. 

 Natural frequencies and critical fluid velocity 
increase with increasing of ܮ ܴ⁄ , ݄௣ ܴ⁄  ഥ௣ܭ	 ,ഥ௪ܭ	 ,
and തܸ௣ and the critical fluid velocity corresponds 
to the lower value sooner than the rest values of 
this ratio are reached to be zero. This is perhaps 
because increasing Winkler and Pasternak 
coefficients increases the shell stiffness. 

 with the increasing of damper coefficient and 
݄௣ ܴ⁄  ratio the natural frequency Ωഥ and the 
critical fluid velocity ݑത௙ decrease.  

 the frequency and the critical velocity have 
minimum and maximum values when the 
system respectively has with and without 
damping coefficient. In this results indicate that 
the system tends to be very sensitive to whether 
or not there is a damping coefficient in all cases.  

 the most important parameters on natural 
frequencies and fluid velocity is surface density 
,ேூߩ)  ) that with regardless of this	௉ௌߩ
parameter, the critical fluid velocity sooner than 
the rest parameters are reached to be zero but in 
this case system has maximum natural 
frequency due to higher stiffness of nanoshell in 
this case.  
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 when all surface effect is considered, the critical 
fluid velocity later than the rest parameters are 
reached to be zero. 
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Appendix A 
The stresses and moment resultants: 
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ଶ
൅ ሺߤ௦భ  

െ
߬଴
௦భ

2
ሻሺ݄ேሻଶ, 

(A.16) 

ଵଵேܨ
∗ ൌ 

න
߭ே

ሺ1 െ ߭ேሻ

௛ಿ

ି௛ಿ

ۉ

ۈ
ۇ

൫߬଴
௦మ െ ߬଴

௦భ൯
2

൅
൫߬଴

௦మ ൅ ߬଴
௦భ൯ݖ

2݄ே ൅ ݄௣ ی

ۋ
ۊ
 ,ݖ݀

ଵଵ௣ܨ
∗ ൌ 

න
߭௣

൫1 െ ߭௣൯

௛ಿା௛೛

௛ಿ

ۉ

ۈ
ۇ

൫߬଴
௦మ െ ߬଴

௦భ൯
2

൅
൫߬଴

௦మ ൅ ߬଴
௦భ൯ݖ

2݄ே ൅ ݄௣ ی

ۋ
ۊ
 ,ݖ݀

(A.17) 

ଵଵேܬ
∗ ൌ 

න
߭ே

ሺ1 െ ߭ேሻ

௛ಿ

ି௛ಿ

ۉ

ۈ
ۇ

ሺߩ௦భ െ ௦మሻߩ

2

െ
ሺߩ௦భ ൅ ݖ௦మሻߩ
2݄ே ൅ ݄௣ ی

ۋ
ۊ
 ,ݖ݀

ଵଵ௣ܬ
∗ ൌ 

න
߭௣

൫1 െ ߭௣൯

௛ಿା௛೛

௛ಿ

ۉ

ۈ
ۇ

ሺߩ௦భ െ ௦మሻߩ

2

െ
ሺߩ௦భ ൅ ݖ௦మሻߩ
2݄ே ൅ ݄௣ ی

ۋ
ۊ
 ,ݖ݀

(A.18) 

ଵଵேܧ	
∗ ൌ 

න
߭ே

ሺ1 െ ߭ேሻ

௛ಿ

ି௛ಿ

ۉ

ۈ
ۇ

൫߬଴
௦మ െ ߬଴

௦భ൯ݖ
2

൅
൫߬଴

௦మ ൅ ߬଴
௦భ൯ݖଶ

2݄ே ൅ ݄௣ ی

ۋ
ۊ
 ,ݖ݀

ଵଵ௣ܧ
∗ ൌ 

න
߭௣

൫1 െ ߭௣൯

௛ಿା௛೛

௛ಿ

ۉ

ۈ
ۇ

൫߬଴
௦మ െ ߬଴

௦భ൯ݖ
2

൅
൫߬଴

௦మ ൅ ߬଴
௦భ൯ݖଶ

2݄ே ൅ ݄௣ ی

ۋ
ۊ
 ,ݖ݀

(A.19) 

ଵଵேܩ
∗ ൌ 

න
߭ே

ሺ1 െ ߭ேሻ

ۉ

ۈ
ۇ

ሺߩ௦భ െ ݖ௦మሻߩ
2

െ
ሺߩ௦భ ൅ ଶݖ௦మሻߩ

2݄ே ൅ ݄௣ ی

ۋ
௛ಿۊ

ି௛ಿ

 ,ݖ݀

ଵଵ௣ܩ
∗ ൌ 

න
߭௣

൫1 െ ߭௣൯

௛ಿା௛೛

௛ಿ

ۉ

ۈ
ۇ

ሺߩ௦భ െ ݖ௦మሻߩ
2

െ
ሺߩ௦భ ൅ ଶݖ௦మሻߩ

2݄ே ൅ ݄௣ ی

ۋ
ۊ
 ,ݖ݀

Note that, because of geometric symmetry, the 
expressions ܤ௜௝ே is zero, i.e. ൫ܤ௜௝ே ൌ 0൯. 
 
 
Appendix B 

ଵߙ ൌ
1
݉ଷ

,ଵଵܣ̅ ଶߙ	 ൌ
݉଴
ଶ

݉ଷ
 	,଺଺ܣ̅

ଷߙ	 ൌ
݉଴

݉ଷ
ሺ̅ܣଵଶ ൅ ,ଶଵሻܣ̅ ସߙ ൌ

2݉଴

݉ଷ
 ,଺଺ܣ̅

ହߙ	 ൌ
݉଴

݉ଷ
ሺ̅ܣଵଶ ൅  ,ଶଵሻܣ̅

଺ߙ ൌ
1

2݉ଵ݉ଷ
൫2̅ܣଵଵ െ ߬̅଴

௦భ െ ߬଴̅
௦మ൯, 

଻ߙ	 ൌ
݉଴݉ଶ

2݉ଷ
ሺ̅ܣଵଶ ൅ ,ଶଵሻܣ̅ ଼ߙ	 ൌ

2݉଴݉ଶ

݉ଷ
 ,଺଺ܣ̅

ଽߙ	 ൌ
݉଴
ଶ

݉ଷ
,ଶଶܣ̅ ଵ଴ߙ ൌ

݉଴
ଶ݉ଶ

2݉ଷ
൫2̅ܣଶଶ െ ߬଴̅

௦భ െ ߬̅଴
௦మ൯, 

ଵଵߙ ൌ
݉ଶ

2݉ଷ
ሺ̅ܣଵଶ ൅  ,ଶଵሻܣ̅

ଵଶߙ		 ൌ
݉଴
ଶ

݉ଷ
൫2̅ܣଶଶ െ ߬଴̅

௦భ െ ߬଴̅
௦మ൯, 

ଵଷߙ ൌ
1
݉ଷ

,଺଺ܣ̅ ଵସߙ	 ൌ
2݉ଶ

݉ଷ
 ,଺଺ܣ̅

ଵହߙ ൌ
݉଴
ଶ

݉ଷ
൫̅ܣଶଶ െ ߬̅଴

௦భ െ ߬଴̅
௦మ൯, 

ଵ଺ߙ	 ൌ
1

4݉ଵ
ଶ݉ଷ

൫̅ܣଵଵ െ ߬̅଴
௦భ െ ߬଴̅

௦మ൯, 

ଵ଻ߙ ൌ
݉଴
ଶ݉ଶ

ଶ

4݉ଷ
൫̅ܣଶଶ െ ߬଴̅

௦భ െ ߬̅଴
௦మ൯, 

ଵ଼ߙ	 ൌ
݉ଶ
ଶ

4݉ଷ
ሺ4̅ܣ଺଺ ൅ ଵଶܣ̅ ൅  ,ଶଵሻܣ̅

ଵଽߙ	 ൌ
݉ଶ

2݉ଷ
ሺ̅ܣଵଶ ൅  ,ଶଵሻܣ̅

ଶ଴ߙ ൌ
݉଴
ଶ݉ଶ

݉ଷ
൫̅ܣଶଶ െ ߬଴̅

௦భ െ ߬଴̅
௦మ൯, 

ଶଵߙ	 ൌ െ
4݉଴݉ଶ

݉ଷ
 ,ത଺଺ܤ

ଶଶߙ ൌ
݉଴݉ଶ

݉ଷ
ሺܨതଵଵ െ തଵଶܤ െ  ,തଶଵሻܤ

ଶଷߙ ൌ
1

݉ଵ݉ଷ
ሺܨതଵଵ െ  ,തଵଵሻܤ2
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ଶସߙ	 ൌ
݉ଶ

݉ଷ
ሺܨതଵଵ െ തଵଶܤ െ ,തଶଵሻܤ ଶହߙ ൌ െ

4݉ଶ

݉ଷ
 ,ത଺଺ܤ

ଶ଺ߙ ൌ
݉଴
ଶ݉ଶ

݉ଷ
ሺܨതଵଵ െ  ,	തଶଶሻܤ2

ଶ଻ߙ	 ൌ
݉ଶ
ଶ

2݉ଷ
ሺܨതଵଵ െ തଵଶܤ െ  ,തଶଵሻܤ

ଶ଼ߙ ൌ
݉ଶ

݉ଷ
ሺܨതଵଵ െ തଵଶܤ െ  ,തଶଵሻܤ

ଶଽߙ ൌ
݉ଶ
ଶ

2݉ଷ
ሺܨതଵଵ െ തଵଶܤ െ  ,തଶଵሻܤ

ଷ଴ߙ	 ൌ
1

2݉ଵ
ଶ݉ଷ

൫ܨതଵଵ െ തଵଵܤ2 ൅ ߬̅଴
௦మሺ1 ൅ ݉ସሻ െ ߬̅଴

௦భ൯, 

ଷଵߙ ൌ
݉଴
ଶ݉ଶ

ଶ

2݉ଷ
൫ܨതଵଵ െ തଶଶܤ2 ൅ ߬଴̅

௦మሺ1 ൅ ݉ସሻ െ ߬̅଴
௦భ൯, 

ଷଶߙ ൌ െ
4݉ଶ

ଶ

݉ଷ
 ,ത଺଺ܤ

ଷଷߙ	 ൌ
݉଴
ଶ݉ଶ

݉ଷ
൫ܨതଵଵ െ തଶଶܤ2 ൅ ߬଴̅

௦మሺ1 ൅ ݉ସሻ െ ߬̅଴
௦భ൯, 

ଷସߙ ൌ
1

݉ଵ
ଶ݉ଷ

ሺܦഥଵଵ െ  ,തଵଵሻܧ

ଷହߙ ൌ
݉଴
ଶ݉ଶ

ଶ

݉ଷ
ሺܦഥଶଶ െ ,തଵଵሻܧ ଷ଺ߙ	 ൌ

4݉ଶ
ଶ

݉ଷ
 ,ഥ଺଺ܦ

ଷ଻ߙ	 ൌ
݉ଶ
ଶ

݉ଷ
ሺܦഥଵଶ ൅ ഥଶଵܦ െ  ,തଵଵሻܧ2

ଷ଼ߙ ൌ
݉଴݉ଵ

݉ଷ
൫߬̅଴

௦భ ൅ ߬଴̅
௦మ െ ഥܰఏ௣൯, 

ଷଽߙ ൌ
݉ଵ

݉ଷ
൫߬̅଴

௦భ ൅ ߬଴̅
௦మ െ ഥܰ௫௣൯, 

ସ଴ߙ ൌ
݉଴݉ଵ

݉ଷ
൫߬̅଴

௦భ ൅ ߬଴̅
௦మ െ ഥܰఏ௣൯, 

ସଵߙ ൌ
1

2݉ଷ
൫߬଴̅

௦భ ൅ ߬଴̅
௦మ െ ഥܰ௫௣൯, 

ସଶߙ ൌ
݉଴
ଶ

2݉ଷ
൫߬଴̅

௦భ ൅ ߬଴̅
௦మ െ ഥܰఏ௣൯, 

ସଷߙ	 ൌ
1
݉ଷ

ሺܯഥ௫௣ ൅ ߬଴̅
௦భ െ ߬̅଴

௦మሺ1 ൅ ݉ସሻሻ,	 

ସସߙ ൌ
݉଴
ଶ

݉ଷ
ቀܯഥఏ௣ ൅ ߬଴̅

௦భ െ ߬̅଴
௦మሺ1 ൅ ݉ସሻቁ, 

ସହߙ	 ൌ െ
1

2݉ଵ
ଶ݉ଷ

ଵଵܩ̅
∗ , ସ଺ߙ ൌ െ

݉ଶ
ଶ

2݉ଷ
ଵଵܩ̅
∗ , 

ସ଻ߙ ൌ
1

2݉ଵ݉ଷ
ଵ̅ଵܬ
∗ , ସ଼ߙ ൌ

݉ଶ

2݉ଷ
ଵ̅ଵܬ
∗ , 

ସଽߙ ൌ
݉ଶ

2݉ଷ
ଵ̅ଵܬ
∗ , ହ଴ߙ ൌ

1
4݉ଵ

ଶ݉ଷ
ଵ̅ଵܬ
∗ , ହଵߙ ൌ

݉ଶ
ଶ

4݉ଷ
ଵ̅ଵܬ
∗ , 

 
 
Appendix C 

ሺܯሻ௨௨ ൌ ඵ൫߯௘߯௜ ௙ߴ  ,	ߠ݀ߦ௝൯݀ߴ

	ሺܯሻ௨௪ ൌ
1
2
ସ଻ඵ൫χୣᇱߙ ௢ߚ  ߠ݀ߦ௙߰௟൯݀ߴ

ሺܭሻ௨௨ ൌ ඵ൫αଵχୣᇱ χ୧
ᇱ
௙ߴ ௝ߴ ൅ αଶ߯௘߯௜ ௙ߴ

ᇱ
௝ߴ
ᇱ൯݀ߠ݀ߦ	, 

	ሺܭሻ௨௩ ൌ
1
2
ඵ൫αଷχୣᇱ ߶௞ ௟ߙ௙ߴ

ᇱ ൅ αସ߯௘߶௞
ᇱ

௙ߴ
ᇱߙ௟൯݀ߠ݀ߦ 

ሺܭሻ௨௪ ൌ 

1
2
ඵቆ

αହχୣᇱ ௢ߚ ௙߰௟ߴ ൅ αଶଵ߯௘ߚ଴
ᇱ
௙ߴ
ᇱ߰௟

ᇱ

൅αଶଶχୣᇱ ௢ߚ ௙߰௟ߴ
ᇱᇱ ൅ αଶଷχୣᇱ ଴ߚ

ᇱᇱ
௙߰௟ߴ

ቇ  ߠ݀ߦ݀

ሺܰܮሻ௨௪ ൌ
1
2
ඵቌ

α଺χୣᇱ ଴ߚ
ᇱߚ௧

ᇱ
௙߰௣߰௩ߴ

൅α଻χୣᇱ ௧ߚ௢ߚ ௙߰௣ᇱߴ ߰௩ᇱ

൅α଼߯௘ߚ଴
ᇱߚ௧ ௙ߴ

ᇱ߰௣߰௩ᇱ
ቍ݀ߠ݀ߦ 

ത௨௣ܨ ൌ
1
2
αଷଽඵሺχୣᇱ  ,	ߠ݀ߦ௜ሻ݀ߴ

	ሺܯሻ௩௩ ൌ ඵ൫߶௤߶௞ܽ௙ܽ௟൯݀ߠ݀ߦ	, 

	ሺܯሻ௩௪ ൌ
1
2
௙ߙ௢ߚସ଼ඵ൫߶௤ߙ

ᇱ߰௟൯݀ߠ݀ߦ 

ሺܭሻ௩௨ ൌ
1
2
ඵ൫αଷ߶௤χ୧

ᇱߙ௙
ᇱߴ௟ ൅ αସ߶௤ᇱ ߯௜ߙ௙ߴ௟

ᇱ൯݀ߠ݀ߦ	, 

	ሺܭሻ௩௩ ൌ ඵ൫αଽ߶௤߶௞ߙ௙
ᇱߙ௟

ᇱ ൅ αଵଷ߶௤ᇱ ߶௞
ᇱ  ߠ݀ߦ௟൯݀ߙ௙ߙ

ሺܭሻ௩௪ ൌ 

1
2
ඵቆ

αଵଶ߶௤ߚ௢ߙ௙
ᇱ߰௟ ൅ αଶସ߶௤ߚ଴

ᇱᇱߙ௙
ᇱ߰௟

൅αଶହ߶௤ᇱ ଴ߚ
ᇱߙ௙߰௟

ᇱ ൅ αଶ଺߶௤ߚ௢ߙ௙
ᇱ߰௟

ᇱᇱቇ  ߠ݀ߦ݀

ሺܰܮሻ௩௪ ൌ
1
2
ඵቌ

αଵ଴߶௤ߚ௢ߚ௧ߙ௚ᇱ ߰௣ᇱ ߰௩ᇱ

൅αଵଵ߶௤ߚ଴
ᇱߚ௧

ᇱߙ௚ᇱ ߰௣߰௩
൅αଵସ߶௤ᇱ ଴ߚ

ᇱߚ௧ߙ௚߰௣߰௩ᇱ
ቍ݀ߠ݀ߦ 

ത௩௣ܨ ൌ
1
2
αସ଴ඵ൫߶௤ߙ௙

ᇱ ൯݀ߠ݀ߦ 

ሺܯሻ௪௪ ൌ 

1
2
ඵቌ

௢߰௦߰௣ߚ௥ߚ2 ൅ ௢߰௦߰௣ߚ௥ᇱᇱߚସହߙ
൅αସ଺ߚ௥ߚ௢߰௦ᇱᇱ߰௣ ൅ αସଽߚ௥ߚ௢߰௦߰௣

൅̅ߩଵߚ௥ߚ௢߰௦߰௣

ቍ݀ߠ݀ߦ 

ሺܥሻ௪௪ ൌ 

1
2
ඵቆ

௢߰௦߰௣ߚ௥ߚ௪̅ܥ ൅ ௢ᇱ߰௦߰௣ߚ௥ߚଶߩ̅
െ̅ߤଵߚ௥ߚ௢ᇱᇱ߰௦߰௣ െ ௢߰௦߰௣ᇱᇱߚ௥ߚଶߤ̅

ቇ  ߠ݀ߦ݀

ሺܭሻ௪௨ ൌ 
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1
2
ඵቆ

αହߚ௥χ୧
ᇱ߰௦ ௝ߴ ൅ αଶଵߚ௥ᇱ߯௜߰௣ᇱ ௝ߴ

ᇱ

൅αଶଶߚ௥χ୧
ᇱ߰௦ᇱᇱ ௝ߴ ൅ αଶଷߚ௥ᇱᇱχ୧

ᇱ߰௦ ௝ߴ
ቇ  ߠ݀ߦ݀

ሺܭሻ௪௩ ൌ 

1
2
ඵ൬

αଵଶߚ௥߶௞߰௦ߙ௟
ᇱ ൅ αଶସߚ௥ᇱᇱ߶௞߰௦ߙ௟

ᇱ

൅αଶହߚ௥ᇱ߶௞
ᇱ ߰௦ᇱߙ௟ ൅ αଶ଺ߚ௥߶௞߰௦ᇱᇱߙ௟

ᇱ൰  ߠ݀ߦ݀

ሺܭሻ௪௪ ൌ 

1
2
ඵ

ۉ

ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۇ

2αଵହߚ௥ߚ௢߰௦߰௣ ൅ αଶ଼ߚ௥ߚ଴
ᇱᇱ߰௦߰௣

൅αଶ଼ߚ௥ᇱᇱߚ௢߰௦߰௣ ൅ αଷଷߚ௥ߚ௢߰௦߰௣ᇱᇱ

൅αଷଷߚ௥ߚ௢߰௦ᇱᇱ߰௣ ൅ 2αଷସߚ௥ᇱᇱߚ଴
ᇱᇱ߰௦߰௣

൅2αଷହߚ௢ߚ௥߰௦ᇱᇱ߰௣ᇱᇱ ൅ 2αଷ଺ߚ௥ᇱߚ௢ᇱ߰௦ᇱ߰௣ᇱ

൅αଷ଻ߚ௥ߚ௢ᇱᇱ߰௦ᇱᇱ߰௣ ൅ αଷ଻ߚ௥ᇱᇱߚ௢߰௦߰௣ᇱᇱ

൅2αସଵߚ௥ᇱߚ௢ᇱ߰௦߰௣ ൅ 2αସଶߚ௥ߚ௢߰௦ᇱ߰௣ᇱ

൅ത݇௪ߚ௥ߚ௢߰௦߰௣ െ ത݇
௣ߚ௥ߚ଴

ᇱᇱ߰௦߰௣
െത݇௣݉଴

ଶߚ௥ߚ௢߰௦߰௣ᇱᇱ ൅ ଴ߚ௥ߚଷߩ̅
ᇱᇱ߰௦߰௣

െ̅ߤଷߚ௥ߚ଴
ᇱᇱᇱ߰௦߰௣ െ ଴ߚ௥ߚସߤ̅

ᇱ߰௦߰௣ᇱᇱ

െܨത௘ଶሺܭ௘ሻ௪௪ ی

ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۊ

 ߠ݀ߦ݀

ሺܭ௘ሻ௪௪ ൌ   ,௢߰௦߰௣ߚ௥ߚ

ሺܭሻ௪ଶ
௪ሷ ൌ ඵቆ

αହ଴ߚ௥ᇱߚ௢ߚ௧
ᇱ߰௦߰௣߰௩

൅αହଵߚ௥ߚ௢ߚ௧߰௦ᇱ߰௣߰௩ᇱ
ቇ  ߠ݀ߦ݀

ሺܰܮሻ௪௨ ൌ
1
2
ඵ

ۉ

ۈ
ۇ

2α଺ߚ௥ᇱߚ௢ᇱ χ୧
ᇱ߰௦߰௣ ௝ߴ

൅2α଻ߚ௥ߚ௢χ୧
ᇱ߰௦ᇱ߰௣ᇱ ௝ߴ

൅α଼ߚ௥ᇱߚ௢߯௜߰௦߰௣ᇱ ௝ߴ
ᇱ

൅α଼ߚ௥ߚ௢ᇱ߯௜߰௦ᇱ߰௣ ௝ߴ
ᇱ
ی

ۋ
ۊ
 ߠ݀ߦ݀

ሺܰܮሻ௪௩ ൌ
1
2
ඵ

ۉ

ۈ
ۇ

2αଵ଴ߚ௥ߚ௢߶௞߰௦ᇱ߰௣ᇱ ௟ߙ
ᇱ

൅2αଵଵߚ௥ᇱߚ௢ᇱ߶௞߰௦߰௣ߙ௟
ᇱ

൅αଵସߚ௥ᇱߚ௢߶௞
ᇱ ߰௦߰௣ᇱ ௟ߙ

൅αଵସߚ௥ߚ௢ᇱ߶௞
ᇱ ߰௦ᇱ߰௣ߙ௟ ی

ۋ
ۊ
 ߠ݀ߦ݀

ሺܰܮሻ௪ଶ
௪ ൌ

1
2
ඵ

ۉ

ۈ
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