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Abstract: - In applications of porous ceramics to elements in energy related components, their strength 
properties should be appropriately evaluated to guarantee in-service durability. In this work, bending strength 
properties of porous alumina specimens with four different shapes were investigated to clarify geometrical size 
effects depending on porosity. 3-point bending tests were conducted using notched specimens as well as 
smooth specimens of three distinct sizes. It was revealed that the bending strength decreased drastically as 
increasing porosity. An effective volume concept was introduced in discussing geometric size effect. Average 
strength was correlated with effective volume for specimens with respective porosities. A little bit of dispersion 
was seen, though the average strength for all materials was well correlated with the effective volume 
independently of specimen geometry. Cross-sections were observed through a laser scanning microscope to 
characterize spatial and size distributions of pores. In this study, based on the observed pore characteristics, a 
fracture mechanics procedure was proposed by presuming pores to be surrounded by virtual cracks. Monte 
Carlo simulations based on the proposed procedure were carried out by assuming the same characteristics of 
crack distribution as those of pore distribution in a material. Strength simulated by using the proposed 
procedure almost coincided with experimentally observed one. Consequently, the proposed procedure was 
confirmed to be applicable to evaluation of porosity and geometric size effects on strength. 
 
Key-Words: - alumina, porosity, bending strength, size effect, effective volume, fracture mechanics. 
 
1 Introduction 
It is well known that porous ceramics have higher 
heat-resistance and larger specific surface area 
compared with dense ceramics. Therefore, 
applications of porous ceramics are expected in 
energy related elements, e.g. filter, catalyst, and so 
on. Since porous ceramics are practically used with 
specified shapes and sizes, strength properties 
should be adequately evaluated for porous ceramics 
with various geometries. 
Strength properties are often obtained by using 
specimens with standard geometries. It has been 
reported, however, that specimen geometry as well 
as loading mode affects strength characteristics in 
dense ceramics [1-12]. In addition, for successful 
application of porous ceramics to engineering 
components, strength characteristics of notched 
components should be also investigated in the 
relation to the well-known size effect. For such an 
analysis, an effective volume proposed by Davis 
[13] was successfully used to evaluate effects of 
specimen geometry and/or loading mode on average 
strength [14]. It is not clarified, however, that the 
effective volume can be applied to strength 

evaluations in porous ceramics.  
In this work, commercial alumina ceramics having 
different porosities were selected, and bending tests 
were conducted using specimens with four different 
geometries. Effects of specimen geometry on 
strength was clarified experimentally. Since strength 
of porous ceramics may be affected by spatial and 
size distributions of pores as well as bulk porosity, 
pore-characteristics were also determined 
quantitatively based on observations of cross-
sections through a laser scanning microscope. A 
fracture mechanics procedure, which was proposed 
in a previous work [15], was developed to 
evaluation of geometry effect on strength by using 
the determined pore-characteristics. The 
applicability of the effective volume to the size 
effect on strength in porous ceramics was also 
discussed based on results simulated by using the 
developed procedure. 
 
 
2 Experimental Procedures 
2.1 Materials 
Commercial alumina ceramics are applied for 
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investigating geometry effects of specimens having  
Table 1. Physical properties of alumina ceramics. 

Material AL-01 AL-35 AL-48 
Porosity p (%) 0.803 34.9 48.4 

Bulk density (Mg/m3) 3.95 2.59 2.05 
Water absorption (%) 0.00 13.9 30.0 

Purity (%) 99.7 99.5~ 97.0~ 
Vickers hardness (HV) 2030 179 15.7 

Theoretically estimated fracture toughness KCp (MPam1/2) 3.33 0.797 0.065 
different porosities on strength. This work was 
conducted by using two porous alumina ceramics 
with porosities p = 34.9% and 48.4% as well as a 
dense alumina with a porosity of 0.803%. In the 
following, the three materials with p = 0.803%, 
34.9%, and 48.4% are respectively designated as 
AL-01, AL-35, and AL-48, according to their 
percentage values of porosity. 
Physical properties of the three materials are 
summarized in Table 1. Vickers hardness was 
measured under indentation force of 9.807N and 
holding time of 15s. Values of fracture toughness 
KCp in the table have been estimated in a previous 
work [15]. 
 
 
2.2 Specimen preparations 
Smooth specimens of three types and notched 
specimen were prepared for the respective materials 
of AL-01, AL-35 and AL-48. Shapes and 
dimensions of specimens to be examined are shown 
in Fig. 1. The specimen as shown in Fig. 1(a) is the 
same as the standard bending specimen specified in 
JIS R 1601 [16]. As shown in Fig. 1(d), notched 
specimens were prepared by machining  
semicircular notches on the smooth specimens as 
shown in Fig. 1(b), and the semicircular notched has 
a root radius of 3mm. In the following, the three 
smooth specimens as shown in Figs. 1(a), 1(b) and 
1(c) will be respectively designated JIS-SD, JIS-H2 
and JIS-DB, and the notched specimen will be 
designated NTS-R3. 
Twenty specimens were applied to bending strength 
tests for respective specimens of JIS-SD, JIS-H2, 
JIS-DB and NTS-R3. Consequently, twenty strength 
data were obtained for each specimen type. 
 
 
2.3 Bending test 
All bending tests were conducted under three-point 
bending mode with a span length of 20mm in an 
ambient atmosphere, i.e. 294±5K and 40±14% 
relative humidity. Bending tests were conducted by 
using a closed-loop hydraulic testing machine, and 
the loading rate was controlled so that the rate of the 

maximum tensile stress generated in a specimen 
might be about 100MPa/s. The bending strength of a 
specimen was evaluated as the maximum stress 
monitored at its fracture. 
 

 
(a) JIS-SD 

 
(b) JIS-H2 

 
(c) JIS-DB 

 
(d) NTS-R3 

Fig. 1 Specimen shape. 
 
 
3 Experimental Results and Discussion 
3.1 Bending strength 
It is well known that large scatters are observed in 
strength properties of brittle materials, especially 
ceramics to be investigated in this work. In this 
work, too, bending strength σf is analyzed 
statistically, and its distribution is expressed by 
using Weibull distribution function. The cumulative 
probability function F(σf) of bending strength σf is 
expressed as (1) by using three-parameter Weibull 
model [17]. 
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In (1), σL, σS and m are respectively location 
parameter, scale parameter and shape parameter. 

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS
Natsumi Miyazaki, 

Toshihiko Hoshide, Daichi Itaya

E-ISSN: 2224-3429 158 Volume 13, 2018



 
Table 2. Statistical parameters of bending strength. 

Material Specimen 
shape 

Average 
strength 
σf,ave 

(MPa) 

Coefficient 
of 

variation 
COV 

Parameters in 
two-parameter 

Weibull 
distribution 

Parameters in three-
parameter Weibull 

distribution 

Scale 
param.   
σ S 

(MPa) 

Shape 
param. 

m 

Scale 
param.   
σ S 

(MPa) 

Shape 
param. 

m 

Location 
param. 
σ L 

(MPa) 

AL-01 

JIS-SD 569 0.0462 580 25.4 72.5 2.36 505 
JIS-H2 470 0.0896 488 13.3 133 3.02 351 
JIS-DB 427 0.144 454 7.44 - - - 
NTS-R3 468 0.0642 481 18.4 86.8 2.45 391 

AL-35 

JIS-SD 69.0 0.0426 70.4 27.6 12.7 4.23 57.5 
JIS-H2 60.1 0.145 63.5 8.32 19.6 1.82 43.0 
JIS-DB 70.0 0.0940 72.9 12.2 20.1 2.65 52.2 
NTS-R3 83.8 0.111 87.8 10.3 30.4 2.90 56.8 

AL-48 

JIS-SD 5.91 0.0732 6.08 16.3 1.07 2.20 4.95 
JIS-H2 7.19 0.144 7.60 8.36 2.09 1.62 5.35 
JIS-DB 11.5 0.115 12.1 9.90 5.19 3.69 6.81 
NTS-R3 10.7 0.141 11.3 8.64 4.05 2.51 7.13 

  
Fig. 2 Weibull plot of strength in AL-01. Fig. 3 Weibull plot of strength in AL-35. 

 
Fig. 4 Weibull plot of strength in AL-48. 
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The statistics of bending strength are summarized in 
Table 2. As seen in Table 2, it appears that the 
coefficient of variation is smaller and the shape 
parameter is larger in JIS-SD type specimen 
compared with those in JIS-H2, JIS-DB and NTS-
R3 type specimens. This implies that a relative 
scatter of strength is smallest in JIS-SD type 
specimen. 
Figures 2∼4 present distributions of strength σf, 
which are plotted on Weibull probability paper. The 
curved lines in Figs. 2∼4 represent F(σf), fitted to 
(1). The broken straight lines in Figs. 2∼4 show 
lines fitted to two-parameter function, which is 
given by setting σL = 0 in (1). As seen in Fig. 2, the 
strength distribution of AL-01 shifts toward higher 
strength region in order of JIS-DB, NTS-R3, JIS-
H2, JIS-SD. On the other hand, as seen in Figs. 3 
and 4, the strength distributions in AL-35 and AL-
48 materials shift toward higher strength region in 
order of JIS-H2, JIS-SD, JIS-DB, NTS-R3 and JIS-
SD, JIS-H2, NTS-R3, JIS-DB, respectively. 
 
 
3.2 Effective volume and its correlation to 
bending strength 
The effective volume has been applied to explain 
the strength characteristics depending on the 
specimen geometry and/or the loading mode [14]. 
Davis [15] derived the effective volume from the 
two-parameter Weibull model [17] for a 
homogeneous material with a volume V. In a 
material subjected to an arbitrary stress state σv in 
infinitesimal small volume element dv, the effective 
volume VE is defined as a volume integration: i.e. 
 

vV
m

v

V
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
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σ    (2) 

 
In (2), σR is a representative stress and m is the 
shape parameter in the two-parameter Weibull 
distribution function. The maximum nominal stress 
generated in a component is usually adopted as σR 
and is also used as its fracture strength. It is 
noteworthy that (2) is implicitly based on some 
basic assumptions as follows. The shape parameter 
and the flaw population must be independent of 
specimen geometry and/or loading mode for the 
same material. Another presumption is associated 
with flaw size and density in a small volume dv in 
the volume integration: the number of flaws must 
not be constant or there may be no flaws in such a 
small volume element with reducing dv 
infinitesimally small. In this work, however, the 

aforementioned assumptions are supposed to be 
extendable to finite volumes in dense and porous 
ceramics in the following application of effective 
volume concept. 
Fracture of a component occurs in its region, which 
consists of infinitesimally small volume with 
positive σv. Therefore, a volume integration of (2) 
should be executed in the restricted region. The 
effective volume is calculated to correlate the 
bending strength in experiment as follows. For 
smooth specimen under three-point bending with a 
double outer span to inner span ratio as in the 
present experiment, the effective volume is 
theoretically calculated from (2) as: 
 

 VE =
2)1(2 +m

V                                          (3) 

 
In (3), V is the whole volume in a region within an 
outside span of a smooth specimen. On the other 
hand, the effective volume for a notched specimen 
is evaluated using stress distribution given by a 
finite element analysis, as in the next equation: 
 

i

m
i

i
VV 






= ∑

max
E σ

σ                                    (4) 

 
In (4), σi and σmax are the normal stress in the i-th 
element in the mesh of notched specimen and the 
maximum stress calculated by the finite element 
analysis, respectively. The volume of the i-th 
element, Vi, is given by multiplying the area of the 
element by its thickness. The summation with 
respect to i in (4) is made only for elements where 
the normal stress in the longitudinal direction of a 
specimen is positive for the same reason as in the 
volume integration. Although a direct verification 
on the validity of the evaluation using (4) cannot be 
made for the notched specimens due to lack of 
theoretical stress distribution, the validity is verified 
for smooth specimens by confirming the difference 
within ±5% between the theoretical calculation by 
(3) and the result evaluated by (4). The calculated 
values of effective volume are listed in Table 3. 
 

Table 3. Effective volume of alumina specimens 
with different shapes (in mm3). 

  JIS-SD JIS-HD JIS-DB NTS-R3 
AL-01 0.4473 0.8945 1.789 0.1998 
AL-35 0.4138 0.8275 1.655 0.1914 
AL-48 0.7643 1.529 3.057 0.2761 
 
In Fig. 5, the mean strength σf,m for each type of 
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specimen is correlated with the effective volume VE 
evaluated by using (3) and (4) for the corresponding 
specimen type. The m value for each type of 
specimen, which was obtained by fitting to two-
parameter Weibull distribution function, was 
different each other mentioned previously. So, 
values of m were averaged, and the averaged m 
value was adopted in calculating VE. The mean 
values of strength for components with the effective 
volumes of VE1 and VE2 are expressed as σf,m1 and 

σf,m2, respectively. Then, the following relationship 
is given [13]: 
 

 
2mf,

1mf,

σ
σ =

m

V
V /1

E2

E1
−







                                    (5) 

 
When the mean strength σf,ref corresponding to a 
reference effective volume VE,ref is given, the 
relation between an arbitrary effective volume VE 
and its corresponding mean strength σf,m is 
expressed from Eq. (5) as follows. 
 

σf,m = σf,ref (VE,ref)1/m (VE)−1/m                      (6) 
 

 
Fig. 5 Correlation of mean strength in experiments 

with effective volume. 

This implies that the relation between σf,m and VE 
can be expressed with a straight line when values of 
these parameters are plotted on log-log diagram. 
The straight lines in Fig. 5 present the relations of 
(6) passing the data points corresponding to the 
result in JIS-SD type specimen. The dotted lines 
present a scatter band corresponding to factor of 21/2. 
In AL-01, the mean strength is found to be 
correlated with the effective volume independently 
of specimen geometry. The reason why the mean 
strength in NTS-R3 is lower than others is 
associated with grinding-induced flaws generated on 
the notch root, which are perpendicular to normal 
stress. On the other hand, in AL-35 and AL-48, 
these results also show a similar tendency, although 
these do not necessarily correspond to (6). Because 
(6) is originally derived for dense material, it is 
suggested that the relation (6) cannot be applied 
directly for porous materials. 
 
 
3.3 Fractography 
Fracture surfaces of alumina ceramics were 
observed by a scanning electron microscope (SEM). 
Examples of SEM photographs of fracture surfaces 
are shown in Figs. 6 and 7. Figure 6(a) presents a 
typical morphology in fracture surface with fracture 
origin from an inherent flaw in the dense AL-01 
material. On the other hand, in AL-35 and AL-48 
materials, fracture surfaces seem rough and 
featureless, and the fracture origin cannot be 
identified, as seen in Figs. 6(b), 6(c) and Fig. 7. In 
these porous materials, clusters of pores were 
frequently observed. It has been reported that a 
similar morphology appears in porous ceramic 
materials [18]. 
Cross-sections were also observed through a laser 
scanning microscope (LSM) to characterize spatial 
and size distributions of pores. Figure 8 presents 
LSM photographs of cross-sections in porous 
materials. Pores in AL-48 are found to be larger 
compared with those in AL-35. By binary-digitizing 
LSM data, size distributions and densities of pores 
in AL-35 and AL-48 are quantified, and the data 
will be used in the following simulation. 

 

WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS
Natsumi Miyazaki, 

Toshihiko Hoshide, Daichi Itaya

E-ISSN: 2224-3429 161 Volume 13, 2018



   
(a)                                                (b)                                                (c) 

Fig. 6 SEM photographs of overall fracture surfaces: (a) AL-01, (b) AL-35 and (c) AL-48. 
 

   
(a)                                              (b) 

Fig. 7 SEM photographs of fracture surfaces in porous materials observed with higher magnification: 
 (a) AL-35 and (b) AL-48. 

 

  
(a)                                             (b) 

 
Fig. 8 LSM photographs of specimen surfaces on porous ceramics: (a) AL-35 and (b) AL-48. 

 
 
4 Numerical Simulation of Strength 
Affected by Pores 
4.1 Modeling of flaws/pores 
Inherent flaws generated during a sintering process 
are distributed in a specimen. In this simulation, a 
fracture mechanics procedure was proposed by 
presuming pores to be surrounded by virtual cracks. 
In the simulation, such flaws/pores are modeled as 
circular, semi-elliptic or quarter-elliptic cracks. 
Cracks in a specimen are randomly located only 
within the region, which is subjected to tensile stress 
in the specimen. It is assumed that the failure of 
specimen occurs when the maximum values among 
all intensity factors, Kmax, is just equal to the fracture 
toughness KC of a material under consideration. 
Such a calculation is repeated to reach a specified 
number of specimens. 
In determining positions of individual cracks, a 
Cartesian x-y-z coordinate is introduced within the 

tensile region of a specimen. In this coordinate, x- 
and y-axes are respectively parallel and vertical to 
the longitudinal direction of the specimen and z-axis 
is the transverse direction (width direction) of a 
specimen (see Fig. 9). By considering no stress 
gradient in the width direction (z-axis) of specimen 
under bending mode, positions of cracks existing in 
an arbitrary cross-section are projected in the z 
direction and onto the x-y plane. Therefore, in the 
simulation, the position (x, y) of a crack is 
prescribed on the x-y plane. For example, the 
position of i-th crack in a specimen is described as 
(xi, yi) on the x-y plane as shown in Fig. 9. Crack 
positions are randomly set by using a series of 
quasi-uniform random numbers generated by a 
computer. According to crack position, cracks are 
classified into three types, i.e., embedded, surface, 
and corner cracks, which are respectively illustrated 
in Fig. 10. The depth h of the center of an original 
circular crack is the distance from the specimen 

100µm 
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surface. The length a and c are radius of an original 
circular crack and the depth of a modeled crack, 
respectively. 
 

 
Fig. 9 Cartesian coordinate in specimen subjected to 

bending. 
 

 
Fig.10 Schematic illustration of crack patterns. 

 
The size a of each crack is given independently of 
its location by using a different series of quasi-
uniform random numbers. The size distributions for 
inherent flaw generated during a sintering process 
expressed by using function F(a) of cumulative 
probability as follows: 
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The above equation is of Weibull type consisting of 
three parameters. 
 
 
4.2 Procedure and parameters in simulation 
It has been reported [19-22] that a fracture-
mechanics-based criterion for long cracks cannot be 
directly applied to the strength evaluation of 
ceramic components, which are fractured 
originating from small inherent cracks. In this 
simulation, the following approximation [20] is 
adopted in the evaluation of a valid K value for a 
small crack with length a: 
 

K = σa [π (a + l0)]1/2 MK                            (8) 
 
A length parameter l0 is crack length to be added to 

the original crack length a. In (8), σa is the applied 
stress, and MK is a magnification factor given by 
considering the shape and location of the crack as 
well as the stress distribution in a specimen. The 
value of MK is determined using published 
numerical results [23-25] according to the 
aforementioned situations of crack. The maximum 
Kmax is obtained among all K values calculated for 
cracks located in a specimen, and the applied stress 
σa at the fracture of the specimen is designated as 
the strength σf. The fracture criterion, i.e., Kmax = 
KC, combined with (8) is written as follows: 
 

 
KMla

K
)(π 0

C
a

+
=σ                             (9) 

 
Using (9), the strength value of one specimen is 
finally determined by the length a and the 
magnification factor MK of crack dominating a 
fracture of the specimen. Figure 11 shows the flow 
chart of the present simulation. 
 

 
Fig. 11 Flow chart of simulation. 

 
A grinding-induced residual stress exists usually in 
a ground specimen, and affects the strength 
properties. Such a residual stress, however, is 
generally known to be compressive on the ground 
surface. In a previous work, the strength of ground 
ceramics was simulated by considering a grinding-
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induced residual stress, and it was elucidated that 
the strength increased up to about 40 MPa due to 
compressive residual stress. In general, however, it 
is not easy to measure/estimate a grinding-induced 
residual stress, and ignoring such an effect results in 
conservative estimation of strength. Consequently, 
for practical application, the effect of grinding-
induced residual stress is not considered in the 
present simulation. 
Parameters used in simulations are summarized in 
the following. Parameters, which have been used in 
a previous work [26], are applied in simulations for 
AL-01. Size distributions and densities of cracks in 
AL-35 and AL-48 are applied by using LSM data. 
The number of surface cracks is given by the crack 
density and relative crack positions on the specimen 
surface, though corner cracks and surface cracks are 
not classified in the analysis. Table 4 summarizes 
other numerical parameters, such as size 
distributions and densities of pores/cracks, which 
are applied to simulations. Values of fracture 
toughness for the three materials has been estimated 
appropriately by using average pore radius and 
average bending strength, based on fracture 
mechanics criterion [15]. 
 

Table 4. Characteristics of pores/crack-sizes and 
their distributions. 

Material AL-01 AL-35 AL-48 
Density dC (1/mm3) 1.25 83.6 112 
Shape parameter γ 7.7 1.3 0.97 
Location parameter 

aL (µm) 1.0 7.14 5.73 

Scale parameter 
aS (µm) 25 21.6 16.1 

Maximum pore size 
amax (µm) 25 150 180 

Average pore size 
aave (µm) 0 29.0 24.9 

 
The modification using (8) is applied in evaluation 
of a valid K value for a small flaw. The additional 
crack length l0 in (8) is set to be 10 µm on the basis 
of the previous work for alumina ceramics [15]. 
In the following, a Monte Carlo simulation is 
carried out for the same shaped specimen under the 
same loading mode as those adopted in the 
experiment. In the present simulation, the loop 
calculation shown in Fig. 11 is iterated 100 times for 
the respective type of specimen. Actually, 100 trials 
are made by creating 100 different combinations of 
spatial and size distributions of cracks by using 
random numbers generated in a computer. 
Consequently, the aforementioned simulation gives 

100 strength data for each type of the specimen. 
 
4.3 Simulated result and discussion 
Figure 12 shows comparison of simulated and 
experimental strength data. The broken line presents 
a scatter band corresponding to a factor of 2. Error 
bars in horizontal and vertical directions indicate 
scatter ranges in simulated and experimental results, 
respectively. By comparing the simulated results 
with the experimental ones, a good agreement 
between them is seen within the range of factor of 2, 
independently of specimen geometry and material. 
In this work, it is assumed that pores are surrounded 
by virtual cracks. By the assumption, stress 
concentrations at tips of a pores and a crack become 
identical. Consequently, it may be concluded that 
strength properties and effect of geometric size on 
strength properties of porous alumina are well 
explained by the proposed procedure based on 
fracture mechanics. In other words, it is suggested 
that the proposed procedure is applicable to strength 
evaluation for porous ceramic materials. 
 

 
Fig. 12 Comparison of simulated and 

experimental strength. 
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Fig. 13 Correlation of simulated strength with 

effective volume. 
 
Figure 13 shows correlation of simulated strength 
with effective volume. By comparing the simulated 
results in Fig. 13 with the experimental ones in Fig. 
5, the mean strength in NTS-R3 is fitted to the 
theoretical relation (6) in AL-01 because grinding-
induced flaws generated on the notch root do not 
exist in the simulation. In addition, the simulated 
results adopt the relation (6) even in porous 
materials. The simulated results represent an 
effective volume concept is applicable to porous 
ceramics. On the other hand, the applicability of 
effective volume is doubtful for experimental results, 
as mentioned in a previous section. The difference is 
caused by the sample size effect, as follows. Only 
20 specimens were used in experiments although the 
strength data were calculated for 100 specimens in 
the simulation. 
 
 
5 Conclusions 
In this work, the influence of specimen geometry on 
the strength in porous alumina was investigated by 
experimental results, and discussed based on results 
in numerical simulation. 
Materials were commercial alumina ceramics, 
which had different porosities of p = 0.803%, 34.9%, 
and 48.4%. Strength characteristics of smooth 
specimens of different size and of notched specimen 
for respective materials with different porosity were 
obtained under three-point bending. The average 
strength for each combination of material and 

specimen geometry was correlated with the effective 
volume. In specimens of dense alumina excepting 
notched specimens, the mean strength was well 
expressed by a unique relation with the effective 
volume independently of specimen geometry. It was 
revealed that the mean strength of notched 
specimens was lower than those of the other 
specimens, because of grinding defects around 
notch root.  On the other hand, in porous materials, 
the mean strength depending on specimen geometry 
was not able to be correlated with the effective 
volume. 
The pore distributions were quantified by binary-
digitizing data in observation via a laser scanning 
microscope. Based on observed pore distribution, a 
fracture mechanics based simulation of Monte Carlo 
type was conducted by assuming that a pore is 
surrounded by a virtual crack and characteristics of 
crack distribution are the same as those of pore 
distribution in a material. The simulated results 
revealed that the effect of the specimen geometry on 
the strength was well explained by using a proposed 
simulation procedure. 
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