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Abstract: An efficient mesh refinement method fliversion finite element analysis is presented based on both

an a-posteriori error indicator and the geometrical quality of mesh. The first step is to refine the meshes on
which the a-posteriori error indicators are relatively higher than the others. The error indicators are obtained by
simplifying the computation of error bounds which are obtained by solving elemental Neumann type subproblems
with the averaged flux for the consistency of the Neumann problems. The simplification of computation means
that the functional space on the mesh uniformly refined with only half size of the coarse mesh is chosen as the tes
functional space in the elemental residual form of error equations, thus the cost for computing the error indicators
is quite low. After refinement, some refined triangles will become poorly shaped or distorted, then the second step
is to move the meshes to improve their geometrical quality with Laplacian smoothing algorithm. Two examples
are computed to verify this method and the results show that the refined mesh obtained by both the a-posterior
error indicator and mesh smoothing gives the optimal convergence and higher accuracy for the results.
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1 Introduction sential part of adaptive finite element calculations is
the estimation of discretization error and the design
of refined meshes. The energy norm of eregg, e),
which concerns to the derivative of solution, is often
chosen to measure the error in usual error estimators.

The subject of adaptive mesh refinement is as old as
finite element method, but now it has the potential to
improve the quality of the bounding on the quantity of
interest in engineering [1-3]. The main objective of 1o asymptotically optimal mesh is defined by [4—6]
the adaptive mesh refinement is to achiev_e the optimal as one in which all error indicators are equal, and the
rate of convergence and reach the desired accuracy yqjye of the optimal error is stable under perturbations
with the minimum degrees of freedom. Irversion of the optimal mesh. Adaptive refinement involves not

finite element analysis, the number of degrees of free- oy the introduction of new elements where needed,
dom or elements must reach a larger quantity in order p, ' 5is0 be combined with mesh regularization (i.e.,

to obtain_more accurat_e results. When the accuracy the movement of elements) to further improve the e-
of analysis results obtained from a coarser mesh dose quality of the mesh [7=9]. When an error estimator

not meet the demand, the mesh has to be refined for ¢ 5 ‘element is relatively larger, the element will be
obtaining an improved solution with better accuracy.  givided. There are two basic methods for dividing tri-
There are two ways to refine the element mesh, angles used in practice: regular division and bisection.
one is uniform, which dividesll elements to gen- T4 gjvide a triangle by regular division, one connect-
erate new elements to form a new mesh, another is g the midpoints of the sides of the triangle to obtain
adaptive, which generates new elements only at the oy triangles similar to the original. The incompati-
place whereerror is relatively higher. The comput-  pjjities will arise when only some of the triangles are
ing on uniform mesh will lead to not only huge cost  jyided by regular division, the hanging nodes will
of computing, but also less accurate results, as com- appear. The method often used for solving the prob-
pared with the adaptive mesh with equivalent number |y of incompatibilities is to connect the hanging n-

of elements, at the place where intensity may 0CCur. ode and the opposite vertex to form two elements, like
Adaptive mesh refinement strategies provide a good he pisection method that is used to divide triangles
basis to improve the accuracy of solutions. The es-
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by connecting a vertex to the midpoint of the opposite
side. The bisection method is usually performed to di-
vide the longest edge, this choice is intuitively reason-
able since it divides the largest angle. No matter what
method, the regular method or the bisection method,
is used to refine the mesh, some refined triangles will
become poorly shaped or distorted, therefore, some

node point adjustment methods such as mesh smooth-

ing are used to improve the geometrical quality of the
mesh [10-14].

The commonly used mesh smoothing technique
comprises local methods that operate on vertex at a
time to improve mesh quality in a neighborhood of
that vertex. Some number of sweeps over the ad-
justable vertices are performed to achieve an overal-
| improvement for the mesh. Local mesh smoothing
technique operates using data from the neighborhood
of a grid point that is being adjusted. Laplacian s-
moothing technique is such a method, which moves
the free vertex to the geometric center of its incident
vertices with an inexpensive cost of computation.

In this paper, we develop an adaptive algorithm
based on a simplified a-posteriori error estimation and
mesh smoothing. The adaptive refinement procedure
includes two steps, one is to refine the mesh by a-
posteriori error estimator, another is to move the mesh
to improve its geometrical quality. The paper is orga-
nized as follows, in Section 2, the basic concepts and
the error estimation are introduced; in Section 3, the
algebra form of the error estimation in an element is
presented; in Section 4, examples are given to illus-
trate the algorithm; in the last section, the conclusions
are drew.

2 A posteriori error estimator

We consider the standard self-adjoint, positive defi-
nite, elliptic equation

—0(pOu)+qu=f inQ,
u=0 onlp,

Jdu
p%_g only,

with p> 0, q> 0, and f and g the given smooth
functions in the spack?(Q). DomainQ is a bound-

ed region in0%. The boundary of the regio@Q, is
assumed piecewise smooth and composed of Dirich-
let portionl'p and Neumann portiofny, i.e. dQ =

b UTN. The weak form of the above equation is: find
uin H1(Q) such that

auv) = (f,V)+(g,v), WweH(Q) ()
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in which
a(u,v) :/ pCu- Ov+ quvdQ,
Q

(f,v) :/ fvdQ,
Q

gwdr.
Y

(9v) =

In order to obtain the approximate solutions of the
weak problem, a finite dimensional counterpart of all
these variational forms above must be built using the
finite element method. Two triangulations of the com-
putational domaiQ are considered: the working or
coarseH-mesh, %, consisting ofKy elementsTy;
the “truth” or fine h-mesh, %, consisting ofKy el-
ementsT;,, and one fine mesh is only in one coarse
mesh. To each of these meshes we associate regular
piecewise linear continuous finite element subspaces,

Xy = {VE X | V|TH € P]_(TH),
Xh = {VG X | V|Th S Pl(Th),

VT € e7H};
vTh S %}7

wherePy;(T) denotes the space of linear polynomials
overT. As we require that a fine mesh be only
within one coarse elemeit, it is obvious thatXy C
Xp C HY(Q).

Let &} represent the coarse element edges in the
interior of Q, here we assume that bound@$ con-
sist of the edges oly € 4. Let .45, denote all
neighbor elements sharing common edgag with
the coarse elemeiiyy, i.e.

JVrH:{TlgEyH |T|_/|ﬂTH :éo|}.

Let &£(Ty) and &(Ty) denote the set of open edges
in the triangulation%; and %, respectively, then ac-
cording to the above assumption, for coarse mesh we
have@@(TH) =& UlMNpUly.

Let uy be the solution for the coarse mesh

aup,v) = (fv+(gv), Wwexa (2

anduy, be the solution for the refined mesh

a(un,v) = (f,v)+(g,v), WeXy (3)
then we have the residual
R(V) = (f,V)+<g,V> _a(UH,V), Vv e Xh7 (4)

and the error
€=Uy — Uy,

then according to (2) and (3), we have

R(v) = a(ev).
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There will bejumpbetween elements, the bilinear for-
m of jumpis j : X, x Qn— O,

(5)

j(wy) =
0THES

Yo7, (V) V| 57 dIT,
o, T4 (V) Vg,

where Yy, (v) is the jump inv acrossdTy when
0Ty € 8. We will use an approximate to thjamp
of the fluxes on the element edges for constructing the
error indictors in this study. There afixeson the
edges of elements, and thanpof fluxesis

JUH

. 1 -
JuV)|om, = /aTH > (W - )V‘aTHdr-
H

Exactly solving the error that concerns foepis d-
ifficult or impossible, an alternative is to smooth the
jumpand form an approximate equation for the error
on elemenfly, and to make overall bound on the error
of whole finite element model.

Let us define the approximate flux by smooth-
ing the fluxes of two neighbor elements on a common
boundary with averaging of the two fluxes, i.e.

T _1 [ ou :

0uH
T )
on T e,

whereny, is the outward normal of the boundary of
elementTy.

Let é € X, be an error functional, which satisfies
the following equation define on element € 74

+ JUH

on

0Ty

+ duH

" n

am

0uH
" n

NI = NI

am

ar, (V) =Ry, (V—24v), WeX,  (6)

where.#y : X, — Xy is a polynomial interpolation op-
erator, and

F\IrH (V— fHV) = RTH (V— fHV)

+ paﬂ WV — jH Vv
6nTH
oTyNg

= (f,V— jHV)TH + <g7V_ ]HV>0THQSB

Ju
—ar, (Ug,v— V) + <pﬁ,v— ﬂHv>
H aTuNg

(7)

Let us examine the consistency of equation (6y.
Cis a constant, then we hale= .#4C, this is because
C belongs to bottXy andXy, therefore from equation
(7), its right hand side is 0, and th&, (v— #4v) =0
for v being a constant.
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Another way to examine the consistent is to use
equation (4), becausg satisfiesa(u,,v) = (f,v) +
(g,v), for all v e X,, anda(uy,v) = (f,v) + (g,V),
for all v € Xy, so thata(uy,C) = (f,C) + (g,C),
anda(uy,C) = (f,C) + (g,C). Thereforea(u,,C) =
a(uy,C), a(e,C) = a(up —uy,C) = 0. We can solve
e that is in the infinite functional space with an ap-
proximate solutiore in finite functional space, that is
ar, (é,v) =0.

Let e=v, and sum all elements iy, the fol-
lowing equations are obtained

a6e) —Re)+ Y < b ,e> —R(S10)
THETH M4 ITHNe
Ju
- Z < (jH e) pan—H ) e> )
THeTH T dTHNE
while
2 <p—§““ ,e> =0, (®
THETH T, ITuNg
R(/ue) = 5 Rr(sue) =0; )
THETH
0uH
(Fue)py—.e =0; (10)
ek "/ ot

(8) is due toy 1, c 4, gn%i .= 0, this is because on an
1

inner edge of element®; andT),,

_duH
0nT/'

7 _
ony N

(9) is due ta#ye € Xy, and (10) is for the same reason
as (8). Then we have

a(ée) =R(e) =a(ee)
Because
0<(é—eé—e¢
=a(é é) +a(ee) —2a(eé)
=a(éé) —alee),

then
alee) <a(éé.

If we use||u||? = a(u,u) to express the energy norm
of solution, then the above inequality meaj& is an
upper bound of|€||.

Volume 9, 2014



WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS Zhaocheng Xuan, Yaohui Li, Hongjie Wang

3 The Calculation of local problems @5Y), - @ xy),

~—

Let us assume there will befinite element nodes on %1 :i (Yo — y3)X+ (X3 — X2)y + }(Xl + %) (Y1 +Y3)
the mesh, andj, (x,y) (for i = 1,2,---,n) is the lin- Sty L 2
ear basis function corresponding to nadehat sat- —%(x1+x3)(y1+y2)] on Thl;
isfies ¢, (x,y) = 1 at nodei, and ¢, (x,y) = 0 at the 1T 1
others nodes. That means it is one at ngdand on @ == | (Ya—Yi)X+ (X1 — X3)y+ = (X2 + X3) (Y1 + Y2)
the boundary of the patch formed by the elements that St L 2
contain noda, it is zero. The basis functions satisfy —%(xl +%2) (Y2 +y3)] on Thz;
n @ S (Y1 = Y2)X+ (X2 —X1)y + ! (X1+X3) (Y2 +Y3)
i S L 2
.Zi‘”* (xy) =1 1
"~ —5(e+x)(y1+ys) | on Ty

The error estimator on each elementisused as acrite- 4 1 (Y1 — o)X+ (%o — X0 )y -+ (%t + %)
rion for adaptive refining the mesh. We consider each ™ S, -y 2 XY+ a2
elementTy as a subproblem to implement the algo- —Xo(y1+Y2)] OnTZ;

rithm for the error estimator. Now let the finite el-

ement solution of elemerfy be {u},u?,ud}T, and a_ 10 X+ (X1 — Xa)V -+ Xa(V1 -+
@, (x,y) be the basis functions corresponding to the Sty (Y =Ya)xt (= xe)y ey ya)
nodes =1,---,3 of elemenfly, respectively, that is —(X1+x3)ys] onT;3;
1 1
1 1 @& = {(ys —Y)X+ (%o =)y + 5 (X1 +X3) (V1 +Y2)
Bi(xy) = 25 [(Y2 = y3)X+ (X3 — X2)y+ St
H 1
(x2y3 — x3y2)] ) _E(Xl + XZ)(yl + y3):| on Th4;
1
A00Y) = gg- (s —yax+ b —xo)y+ 0 = o [y~ Yo)x - (e Xy +xa(ya +v2)
H
(X3yl - leS)] ; _(Xl + XZ)yl] on Thl;
G00Y) = 53— [y~ YaIxt (e —xa)y+ S
VT pg, T2 2- A % =5 (2 =Ya)x+ (e =Xy + (o +Xs)ys
H
(X1y2 —X2y1)], —x3(Y2+Ys)] on Th3;
s 1 1
in which S, is the area of elemeff =g |1 Ya)X+ (e —Xx0)y+ 5 (xa+X2)(y2+Ys)
H
1
1w ~30ex)0a 2| on i
STH = E 1 X2 YZ 6 1
1 X3 Y3 W =g (s =y )X+ (a—xg)y+ (xa+xs)ys
H

—x1(y1+Ya)] onTy;

The interpolation function of elemernfy based 1
on the basis functions is expressed as =g [(Y2 = Y3)X+ (X3 — X2)y +X2(Y2 +¥3)
H
—(x2+X3)y2] onT?;
3
uglr, = S U g (x,y). 11 1 1
H Ty i; H @ (X.Y) (11) ‘”?:§ {(yz_yl)m-(xl—xz)y+§(xz+X3)(y1+y3)
H
1 4
In order to calculate the error estimator which is —5(x+xs)(y2+ys)| onTy'
one higher order than the finite element solution, we
will select the middle points on each element edge They form a basis of the spac&. In fact we

as the new nodes to generate 4 new fine elements will not really divide the meshTy into four ele-
on Ty. Let the basis functions for the new mesh be ments in this step. Based on the faintual elements

E-ISSN: 2224-3429 209 Volume 9, 2014



WSEAS TRANSACTIONS on APPLIED and THEORETICAL MECHANICS Zhaocheng Xuan, Yaohui Li, Hongjie Wang

TLT2 T3, T, the error estimator can be spanned by and
the basis functionsﬁ(x,y), (.D,?(X, y) 1 61T
UH‘TH = {uH7"' ’UH}

6 . . T
er, = L(X,Y). 12 1 1 1
PR 2 :{ua,ua,ua,;ua+ua>,5<ua+ua>,§<ua+ua> |

There will bem refined elements aminodes in the

A= / PO@, (%, Y) D@, (X,Y) + A0, (X, Y) @, (x,Y)dQ,
f= / (% Y)dQ,
g= /d o gcoh(x,y)dr,

B= | prph(w)DfﬁI (%,Y) + A0 (%, Y) O (X, ) dQ,
H
1 JUy JUy —
d= 10U Iun x.y)dr

Figure 1: A piecewise finite element space is con- N Which @, = @, — @y, and
structed with the uniform mesh refinement on element

T. Pn :{(H}[(X,y),(lﬁ(x,y),‘” 7(pr?(x7y)}T7

i . i i (pH :{qﬁ()gy)?qﬁ(X>y)>(n§|(x7y)>0>070}1—'
working mesh. Let the basis functions for the refined

element space in a working meshdg(x,y), @ (x), Then we obtain the error estimator on elenignt
-, @ (x,y), thus the solution function of elemefy
can also be spanned by the basis functions of the re- ller, ||? = e} Aer,,.
’

fined element space, i.e.

n It is well known that in (15)A is a 6x 6 se-
Uy = ZUH|TH(Pri1)‘Pri1(XaY) mi positive definite matrix with rank being 5, no u-
[ nique solution can be found from solving problem
_ (15). Let's take the Poisson problem for an ex-
in which B, is the coordinate of thigh node of refined ample to illustrate how to add condition to make
mesh. the functionr on the working elemeril is the problem well posed. For Poisson problém=
I PO, (x,y) 0@ (x,y)dQ, if we add the zero mean
condition oner,, i.e. [; er,dQ = 0, the unique solu-

_ ol
V= J;vj%(x,y), (13) tion can be insured [6]. According to (12) we have
then on elemerity er, +6%, +6}, +3ef, + 363, + 36}, =0.
2 - Leth = (1,1,1,3,3,3)", addinghTer, = 0 to (15
Aer, =C
- Z G(xy). WEX (14) in which
Substitute (13) and (14) to (7), we have A_:{ A} } 5:{ c }
h ’ 0"
Aer, =cC (15)
Now there are 7 equations used to determine 6
in which unknown variables, because the row rankAofs 6,
c=f+g-BTuy T, +d the unique solution can be obtained.
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4 Examples

The first example is a Poisson problem, looking dor

satisfying
—[%u = sin(16xy),

within the domain of a squar@ = [0,1] x [0,1], and
restricted to the Dirichlet boundany=0 onTl'p =

ABUBCUCDUCA. The Fig. 2 shows the initial mesh
of the problem [15]. The second example is a Laplace

equation, looking fou satisfying

~T%u=0,

and restricted to the Dirichlet boundany= 0 on AF,
and the Neumann boundady/dn = y(1—y) onED,

refer to the Fig. 3.
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Figure 2: Initial mesh of example 1 with 54 nodes and

86 elements.
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Figure 3: Initial mesh of example 2 with 48 nodes and

72 elements.

For the mesh smoothing, we use JIGGLEMESH

L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

L
0.9

1

1

function of MATLAB to do the smoothing in each it-
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Table 1: The results dful|? in Example 1.

Smoothed Non smoothed

NoE U NoE U
86 3.13433E-3 86 3.13433E-3
165 3.39858E-3 165 3.39244E-3
376 3.69418E-3 425 3.66329E-3
981 3.85979E-3 801 3.77872E-3
1310 3.99103E-3 1503 3.91938E-3
2134 4.08233E-3 2438 4.06015E-3
4356 4.13219E-3 6119 4,12822E-3
6350 4.,15239E-3 8574 4,14138E-3
11470 4,17093E-3 21016 4.17172E-3

Table 2: The results dful|? in example 2.

Smoothed Non smoothed
NoE [Juf* NoE [[ul?

72 0.830817 72 0.830817
106 0.926109 104 0.929284
205 0.986871 258 0.990728
417 1.017258 509 1.020839
684 1.031505 1318 1.036129

1227 1.037550 2052 1.040352
3763 1.044715 5129 1.045198
5444 1.046297 8286 1.046685
8315 1.047112 14653 1.047680

eration, each node that is not located on an edge seg-
ment is moved toward the center of mass of the poly-
gon formed by the adjacent triangles. The grammar of
the function isNP=j i ggl emesh( DP, DE, DE,

OPT,

| TER) , in whichNP s the jiggled coordinates

of the nodespPP, DE andDE are the non jiggled mesh
data. This process is repeated according to the setting
of theOpt andl t er variables.
Table 1 gives the results ofu||?> with respect to
NoE, the number of elements, in the two situations of
smoothing and non-smoothing of meshes for example
1. Fig. 4 and Fig. 5 show the adaptive meshes in ex-
ample 1 with smoothing and non-smoothing in some
iterations of computing, respectively. In the caption-
s of the figures, we also give the relative error of the
energy norm of solutions|e ||, on different meshes.
Table 2 gives the results dful|?> with respect
to NoE, in the two situations of smoothing and non-
smoothing of meshes for example 2.

Fig. 6 and Fig. 7 show the adaptive meshes in ex-
ample 2 with smoothing and non-smoothing in some
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Figure 4: Non smoothed meshes in example 1. (a) 234 nodes, 425 elefieefts,3.5716%; (b) 794 nodes, 1503
elements,|e || = 2.5801%; (c) 1274 nodes, 2438 elemerits;|| = 1.8178%; (d) 4388 nodes, 8574 elements,
|ler|| = 1.1705%.
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Figure 5: Smoothed meshes in example 1. (a) 208 nodes, 376 elem@fitss 3.4670%; (b) 695 nodes, 1310
elements||e || = 2.2250%; (c) 2249 nodes, 4356 elements;|| = 1.2605%; (d) 5854 nodes, 11470 elements,
|ler|] = 0.8163%.
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Figure 6: Non smoothed meshes in example 2. (a) 279 nodes, 509 elefieets,1.6253%; (b) 698 nodes, 1318
elements,|e || = 1.0879%; (c) 1909 nodes, 3691 elemernts;|| = 0.7095%; (d) 4237 nodes, 8286 elements,
||le|| = 0.4204%.
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0 01 02 03 04 05 06 07 08 09 1 0 o1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

(@) (b) (©) (d)

Figure 7: Smoothed meshes in example 2. (a) 285 nodes, 515 elef@fits; 1.4868%; (b) 654 nodes, 1227
elements,|e || = 1.0237%; (c) 1952 nodes, 3763 elemerits;|| = 0.6038%; (d) 4255 nodes, 8315 elements,
||| = 0.3688%.

T T
—&- Jiggled
—+ Non-jiggled

T T
- Jiggled
—+ Non-jiggled

-12r

-14r
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Figure 8: (a) The convergence rate for example flgl? vs IgN. (b) The convergence rate for example 2dg|?
vs IgN.

iterations of computing, respectively. Fig. 8 shows needs only to calculate the error between the coarse
the convergence rates for the two examplefgitje mesh and the regular refined mesh with 6 elements,
vs IgN, andN is the number of DOFs. We can find thus the analytical equations can be obtained for the
that they have the same convergence rates for both the error indicator of each element. Secondly, the well
smoothed and non smoothed meshes, but the non s-posedness of the resulting equation for error indica-
moothed meshes lead to a higher accuracy of the re- tors is insured, due to the mapping between the coarse
sults. elements. Thirdly, the implementation of the method
is very simple, because the algebra equation has been
derived, it is not a hard work to program the matri-
5 Conclusions ces computing with Matlab. Fourthly, it is very effi-
cient, because on each element, we only need to solve
a low dimensional algebra equation. At last, the ex-
amples show the method stable and efficient, and the
smoothed mesh also increases the accuracy of results.

An efficient mesh adaptive method is presented in this
paper, compared with the other mesh refined method-
s, this method has some advantages. Firstly, this is an
error indicator based on elemental computing, and it
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