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Abstract: - This paper is devoted to the construction and investigation of a hierarchy of two-dimensional 
models for thermoelastic piezoelectric plate with variable thickness, which may vanish on a part of the lateral 
boundary. The hierarchical two-dimensional models are constructed for plate consisting of inhomogeneous 
anisotropic thermoelastic piezoelectric material with regard to magnetic field, when density of surface force, 
and normal components of electric displacement, magnetic induction and heat flux vectors are given along the 
upper and the lower face surfaces of the plate. The boundary value problems corresponding to the constructed 
static two-dimensional models are investigated in suitable weighted Sobolev spaces. The relationship between 
the constructed two-dimensional models and the original three-dimensional one is investigated, and the 
convergence of the sequence of vector-functions of three variables restored from the solutions of the 
constructed two-dimensional problems to the solution of the original three-dimensional boundary value 
problem is proved and under additional conditions modeling error estimate is obtained.  
 
Key-Words: - thermo-electro-magneto-elasticity, plates, two-dimensional models, boundary value problem, 
well-posedness, error estimate 
 
1 Introduction 
Piezoelectric materials are widely used to build en-
gineering smart flat panels [1]. Inhomogeneous ma-
terials, and in particular, functionally graded 
materials [2] are used to increase the durability and 
efficiency of engineering constructions undergoing 
high mechanical and thermal loads. Therefore, cons-
truction and investigation of mathematical models 
of inhomogeneous thermoelastic piezoelectric plates 
and shells has attracted increasing attention in recent 
years. 

In this paper, thermoelastic piezoelectric plate 
with variable thickness, which may vanish on a part 
of the lateral boundary, consisting of inhomogeneo-
us, in particular, functionally graded, anisotropic 
material is considered. It should be pointed out that 
two-dimensional models for inhomogeneous anisot-
ropic thermoelastic piezoelectric plates with regard 
to magnetic field have not been constructed and in-
vestigated. The two-dimensional models are mainly 
obtained for homogeneous piezoelectric plates.  

The method of construction of static two-
dimensional models for thermoelastic piezoelectric 
plate used in the present paper is a generalization 

and extension of the dimensional reduction method 
suggested by I. Vekua in the classical theory of 
elasticity for plates with variable thickness [3]. Note 
that this method unlike classical methods of 
construction of two-dimensional models is not based 
on any a-priori assumptions of mechanical or 
geometrical nature. The classical Kirchoff-Love and 
Reissner-Mindlin models can be incorporated into 
the hierarchy obtained by I. Vekua so that the high 
order models can be considered as generalizations 
of the well-known engineering plate models. The 
boundary value problem corresponding to static 
two-dimensional model obtained by I. Vekua for 
linearly elastic shallow shell [4] was investigated in 
in Sobolev spaces [5], and the relationship between 
the two-dimensional hierarchical models const-
ructed in [3] and the three-dimensional one in static 
case first was studied in the spaces of classical 
regular functions in the paper [6]. Later on, various 
static and dynamical hierarchical models for plates, 
shells, bars and multistructures were constructed 
and investigated applying Vekua’s reduction me-
thod and its generalizations (see [7-15] and refe-
rences given therein). 
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In Section 2, by applying variational approach 
we investigate in Sobolev spaces boundary value 
problem corresponding to the linear static three-
dimensional model of the plate, when on certain 
parts of the boundary density of surface force, and 
normal components of electric displacement, 
magnetic induction and heat flux vectors are given, 
and on the remaining parts of the boundary 
displacement vector, temperature, electric and 
magnetic potentials vanish.  
 In Section 3, we construct two-dimensional 
hierarchical models of plate, when density of 
surface force, and normal components of electric 
displacement, magnetic induction and heat flux 
vectors are given along the upper and the lower face 
surfaces of the plate. The subspaces of the space 
corresponding to the three-dimensional problem are 
constructed, which consist of vector-functions, 
whose components are polynomials with respect to 
the variable of plate thickness. Note that the 
constructed subspaces are weighted Sobolev spaces 
of vector-functions defined on two-dimensional 
domain, when the thickness of the plate vanishes on 
a part of the lateral boundary. By projecting the 
three-dimensional problem on the constructed 
subspaces hierarchies of static two-dimensional 
models of the plate are obtained. The constructed 
two-dimensional models are investigated in suitable 
spaces, and the existence and uniqueness of the 
solution of the corresponding boundary value 
problems are proved. The relationship between the 
constructed two-dimensional models and the 
original one is investigated, and it is proved that the 
sequence of vector-functions of three variables 
restored from the solutions of the two-dimensional 
problems converges in the corresponding function 
spaces to the exact solution of the three-dimensional 
boundary value problem and under additional 
regularity conditions modeling error estimate is 
obtained. 
 
 
2 Three-Dimensional Model 
Throughout this article we denote by 

)()(2, DHDW rr =  and )ˆ(ΓrH , 1≥r , R∈r , the 
Sobolev spaces of order r  based on the spaces 

)(=)( 20 DLDH  and )ˆ(=)ˆ( 20 ΓΓ LH  of square-
integrable functions, respectively, where pD R⊂ , 

N∈p , is a bounded domain with Lipschitz 

boundary [16] and D∂⊂Γ̂  is a Lipschitz surface. 
We denote by ,)]([)( 3DHD ss =H 3)]([)( DLD ss =L ,  

,)]ˆ([)ˆ( 3Γ=Γ ss HH 3)]ˆ([)ˆ( Γ=Γ ss LL , 1≥s , R∈s , 

the corresponding spaces of vector-valued functions. 
The trace operators we denote by :

Γ̂
tr

)ˆ()( 1/21 Γ→ HDH  and )ˆ()(: 1/21
ˆ Γ→Γ HHtr D . 

 Let us consider a thermoelastic piezoelectric 
plate with variable thickness, which may vanish on 
a part of its boundary, i.e. body with initial 
configuration 3R⊂Ω , where 3R⊂Ω  is a 
bounded domain with Lipschitz boundary Ω∂  of 
the following form  
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where 2R⊂ω  is a bounded domain with Lipschitz 
boundary ω∂ , )()( 1,00 ωω locCCh ∩∈±  are conti-
nuous on ω  and Lipschitz continuous in the 
interior of the domain ω , ),( 21 xxh+ ),( 21 xxh−> , 
for ),( 21 xx γω ~∪∈ , ωγ ∂⊂~  is a Lipschitz curve, 

),( 21 xxh+ ),( 21 xxh−= , for γω ~\),( 21 ∂∈xx . We 
denote by  +Γ  and −Γ  the upper and the lower face 
surfaces of the plate, which are defined by the 
equations ),( 213 xxhx +=  and ),( 213 xxhx −= , 

),( 21 xx ω∈ , respectively, and the lateral bounda-

ry, where the thickness of Ω  is positive, we denote 
by 

}.~),(),,(
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 We assume that the plate is clamped along a part 
}~),(;~{ 0210 γ∈Γ∈=Γ xxx  of the lateral boundary 

Γ~ , γγ ~~
0 ⊂  is a Lipschitz curve, and on the 

remaining part 01 \ ΓΓ=Γ  surface force with 

density 3
1:)( Rg →Γ= ig  is given; electric 

potential ϕ  vanishes along ;~{0 Γ∈=Γ xϕ  

}~),( 021
ϕγ∈xx  of the lateral boundary Γ~ , γγ ϕ ~~

0 ⊂  
is a Lipschitz curve, and on the remaining part 

ϕϕ
01 \= ΓΓΓ  of the boundary the normal component 

of the electric displacement with density 
R→Γϕϕ

1:g  is given; magnetic potential ψ  

vanishes along ;~{0 Γ∈=Γ xψ }~),( 021
ψγ∈xx  of the 

lateral boundary Γ~ , γγ ψ ~~
0 ⊂  is a Lipschitz curve, 

and on the remaining part ψψ
01 \= ΓΓΓ  of the 

boundary the normal component of the magnetic 
induction with density R→Γψψ

1: g  is given; 
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temperature θ  vanishes along ;~{0 Γ∈=Γ xθ

}~),( 021
θγ∈xx  of the lateral boundary Γ~ , γγ θ ~~

0 ⊂  
is a Lipschitz curve, and on the remaining part 

θθ
01 \ ΓΓ=Γ  of the boundary the normal 

component of heat flux with density R→Γθθ
1:g  

is given. 
 The static three-dimensional model of the 
thermoelastic piezoelectric plate Ω  with regard to 
magnetic field in differential form is given by the 
following boundary value problem [17, 18] for 
system of partial differential equations: 

i
j j

ij f
x

=
∂

∂
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1
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

∂
∂

∂
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=

3

1,

    in  Ω ,           (4) 

0u =    on 0Γ ,  i
j

jij gn =∑
=

3

1
σ   on 1Γ , ,3,2,1=i  (5) 

0=ϕ     on ϕ
0Γ ,    ϕgnD

i
ii =∑

=

3

1

   on ϕ
1Γ ,     (6) 

0=ψ    on ψ
0Γ ,    ψgnB

i
ii =∑

=

3

1

    on ψ
1Γ ,    (7) 

0=θ   on θ
0Γ ,  θθη gn

xji
i

j
ij =
∂
∂

− ∑
=

3

1,

   on θ
1Γ ,  (8) 

where 3
1)( == iinn  is the unit outward normal vector 

to Γ , 3:)( Ru →Ω= iu  is the displacement 
vector-function, R→Ω:ϕ  and R→Ω:ψ  stand 
for the electric and magnetic potentials such that 
electric and magnetic fields E  and H  are gradients 
of ϕ  and ψ , respectively, ϕgrad= −E ,

ψgrad= −H , R→Ω:θ  is the temperature dis-
tribution, 33

1 :)( Rf →Ω= =iif  is the density of 

applied body force, R→Ω:εf  is the density of 
electric charges, and R→Ω:θf  is the density of 
heat sources, 3

1,)( =jiijσ  is the mechanical stress 

tensor, 3
1)( == jjDD  is the electric displacement 

vector, and 3
1)( == jjBB  is the magnetic induction 

vector, which are given by the following 
constitutive equations: 
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where ( )ijjiij xvxve ∂∂+∂∂ //1/2=)(v , ,1,2,3=, ji
3

1=)(= iivv , is the strain tensor, 3
1,,,)( =qpjiijpqc  is the 

elasticity tensor, 3
1,,)( =pjipijε  are piezoelectric and 

3
1,,)( =pjipijb are piezomagnetic coefficients, 3

1,)( =jiijλ  

is the stress-temperature tensor, 3
1,)( =jiijd  and 

3
1,)( =jiijζ  are the permittivity and permeability ten-

sors, 3
1,)( =jiija  are the coupling coefficients connec-

ting electric and magnetic fields, 3
1)( =iiµ  and 

3
1)( =iim  are coefficients characterizing the relation 

between thermal, electric and magnetic fields, 
3

1,)( =jiijη  is the thermal conductivity tensor. 
 We assume that the elasticity tensor, 
piezoelectric and piezomagnetic coefficients, and 
the stress-temperature tensor satisfy the following 
symmetry conditions 

.3,2,1,,,,,

,,

===

===

qpjibb
ccc

jiijpjipij

pjipijjipqijqpijpq

λλ

εε
        (9) 

 By multiplying the equations (1) by arbitrary 
continuously differentiable functions R→Ω:iv  

1,2,3)=(i , which vanish on 0Γ , the equation (2) 
by a continuously differentiable function 

R→Ω:ϕ , such that 0=ϕ  on ϕ
0Γ , the equation 

(3) by a continuously differentiable function 
R→Ω:ψ , which vanishes on ψ

0Γ , and the 
equation (4) by a continuously differentiable 
function R→Ω:θ , such that 0=θ  on θ

0Γ , by 
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integrating on Ω , using Green’s formula, and 
taking into account constitutive equations for 

3
1,)( =jiijσ , D , B  and the symmetry conditions (9) 

we obtain the following integral equations: 
),(=),(),(),(),( vvvvvu uLbc θλψϕε −++ (10)

),(=),(

),(),(),(

ϕϕθµ

ϕψϕϕϕε
ϕL
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−

++− u
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),(=),( θθθη θL                         (13) 
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 Note that the integral equations (10)-(13) are 
equivalent to the boundary value problem (1)-(8) in 
the spaces of twice continuously differentiable func-
tions. Because functions v , ϕ  and ψ  are indepen-
dent of each other on the basis of the integral equa-
tions we obtain the following variational formu-
lation of the boundary value problem (1)-(8): Find 

);({=)( 1 Ω∈Ω∈ HvVu 0vtr =)(Γ  on 0Γ }, 

)(Ω∈ ϕϕ V );({= 1 Ω∈Hϕ  0=)(ϕΓtr  on ϕ
0Γ }, 

);({=)( 1 Ω∈Ω∈ HV ψψ ψ  0=)(ψΓtr  on ψ
0Γ }, 

);({=)( 1 Ω∈Ω∈ HV θθ θ  0=)(θΓtr  on }0
θΓ , 

which satify the equations 

),,(),(),(
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ψθϕθµθλ

ψϕψϕψϕ

m

LA

+++ v

vvu
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),(=),( θθθη θL                        (15) 

for all )(Ω∈Vv , )(Ω∈ ϕϕ V , )(Ω∈ ψψ V ,
)(Ω∈ θθ V , where 
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.)()()(=),,( ψϕψϕ ψϕ LLLL ++vv u  
 For the problem (14), (15), which is equivalent to 
the boundary value problem (1)-(8) in the spaces of 
classical smooth enough function, we have the 
following existence, uniqueness and continuous 
dependence theorem. 
 Theorem 1. Suppose that 3R⊂Ω  is a bounded 
domain with Lipschitz boundary, the curves 0

~γ , ϕγ 0
~ , 

ψγ 0
~ , θγ 0

~  have positive lengths and the parameters 
characterizing thermo-mechanical and electro-
magnetic properties of the body Ω  are such that 

ijpqc , pijε , pijb , ijd , ijζ , ija , ijλ , iµ , im , 

)(Ω∈ ∞Lijη , 1,2,3=,,, qpji , satisfy symmetry 
conditions (9) and the following positive defini-
teness conditions 

,)( 2
3

1=,

3

1=,,,
ij

ji
cpqijijpq

qpji
c ξαξξ ∑∑ ≥                  (16) 
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for all R∈ijξ , jiij ξξ = , R∈ii ξξ , , and for al-

most all Ω∈x , where cα , ηα ,α  are positive con-

stants. If )(6/5 Ω∈Lf , )( 1
4/3 Γ∈Lg , )(6/5 Ω∈Lf ε , 

)( 1
4/3 ϕϕ Γ∈Lg , )( 1

4/3 ψψ Γ∈Lg , )(6/5 Ω∈Lf θ , 
)( 1

4/3 θθ Γ∈Lg , then the problem (14), (15) 
possesses a unique solution ∈),,,( θψϕu

)()()()( Ω×Ω×Ω×Ω θψϕ VVVV  and the mapping 
),,,,,,( θθψϕε gfggfgf ),,,( θψϕu→  is linear 

and continuous from the space )()( 1
4/36/5 Γ×Ω LL

)()()()()( 1
4/36/5

1
4/3

1
4/36/5 θψϕ Γ×Ω×Γ×Γ×Ω× LLLLL   

to the space )()( Ω×Ω ϕVV )()( Ω×Ω× θψ VV .   
 
 
3 Two-Dimensional Models 
In this section we construct and investigate static 
hierarchical models of the thermoelastic piezoelect-
ric plate with variable thickness, which was con-
sidered in Section 2. In order to construct the hierar-
chy of two-dimensional models let us consider the 
subspaces )(ΩNV  of )(ΩV , ),,( 321 NNN=N , 
consisting of vector-functions whose components 
are polynomials with respect to the variable 3x ,  
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is the Legendre polynomial of order }0{∪∈Nr . 
We also consider the subspaces )(Ωϕ
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ψNV , 
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θNV  of )(ΩϕV , )(ΩψV , and )(ΩθV , 

respectively, which consist of the following 
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where ϕϕ Nr ,...,0= , ψψ Nr ,...,0= , θθ Nr ,...,0= .  

 Since the functions +h  and −h  are Lipschitz 
continuous in ω  due to Rademacher’s theorem 
[19],  and  are differentiable almost 
everywhere in ω  and )( *ωα

∞± ∈∂ Lh  for all 

subdomains *ω , ωω ⊂* , 2,1=α . Therefore, the 
positiveness of h  in ω  implies that for any vector-
function )()( 3

1 Ω∈= = NNN Vv iiv  the corresponding 

functions )( *1 ωHv i

ri
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such that 
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θ . Using the properties of the Legendre 

polynomials, we can obtain explicit expressions of 
the norms *||.||  and *||.|| ϕ , *||.|| ψ , *||.|| θ . In parti-
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ig , ±ϕg , 

±ψg , ±θg  are restrictions of ig , ϕg , ψg , θg  on 

the upper +Γ  and the lower −Γ  faces of the plate, 
respectively.  
 Note that the constructed hierarchy of problems 
(19), (20) are two-dimensional hierarchical models 
of inhomogeneous anisotropic thermoelastic piezo-
electric plate with regard to magnetic field. For the 
obtained static models (19), (20) the following 
theorem is valid. 
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 So, we have reduced the three-dimensional 
boundary value problem (14), (15) to the hierarchy 
of two-dimensional ones (19), (20) and have 
investigated the existence and uniqueness of the 
solution of the obtained problems. In order to justify 
the constructed two-dimensional models we 
estimate the difference between the exact solution 
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The following theorem is valid. 
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 Theorem 3. Suppose that 3R⊂Ω  is a bounded 
domain with Lipschitz boundary, the curves 0
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~  have positive lengths, the parameters ijpqc , 
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),,,( θψϕ NNNN N=


.  
  
  
4 Conclusion 
We studied boundary value problem with mixed 
boundary conditions for displacement vector-field, 
electric and magnetic potentials, and temperature 
corresponding to the linear dynamical three-dimen-
sional model for inhomogeneous anisotropic ther-
moelastic piezoelectric plate with variable thickness 
with regard to magnetic field. We obtained 
variational formulation of the three-dimensional 
problem in the corresponding Sobolev spaces, 
which is equivalent to the original differential 
formulation in the spaces of sufficiently smooth 
functions. We formulated theorem on the existence 
and uniqueness of the solution of the three-
dimensional boundary value problem, and the con-
tinuous dependence of the solution on the given data 
in suitable function spaces. We constructed a 
hierarchy of two-dimensional static models and 

investigated the existence and uniqueness of 
solutions of the corresponding boundary value 
problems in suitable weighted Sobolev spaces. 
Moreover, we proved that the constructed 
hierarchical two-dimensional models for thermo-
elastic piezoelectric plate approximate the original 
three-dimensional model and obtained estimate of 
the approximation error. Note that the lower order 
models of the constructed hierarchy can be used as 
engineering models of thermoelastic piezoelectric 
plates. 
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