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Abstract: The paper sets non-classical problems, and formulates the problems of stress and displacement 

localization for a homogeneous isotropic elastic half-plane based on them. The problems are solved with a 
boundary element method. Test examples are given in the work showing the value of the normal stress to be 

applied to the part of the half-plane boundary to obtain the pre-given localized stress or displacement at the 

midpoint of the segment located inside the body. By using MATLAB software, the numerical results are 

obtained and corresponding graphs are constructed. 
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1 Introduction 
In the theory of elasticity, there are a number of 
problems [1]-[13] that could be called non-classical 

due to the fact that the boundary conditions on a part 

of the surface boundary are either overdetermined or 

underdetermined, or the conditions on the boundary 

are associated with the conditions inside the body 

(so called non-local problems).  

The author’s (coauthor’s) early work [14] deals 

with the solution of a non-classical three-

dimensional thermoelasticity problem. The problem 
is to define the  temperature on the upper and lower 

faces of the parallelepiped so that on some two 

planes inside the body that are parallel to the bases 
normal displacements or tangential ones would take 

a priori defined values.  

Although there are a number of papers devoted to 
non-classical problems, we hope that our paper will 

of a certain interest. Indeed, it presents how a 

problem can be used in certain practical cases, in 

particular, for strain-localization problems. 

The present paper sets and solves non-classical 

two-dimensional elasticity problems by boundary 

element method (BEM) [15]. The considered 

problems do not coincide with the above-mentioned 

non-classical problems and are of a great applicable 
importance.  

Our goal is to set strain-localization problems (to 

be more precise, the problems of localization of 
stress or displacement) for a homogeneous isotropic 

half plane by selecting the boundary conditions of 

non-classical problems. The problem is to find the 

kind of distribution of normal stress along the 
section of the half plane boundary so that the normal 

stress, or normal displacement along the section 

parallel to the boundary of a given length inside the 
body parallel to the boundary of the half plane 

should equal to the value of a given function. If 

taking this function in a form describing the point 

force or point displacement applied to the middle 

point of the segment, the localization problem of the 

stress or the displacement is obtained. In a certain 

sense, the problem of localization of stresses in a 

body is a problem inverse to the delocalization 

problem [16]. 
In many structures subject to the action of 

extreme loading conditions, the initially smooth 

distribution of strain changes into a highly localized 
one. Typically, the strain increments are 

concentrated in a narrow zone, while a great part of 

the structure is free of load. Such kind of strain 
localization is caused by geometrical effects (e.g., 

necking of metallic bars) or by material instabilities 

(e.g., micro cracks, frictional slip, or when it will 

enable us to destroy a military structure, for 

example, an underground facilities). In this work, 

we will focus on the latter case. 
In case of isothermal processes, the rate-

independent solids and strain localization has been 

analyzed as a material instability within a theoretical 

framework according to Hadamard [17], Thomas 

[18], Hill [19], Mandel [20] and Rice [21 ]. In works 

[22]-[25], the main goal is to give a numerical 

analysis of strain-localization in multi-dimensional 
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initial value problems. In work [22], the main goal 
is to give a numerical analysis of strain-localization 

in initial boundary value problems. In paper [23], 

localization is studied for an unconstrained, elasto-
plastic, strain-softening Cosserat continuum. A 

finite element model for strain localization analysis 

of elasto-plastic solids corresponding to the 

discontinuous displacement fields is presented by 

Ronaldo I. Borja in [24]. Authors in paper [25] have 

presented a mathematical model for analyzing strain 
localization in frictional solids exhibiting 

displacement jumps. 

The localization problems presented in this 
article are totally different from the above-

mentioned problems both, in respect of the solution 

method (BEM) and mathematical formulation. 
The current article examines two localization 

problems, which have the following physical 

meaning: on the middle point of the segment lying 

inside a body parallel to the border half plane in first 

case a point force is applied, and we must find such 

value of the normal stress along the section of the 

border half plane, which will cause this point force 

(stresses localization), while in the second case, 

there is given a vertical narrow deep trench outgoing 
of this point, and we must find such value of the 

normal stress along the section of the border half 

plane, which will result in such a pit (displacements 

localization).   It is clear that these problems are 

non-classical because of the boundary conditions. 

Finally, there are test examples given showing 

the value of normal stress supposed to apply to the 

section of the half-plane boundary to obtain the pre-

given localized stress or displacement at the 

midpoint of the segment inside the body. The 
numerical results of these problems are presented 

together with appropriate graphs, and mechanical 

and physical interpretations of the problems. 
 

 

2 Problems Statement  
Let us set some non-classical static problems for 

homogeneous isotropic half plane S  (See. Fig.1).  

It is known that a homogeneous system of elastic 

static equilibrium in displacements in the Cartesian 

system of coordinates has the folowing form [26]: 
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Fig. 1. Illustration of localization problems of stresses 

and displacements for elastic half plane. 

 

2.1 Statement of a problem, when normal 

stress is applied to the segment inside a half 

plane 
Let us consider a non-classical problem for half 

plane S  (Fig. 1), when the tangent stress along the 

entire border and normal stress along boundary 

segment 0, => ycx
 
equal to zero. Along segment 

bycx −=≤ ,  inside the body, the value of normal 

stress yyσ  is known. So, let us find the solutions to 

the system of equilibrium equations (1) satisfying 

the following boundary conditions: 

  ),(:   and   when

       ,0:0   and   when

       ,0:0   and  when

0
xPbycx

ycx

yx

yy

yy

yx

−=−=≤

==>

==∞<

σ
σ
σ

  (2) 

where )(0 xP  is the sufficiently smooth function 

given along segment [ ]cc,−  . 

We can formulate the set problem as follows: let 

us find the kind of distribution of normal stress 

yyσ along section 0, =≤ ycx  of the boundary of a 

half plane (see Fig. 1) so that the normal stress 

along segment bycx −=≤ ,  inside the body equals 

to the values of given function )(0 xP . 
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If we consider function of kind 
x

PxP
4

0 10)(
−⋅= ( )constant =P , which describes a 

force similar to the concentrated one, then we will 

have the following localization problem: we must 

find the kind of distribution of normal stress 
yyσ  

along segment 
11BA  to obtain the concentrated force 

of the given value (localization of stresses) along 
section AB  (see Fig. 1).  

 

 

2.2 Statement problem when normal 

displacement is given on the segment lying 

inside a half plane 
Let us consider a non-classical problem, when along 

the entire border of half plane S  (see Fig. 1) the 

tangent stress is equal to zero, and normal 

displacement yu on segment bycx −=≤ ,  lying 

inside the body is known. Also, normal stress along 

part 0, =≥ ycx  of boundary is equal to zero. 

Thus, we have the following boundary conditions: 

  ),(:   and   when

       ,0:0   and   when

       ,0:0   and  when

0
xUubycx

ycx

yx

y

yy

yx

−=−=≤

==>

==∞<

σ
σ

    (3) 

where )(0 xU  is the sufficiently smooth function 

given along segment [ ]cc,− . 

We can formulate this problem as follows: let us 

find the distribution of normal stress yyσ  along part 

0, =≤ ycx  of the boundary of the half plane 

when normal displacement along segment 

bycx −=≤ ,  lying inside half plane S  equals to
 

)(0 xU− . 

Let us consider this function of the following 

kind ( )constant   ,10)(
4

0 =⋅= −
PPxU

x
, which 

describes clearly expressed non-uniform normal 

displacement. Thus, we will have the following 

localization problem: let us find the distribution of 

normal stress 
yyσ  along segment 

11BA   to obtain the 

pit of a given value along segment AB  

(displacements localization) (see Fig. 1). 
 

 

3 Solving the set problems 
Let us solve the set problems by BEM. When 

solving the boundary value problems for half planes 
by BEM, we use a singular solution of the Flaman 

problem (see Appendix A). 

 

3.1 Solving problem (1), (2) 

 Let us divide segments 0, =≤ ycx  and 

bycx −=≤ ,  (see Fig. 1) into N  segments 

(elements) of the same size a2 and smaller sizes 

(i.e. Nca /=  ). We mean that constant normal 

stresses j

y
P  act on each j

th element of length a2  

with centre )0,( jx of segment 0, =≤ ycx . We 

need to find such values of these stresses, for which 
the values of the normal stresses in middle points 

),( bx i − of each i th segment with a length of a2  

along segment bycx −=≤ ,  inside body will equal 

to the given value of )(
0

ixP− . 

Normal stress in the centre of the i th element 

lying on segment bycx −=≤ , caused by the action 

of constant normal load j

yP  on the j
th element of 

segment 0, =≤ ycx  will be found by inserting 

by −= , 
ji xxx −=  in equation (A.1) of the 

Appendix. 
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Normal stress in the centre of the i th element 

lying on segment bycx −=≤ ,  will equal to 

following sum: 

,,...,2,1      ,),(
1

NiPAbx
N

j

j

y
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where we use the following formula for influence 

coefficients 
ijA : 
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Thus, we obtain the following system of N linear 

algebraic equations with N  unknown quantities 
j

yP , Nj ,,2,1 …= . 

( ) .,...,2,1      ,
1

0 NixPPA
N

j

ij

y

ij ==∑
=

            (4) 

If solving (4) system in relation to unknown 

quantities j

yP  by means of any standard method of 

numerical analysis (by method of Gauss in our 

case), then we can assume that the set problem is 

solved and NjP
j

y

j

yy ,,1    , …==σ  (see Appendix ). 
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After solving these equations, we can express the 

displacements and stresses at any point ( )ki yx ,  of 

the body by means of other linear combination of 

load j

yP . For example, the stresses and 

displacements have the following form: 
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3.2 Solving problem (1), (3) 

Let us divide segments 0, =≤ ycx  and 

bycx −=≤ ,  into N  segments (elements) with 

equal a2 and smaller lengths. We mean that 

constant normal stresses j

yP  act on each j
th 

segment of segment 0, =≤ ycx , each with the 

length of a2  and with centre )0,( jx . We must find 

such values of these stresses, for which the values of 

normal displacement in middle point ),( bx i −  
of 

each i th element with length a2  of 

bycx −=≤ , segment inside the body should equal 

to the given value of )(
0

ixU− . 

Normal displacement ),( bxu ij

y −  in the centre 

),( bx i −  of the i
th
 element lying on the segment 

bycx −=≤ ,  caused by the action of constant load 

j

y
P on the j

th
 element lying of segment 0, =≤ ycx  

will be found by inserting by −= , 
ji xxx −=  and 

jxLL −=  in equation (A.1) of the Appendix. 
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Further, normal displacement in the centre of the 

i th
 element lying on segment bycx =≤ ,  will be 

computed with the following formula: 
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Thus, the set problem is reduced to solving the 

following system of linear algebraic equations ( N  

equations with N  unknown values): 

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS Natela Zirakashvili

E-ISSN: 2224-3429 20 Volume 14, 2019



  .,...,2,1      ,)(
1

0 NixUPB
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ii
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If we solve system (6) in relation to unknown 

values j

yP , then the set problem can be considered 

as solved, like the problem set in 3.1. 
 

 

4 Numerical results and discussion 

4.1 Numerical simulations of problems in 

stresses 
By using MATLAB software, we obtained the 

numerical values of the normal stresses along 

segment AB (the given normal load) and 

distribution of normal stresses along segment A1B1 
(the obtained normal stress) shown in Fig. 1 for the 

following data: mmmmc 4  ,3  ,2  ,1= , 

mmmm 30 ,02 ,81 ,15  and mmmmb 10   ,8   ,5,6   ,5= , 

mmmm 30   ,02   ,81   ,15 ; 120=N ; 210 cmkgP = . 

Below are the tables and relevant graphs of some of 

the obtained results. Namely, Fig. 2 shows load 

( )xP0
 along AB segment and distribution of 

obtained normal stress 
y

P  along 
11BA  segment, 

when mc 1=  and mmmmb 10   ,8   ,5,6   ,5= . In 

addition, a table of numerical values of normal 

stresses 
yyy

P=σ  in the middle points of the 

boundary elements lying on segment OA1
 is 

presented, when mc 1=  and mb 5=  (see Table 1). 

Table 2 gives minimum and maximum numerical 

values of normal stresses yyy
P=σ  in the middle 

points of the boundary elements lying on segment 

11BA  for different values of c  and b . 

Besides, represented 3D graphs of the 

distribution of stresses and displacements in the 
body section relevant to domain 

1030-  , −<<<<− ycxc , when mc 1= , mb 30= ; 

for steel 26102 cmkgE ×= , 3.0=ν  (see Fig. 3 

and Fig. 4) and technical rubber 
22102 cmkgE ×= , 42.0=ν  (see Fig. 5). Formula 

(5) evidences that the stresses in the stress problems 

do not depend on Young's modulus and Poison's 
ratio. As for the displacements, the normal 

displacement less and tangential displacement is 

bigger in steel than in technical rubber. 

P
0

P
y
y

 
Fig. 2. The load ( )xP0

 along segment AB and 

distribution of obtained normal stress 
y

P  along 

segment 
11BA , when mc 1= . 

Table 1.   Numerical values of stress 
yyy

P=σ  in the 

middle points of the some boundary elements lying 

on segment OA1 , when mc 1=  and mb 5=  

x  
y

P  

-99.17355 -2.576561×10
-2
 

-66.11570 -2.686224 x10
-2
 

-33.05785 -2.755382 x10-2 

0.000000 -10.02779 

The numerical values of stress 
yy

σ  in the middle 

points of the boundary elements lying on segment 

1OB  exactly coincide with the numerical values 

given in Table 1. 
Similar numerical results are obtained, when 

mmmc 4  ,3  ,2=  and mmmmb 10   ,8   ,5,6   ,5= , 

and minimum and maximum numerical values of 

normal stresses 
y

P  in the middle points of the 

boundary elements lying on segment 
11BA  are given 

in Table 2. 
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Table 2. Numerical values of stresses 
yyy

P=σ  in 

the middle points of the boundary elements lying on 

segment 
11BA  for different values of c  and b  

 

 

y
y

x
x

x
y

 
Fig. 3. Distribution of stresses in domain 

1030-  , −<<<<− ycxc , when mc 1= , mb 30= ,  

3.0=ν  (in stresses for the problem, when 
x

PxP
4

0 10)(
−⋅= ) 

u
y

u
x

 
Fig. 4. Distribution of displacements for steel in 

domain 1030-  , −<<<<− ycxc  , when mc 1= , 

mb 30= , 26102 cmkgE ×= , 3.0=ν  (in stresses 

for the problem, when 
x

PxP
4

0 10)(
−⋅= ) 

u
y

u
x

 

Fig. 5. Distribution of displacements for technical 

rubber in domain 1030-  , −<<<<− ycxc , when 

mc 1= , mb 30= , 22102 cmkgE ×= , 42.0=ν  

(in stresses for the problem, when 
x

PxP
4

0 10)(
−⋅= ) 

 

 

4.2 Numerical simulations of problems in 

displacements 
For the following data: 22102 cmkgE ×= , 

42.0=ν  (technical rubber) or 26102 cmkgE ×= , 

3.0=ν  (steel); mmmmc 4  ,3  ,2  ,1=  and 

mmmmb 10   ,8   ,5,6   ,5= , mmmm 30 ,02 ,81 ,15 ; 

120=N , mP 10=  numerical values of normal 

displacements at segment AB  (the given normal 

displacement) and distribution normal stresses at 

segment 
11BA  (the obtained normal stress ) are 

obtained (see Fig. 1). Below are the tables and 

relevant graphs of some of the obtained results. 

Namely, they show normal displacement ( )xU 0
 

given along segment AB, and the distribution of the 

obtained normal stress yP  along segment 11BA  is 

presented in  Fig. 3, when mc 1=  and 
22102 cmkgE ×= , 42.0=ν  (technical rubber), 

and in Fig. 4, when mc 1=  and 
26102 cmkgE ×= , 3.0=ν  (steel). Moreover, 

there are tables of numerical values of normal 

stresses 
yyy

P=σ  in the middle points of the 

boundary elements lying on segment OA1
 , when 

mc 1=  და mb 5= , 22102 cmkgE ×= for 

technical rubber (see Table 3), and mc 1=  და 

mb 5= , 26102 cmkgE ×= for steel (see Table 5). 

There are also numerical values of normal stresses 

yyy
P=σ in the middle points of the boundary 

b  
1=c  4=c  

Minimum Maximum Minimum Maximum 

5 -2.5766×10
-2
 -10.0278 -1.1415 ×10

-1
 -10.2249 

6.5 -1.9113 ×10-2 -10.0200 -1.0225 ×10-1 -10.1452 

8 -1.5132×10-2 -10.0156 -7.1632 ×10-2 -10.1037 

10 -1.1814 ×10
-2
 -10.0120 -5.6407 ×10

-2
 -10.0733 

15 -7.6026 ×10
-3
 -10.0077 -3.5777 ×10

-2
 -10.0407 

18 -6.2571×10
-3
 -10.0063 -2.9040 ×10

-2
 -10.0318 

20 -5.5958×10-3 -10.0056 -2.5740 ×10-2 -10.0278 

30 -5.3147×10
-3
 -10.0053 -1.6250 ×10

-2
 -10.0168 
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elements lying on segment 
11BA  for different values 

of c  and b  when 22102 cmkgE ×= , 42.0=ν  

(rubber) (see Table 4), and when 
26102 cmkgE ×= , 3.0=ν   (steel) (see Table 6). 

 Furthermore, represented 3D graphs of 

distribution of stresses and displacements in the part 

of the body bordered by domain 

1030-  , −<<<<− ycxc , when mc 1= , 

mb 30= , 22102 cmkgE ×= , 42.0=ν  for 

technical rubber (see Fig. 8 and Fig. 9) and 
26102 cmkgE ×= , 3.0=ν  for steel (see Fig. 10 

and Fig. 11). In this case, stresses 
yy

σ  and 
xxσ  in 

the steel are too big, while tangent stress 
xy

τ  is less 

as compared to the technical rubber. In addition, the 

normal displacement in both materials are almost 

equal, while tangent displacement is bigger in steel 
than in technical rubber. 

U
0

P
y
y

 
Fig. 6. Displacement ( )xU 0

 along segment AB and 

distribution of obtained normal stress 
y

P  along 

segment 11BA , when mc 1=  and 
22102 cmkgE ×= , 42.0=ν  (technical rubber) 

Table 3. Numerical values of normal stresses 

yyy P=σ  in the middle points of the some boundary 

elements lying on segment OA
1 , when mc 1=  and 

mb 5= , 22102 cmkgE ×= , 42.0=ν (technical  

rubber) 

x  
y

P  

-99.17355 6.191295×10
-2
 

-66.11570 64.13679×10
-2
 

-33.05785 6.551168×10-2 

0.000000 -17.53966 

Table 4. Numerical values of normal stresses 

yyy P=σ  in the middle points of the boundary 

elements lying on segment 
11

BA  for different values 

of c  and b , when 22102 cmkgE ×= , 

42.0=ν (technical rubber) 

 

 
U
0

P
y
y

 
Fig. 7. Displacement ( )xU 0

 along segment AB and 

distribution of obtained normal stresses 
yP  along 

segment 
11

BA , when mc 1=  and, 
26102 cmkgE ×= ,  3.0=ν (steel) 

Table 5. Numerical values of normal stresses 

yyy P=σ  in the middle points of the some boundary 

elements lying on segment OA
1

, when mc 1=  and 

mb 5= , 26102 cmkgE ×= , 3.0=ν (steel) 

x  
y

P  

-99.17355 1.455292×10
2
 

-66.11570 1.511012×10
2
   

-33.05785 1.545391×102   

0.000000 7.676738×10
4
 

b  
1=c  4=c  

Minimum Maximum Minimum Maximum 

5 6.1682×10
-2
 -17.5399 1.6875×10

-2
 -17.5204 

6.5 4.1378×10
-2
 -13.4999 2.2983×10

-2
 -13.4909 

8 2.9671×10-2 -10.9732 2.1985×10-2 -10.9676 

10 2.0471×10
-2
 -8.7820 1.8538×10

-2
 -8.7780 

15 1.0119×10
-2
 -5.8584 1.1567×10

-2
 -5.8555 

18 7.2940×10
-3
 -4.8832 9.0013×10

-3
 -4.8807 

20 6.0216×10-3 -4.3954 7.7289×10-3 -4.3932 

30 2.8381×10
-3
 -2.9314 4.1300×10

-3
 -2.9300 
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Table 6. Numerical values of normal stresses 

yyy P=σ  in the middle points of the boundary 

elements lying on segment 
11

BA  for different values 

of c  and b , when 26102 cmkgE ×= , 

3.0=ν (steel) 

b

 

1=c  4=c  

Minimum Maximum Minimum Maximum 

5 145.181 -7.6768×104 53.0648 -7.6684×104 

6.5 93.0356 -5.9075×10
4
 67.4164 -5.9027×10

4
 

8 64.4930 -4.8011×10
4
 61.4388 -4.7978×10

4
 

10 43.0377 -3.8418×10
4
 49.5399 -3.8395×10

4
 

15 20.2100 -2.5621×104 28.6766 -2.5608×104 

18 14.2920 -2.1353×10
4
 21.5879 -2.1344×10

4
 

20 11.6818 -1.9219×10
4
 18.1883 -1.9211×10

4
 

30 53.3406 -1.2815×10
4
 9.06856 -1.2811×10

4
 

 

y
y

x
x

x
y

 

Fig. 8. Distribution of stresses in the part of the 
body of technical rubber bordered by domain 

1030-  , −<<<<− ycxc , when mc 1= , 

mb 30= , 22102 cmkgE ×= , 42.0=ν  (in 

displacements for the problem when 
x

PxP
4

0 10)(
−⋅= ) 

u
y

u
x

 

Fig. 9. Distribution of displacements in the part of 
the body of technical rubber bordered by domain 

1030-  , −<<<<− ycxc , when mc 1= , 

mb 30= , 22102 cmkgE ×= , 42.0=ν  (in 

displacements for the problem when 
x

PxP
4

0 10)(
−⋅= ) 

 

y
y

x
x

x
y

 

Fig. 10. Distribution of stresses in the part of the 
body of steel bordered by domain 

1030-  , −<<<<− ycxc , when mc 1= , 

mb 30= , 26102 cmkgE ×= , 3.0=ν  (in 

displacements for the problem when 
x

PxP
4

0 10)(
−⋅= ) 

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS Natela Zirakashvili

E-ISSN: 2224-3429 24 Volume 14, 2019



u
y

u
x

 

Fig. 11. Distribution of displacements in the part of 
the body of steel bordered by domain 

1030-  , −<<<<− ycxc , when mc 1= , 

mb 30= , 26102 cmkgE ×= , 3.0=ν  (in 

displacements for the problem when 
x

PxP
4

0 10)(
−⋅= ) 

 

 

5555 Conclusion 
The paper sets non-classical problems, and 

problems of localization of stress and 

displacement for a homogeneous isotropic 

elastic half-plane are formulated based on them. 

The essence of the problems is as follows: we 

must find the distribution of the normal stress 

along section 11
BA  (see Fig. 1) of the border of 

the half plane so that normal stress 
yyσ  or 

normal displacement 
yu  along segment 

AB parallel to the border of a given length 

distanced from the border by bwithin the body 

should equal to the value of the given function. 

If we take the kind of this function, which 

describes the point-force applied to the middle 

point of section AB  (e.g. 

( )constant   ,10)(
4

0 =⋅= −
CCxU

x
), we will 

obtain the problem of localization of stresses 

and displacements. The set problems are solved 

by BEM [15]. 

By using the MATLAB's software, we 

obtained the numerical results and plotted the 

corresponding graphs showing the values of 

normal stress to be applied to the part of the 

boundary of the half plane to obtain the point 

force or displacement in the middle point of a 

segment inside the body. The paper also 

presents 3D graphs of distribution of stresses 

and displacements within the parts of the bodies 

of steel and technical rubber bordered by 

domain 1030-  , −<<<<− ycxc . 

The problems considered in the work can be 

used in practice, e.g. in soils and rocks, 

materials that are susceptible to cracking and 

faulting when sheared, as well materials used to 

demolish military structures or in underground 

facilities. 

Appendix  

Flamant problem 

The problem of the plane elasticity when a point-

force is applied to one point of the boundary of an 

elastic isotropic half-plane is known as Flamant 
problem. The solution of Flamant problem is known 

and is given in a number of text-books dedicated to 

the theory of elasticity (For an example, see [27, 

28]). It is an example of a singular solution in the 

static theory of elasticity. 

In case of distribution of constant normal stresses 

( )
yy Pxp =  along segment axa ≤≤− , 0=y  with 

a finite length we will have [15]. 

( ) ( ) ( )[ ] ( ) ( ){ }

( ) ( ) ( ){ ( ) ( )[

( ) ( ) ( ) ( ) ]} ( )

( ) ( )[ ]

( ) ( )[ ]

( )2
2

2

1

2

2

2

2

121

2

2

2

121

22

2

1

2

121

2

2

2

121

11

 ,

   ,

1.                               ,lnln         

        lnln121
2

,ln121
2

rry
P

raxyraxy
P

raxyraxy
P

AaLaLaLaL

raxraxy
P

u

rryaaxax
P

u

y

xy

y

yy

y

xx

y

y

y

x

−−=

++−−−−=

+−−+−−=

−−−+++

++−−−+−−−=

−+−+−−−−=

π
σ

θθ
π

σ

θθ
π

σ

νθθν
πµ

νπθθν
πµ

where 

( )( )  ,arctan1 axy −=θ ( )( ),arctan2 axy +=θ

( )   ,  222

1
yaxr +−= ( )  , 222

2
yaxr ++= L  is any 

arbitrary constant and means that yu  displacement 

will be measured relatively to the displacement of 

any Lx ±=  point of the boundary of a half-plane 

(reference point).  
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Fig.12. Distances to the extreme points and 

corresponding angles. 

When 0=y , 
yyσ  is as follows:  

( )  .21 πθθσ −−= yyy P  

According to Fig.12, when 0=y , then 
21

θθ = , 

with the exception of segment ax < , where 

πθ −=
1

 and 0
2
=θ . Thus, we obtain that 0=yyσ  

when ax > , and 
yyy P=σ  when ax < . 
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