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Abstract: in this paper, we investigated Toeplitz like operators on vector valued Hardy spaces. Toeplitz like
operators on 2-nuclear tensor product of Hardy spaces are then constructed and described using the theory of
p-nuclear tensor product of Banach spaces, and their basic algebraic properties and spectrum are analyzed.
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1 Introduction

Toeplitz (1911), introduce Toeplitz (1911) introduced
Toeplitz operators, and Douglas (1972) provided
the sense in which Toeplitz operators appeared as a
matrix operating on space ell2(N), see [1] and [6].
Brown and Halmos (1964) studied Toeplitz operators
as a composition of a multiplier of L2 and a projec-
tion on H2 (Hardy space) in a systematic way, see [5].

Toeplitz operators in multiple variables were stud-
ied by Davie, Jewell, and Mc Donald (1977).Douglas
and Pearcy(1965) investigated generalized Toeplitz
operators (see [4]).

According to Brown, Halmos, and Douglas, the
main focus of my research is on a 2-nuclear tensor
product of Hardy space, as seen in [2] and [3].On the
tensor product space, a new operator is created that is
not a Toeplitz operator but has a matrix representation
that is close to that of a Toeplitz operator, hence the
name Toeplitz like operators.

Some important concepts and properties of
Toeplitz-like operators are discussed in this paper,
as well as the spectrum and invariability of the new
operator (see [4]).

Finally, Possible applications of this study can be
found in problems of [7]and [8].

2 Preliminaries

Assume H?(T?)®,9)H*(T?) be the 2-nuclear
tensor product of Hardy spaces on torus. Then
H?(T?)®,,(9)H?(T?) is defining as the space which
contains all f)unctions with the following representa-
tion

>

1 Gan ;M2 Ean

dnhnz ® bn17n27
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with b
[dny o 12)% -

C >

N1E€Zny N2E€EZn,

sup ( |< by b >[2)2 < 00,

||b*||§1 nlEanﬂ"szan
where d b € H*(T?)
ni1,N2y YNi,Na :

It is clear to see that H?(T?)®,o H*(T?) is a
Hilbert space with norm

>

N1€Zn, ,N2E€Zn,

dnl,nz & bnl,nz ”n(?) =

inf {( Hdnl,nzH%)E'

>

N1E€Zny N2E€Zn,

sup |< by b >12)7),

[lo*[|<1 N1E€Ln, MN2€Lny

where the infimum is taken over all representa-

tions of
)

N1€Zn, N2€Zn,

dnunz ® b”l ST

Lemma I:

Let H?(T?)®,,(2)H?(T?) be 2-nuclear tensor product
of Hardy spaces on torus. Then H?(T?)®,,(o)H?(T?)
is a closed subspace of L?(T?) ®,,(2) L*(T?).

Remark 1:
1. We will consider P, @ P; L2(T?) ®On(2)
L3(T?) — H*(T?) ®y,(2) H*(T?) is a unique
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orthogonal projection, where P; is the orthogo-
nal projection from L?(7?) onto H?(T?).

2. Let v = 11 ® 1bo, where 91,10 € L®(T?).
Then ¢.A € L*(T?) ®,() L*(T?), for all

A€ L*(T?) @9y L*(T?).

3. L*(T? L*(T?)) denotes the vector space of
all 2-Bochner integrable functions (equivalence
classes) from (T2, o) into L?(T?), where is o is
a Haar measure.

For w € L2(T2,L*(T?)), define [|w|pe =
([, loter, )] do).
T2
4. {ein191ein292€in393 ein404 N1, N ,N3, Ny € Z}

is an orthonormal basis of L?(T2, L?(T?)), Then
we can define the function w in L*(T?, L*(T?))

as:
w(t, t2)(01,02) = D Wy, (tr, t2)e™ e,
n1,n2€Z
where
Wny,ns € LZ(TQ),CLTLCZ Z ||w7117 n2”% < 0.
ni,n2€L

5. The vector valued Hardy space on torus
H?(T?,H?(T?)) is the closed subspace of
L2(T?, L*(T?)) consisting of all functions w
such that

(.U(tl, t2)(91a 92) - Z Wny ,ng (tla t2) e’in191 einzeza

ni,na€Z

with wy, n,(t1,t2) = 0 for all ny,ny > 0 and
Wnyony € H?(T?).

6. Let X; and X, be Hilbert spaces. Then a pseudo
inner product on X; ® X» is defined by

(1 ® 22,23 @ x4) = (T1,23)x (T2, T4)y.

We refer the reader to [6], for more about tensor
product of Banach spaces.

Now, we will present some important results
mentioned for Toeplitz operators which we will use
in our study of Toeplitz like operators.

Proposition 1:

Letw € L™ (T22), and wi and Wy be functions in
H®(T?) (L=(T?) N H*(T?)). Then T, T,,, = T,
and 1., T, = T,0-
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Theorem 1:

Let wy, wy € L®(T?). Then T, T, = T., T,
if and only if one of the following conditions are
satisfied:

1. wi and ws are analytic.

il. wy and wy are co-analytic .

iil. wo = aw1 + ¢, where a € C and c is constant.

Corollary 1:

Assume that T, is an invertible Toeplitz operator.
Then T;! is a Toeplitz operator if and only if ¢ is
analytic or co-analytic.

Corollary 2:

1., is compact operator if and only if w = 0.

Corollary 3:

Suppose w € L>(T?). Then o(T,) is connected.

We refer the reader to Douglas [1], and Brown
and Halmos , for more about Toeplitz operators on
Hardy spaces.

In the end of the preliminaries we will mention
the key theorem of this paper.

3 Definition and first properties

Theorem 2:

The complex valued vector space H?(T?, H?(T?))
is isometrically isomorphic to the 2-nuclear Tensor
product of Hardy spaces H?(T?) ®,,0) H*(T?).

Proof:

Assume that
W H2(T?) ®,00) H(T%) — H*(T?, HX(T?))

, 1s defined as

w(i >

N1E€Zn, N2€Ln,,

>

ny Gan ,TLQEZ”Q

dnl:”Q ® bn1,n2)(t17 t2) =

dnl 32 (tl? t2) bnl 3T e

It is obvious W is a linear operator.
Now, we will show that W is a contraction. So, if

we take w = W ( Z dny ny @ bny my ), then

N1€Ln, N2€Ln,
1
lwllB@) = (/T2 lw(t, t2)[13 do(t1, t2))7, Hence, by

the Hahn-Banach theorem, we get

lw(ti,to)|le = sup |[(w(ti,t2),t)|, wheret € H*(T?).

l[£]]=1
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Thus; we have

wlse = (f

(b nas 1) 2do (11, 12)) 2

([, sw( Y
T2 ||t]|=1 n1,na€Z

do(ty,t2))?
(o o

sup |
=1 iz

dnu’flz (tla tQ)

<

‘dnhng (tl? t2) ’ | (bnl,nz ) t> ‘)2

0=

< |dn,y s (1, 12)[?)

ni1,n2€Z
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0 |-

=([, Xl bt do(tr, 1)

ny, Ne€Z

=( > /T |l o (b1, t2)[2 do(tr, 1))

ni, ne€Z

(> ldn, )=

ni, ne€Z

But, sup |{en,, n2,t>|2)% =1, for all
[It]]=1 N1, No€Z

t € H*(T?). Thus;

||W( Z d;Th N2 ®€”17 nz)”B(?) =

ni, ne€Z

( Z |<bn17n2,t>\2)%.da(t1,t2))%by Schwartz inequality

ni1,n2€Z
([ 500 (C Y o, maltr,t2)).
T2tl=1 p,, nyez

(Y [bnynas ) do(ty, t2))%

ni, ne€Z

(. (3 M (b)) dofon )
(2

<

MBS

(sup [(bny 1))

ni, TLQEZ Ht”:l

>

N1€EZn, N2€Zn,

< H dnl,”z ® bnhnz Hn(2)

Notice that, the set of all elements of the form

>

nlean,nzeZn2
are dense in H*(T?) @2 H*T?), So,
we have [[W(H)|p2 < |[Hlyg), for all
H € H*(T?) ®pp) H*(T?).

dn17n2 ® bn17n2

Hence [W{|p() < 1.

Now, Assume that S € H?(T?, H?(T?)). Then
S(tl,tQ) S HQ(T2), and

S(tl, t2)(91, 92) _ Z d;ll’ s (th t2> ein191 ein202

ni, ne€”Z

, with ||S(t1,t2)|| = Z . |7 < 00. So; we
ni, TLQEZ
can write S in the form

S = W( Z d;h, no ® €n,, n2)

ni, no€Z

, where e, n,(01,62) = etmb gin202 - Anq also,

HW( Z d;n,nz ® €n17n2)H

ni, N2€Z

(/T2 1S (t1, t2) | da(tl,tg))%

15
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H Z d;’bl,nz ®€77»1,712)Hn(2)‘

ni, TLQGZ
And we can write S as

S: W( Z d;17n2®6n17n2).

ni, no€Z

j : U
dnl, No en17 N2 —

ni, Na€Z

Thus; W is an isometry operator and onto.

Which this implies H?(T?2, H?(T?)) is isometri-
cally isomorphic to H?(T?) ®,,2) H*(T?).

Definition 1:

Assume that 1) = 1 ® g, where 11,9y € L>®(T?)
and Ty, is an operator defined as

Ty : H*(T*)n(2)@H*(T?) — H*(T*)n(2)@H*(T?)
such that

Ty, (d @ b) P1® Pi((¢1 ®12)(d® b))

Pi(y1d) @ Pi(12b).

Then the operator T}, is said to be Toeplitz like
operator with symbol .

Lemma 2:
T, 04, 18 linear.

Proof:

It is easy to see the proof.

Now, we will go to write the form of the matrix of
a Toeplitz like operator.
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The orthonormal basis of X ® Y and the or-
der of these basis have been studied by Holub [3].
Hence an orthonormal basis of H?(T?) ®,,o) H*(T*)

iS {6in1016in202 ®ein303ein404 . 7117”2,”3,”4 E Z+}

WLOG, we will order the sequence of tensors
(eimbreinz0z & ginabs pinabi) g the following

11| 10t | 12040
ei(014062) ®1 ‘ et(61+02) ® e i(03+64) ’

Amani Shatarah

Z d ’L 7’L1+1)01 Z('I’L2+1)92 2(01+92)>
M1, n2 ) .
N1, N2€EN
Z dlnl, n2< el(n3+1)93 ez(n4+1)94’ 62(93+94)>
ni, no€N
— /
=doo do,o

Then Continue in this procedure to get matrix
representation of Toeplitz like operator.

Now, we will go to study the important properties

¢2(91+92 ® 1| e20110:) @ ¢ib3+04) 6’2(61+92) ® e2(0s+04) 4f Toeplitz like operators.

613(91-"—92) ®1 | ei3(91+92) ® ei(93+94) 6i3(91+92) ® ei2(93+94) ‘

And also, these basis is called the tensor product
basis. Now, suppose that
o = 101 g = 1010 ¢ =
el0it0) @ 1, g 1 @ 20t g =
62(61-‘1-62) ® 61(63-‘1-94)’ q5 — 622(01+02) ® 1’ .

Now, we will construct the matrix of a Toeplitz like
operator on 2-nuclear tensor product of Hardy spaces
on torus with respect to the orthonormal basis

{emheinate @ ensboeinabs sy ny ng,my € ZTY}.
Let ¢ @ 1y € L(T?) On(c0) L>(T?). Then

Y1, o are in L2(T?).

Thus; 1) = Z dn,. n, €™ €M292 and
ni, ne€N
wQ — Z dng, - ezn393 6111494'
ni, no€N
Let R = (r;;) be the matrix representation of

Ty, Then (145) = (T, 0y, G5 G5) -

Now, we will give an example to see how we com-
pute :

(r44) = (Tp, 0494 q4)

= <P1 (¢1.€i(01+02)) ® f)1 (¢2_€i(93+94)),

— (P(yy 00, (1030
<P(¢2 6 03+64))76Z(95+94)>

_ <,¢)1 .6i<61+62) e

d 'L TL1+1)91 ’L(?’L2+1)02 1(01+92)
n1, ng € )€ >

n1, N2€EN

< Z d ei(n3+1)93 1(na+1)64

n1, N2

i(61+92)> <¢2.€i(93+94), ei(93+94)>

1(93+94)>

ni, no€N

E-ISSN: 2224-2880

Theorem 3:

Assume that &1, &, &3, and &4 € L°°(T?). Then the
Toeplitz like operator on 2-nuclear tensor product of
Hardy spaces on torus have the following properties:

1. T§1®§2 is bounded, and HT§1®52H < ”51 & §2H =
[&x[l1[&2]]-

2. Tu(§1®§2)+v(§3®§4) = UT&@& +UT§3®E4& where
u, v € C.

3. T, 0¢, = 0ifand only if § ® o = 0

4 T e, = Teze

Proof

1. Letd ® b € H*(T?) ®,,(2) H*(T?). Then

| P1(§1d) ® Pi(&29)]]
| PL(&d)]l]| PL(&D) |
| P1][?(|€1d]]]]€2b])

1€ [HI<2[I{I€2]H 1o
Id @ bf[[I§1 © &all

[Te, e, (d @ b)||

IA A

Thus; T e, is bounded and [|Tg ge,| <
€1 @ &af|-

2. Letd ® b € H*(T?) ®y9) H*(T?). Then

P ®P1(u
v(&3 ® &4)
P ® Pi(a

+ v(§3®E3)

&1 ® &)
(d®b)
§1®&)(d®@b)
(d®b)

Tu(§1®§2)+v(§3®54) (d ® b)

_l’_

\_//\\_/,\
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= Pi(u(§1.d)@ P (§2.0)) +v Py (§3.d) @ Pr(€4.D)
= UP1 (fld) &® Pl(fg.b) + bP1(§3.d) ® P1(£4.b)
= UT§1®§2 (d ® b) + UT§1®£2 (d ® b)

3. Letdi @by, da @by € H*(T?) @) H*(T?) be
non zero functions. Then

0 = (Te,0e,(di ®b1),d2 ® ba)
Pyi(§1.d1) ® P1(§2.01),d2 ® ba)
Py(&.dv), d2)(P1(€2.01), b2)
§1.dy1,d2)(&2.b1, ba)

§1.d1 ® £2.b1,d2 ® ba)

(
(
(
{

Thus; fl = 52 = 0, since dl, dQ, bl, bg 75 0.

4. Letdy ® b, dy ® by € H*(T?) ®,,9) H*(T?).
Then

(T¢ ¢, (d1 @ b1),da ® ba)

= (d1 ® b1, Te, e, (d2 ® b2))

= (d1 ® b1), P1(&1.d2) @ P1(&2.b2))
(di, P1(&1.d2)) (b1, P1(&2.b2))
(d1, §1.d2) (b1, £2.b2)

= (€1.d1, P1(d2))(&2-b1, P1(b2))

(P1(&1.d1) @ P1(§2.b1),d2 @ ba)

(Teag (di @ b1),d2 @ b)

T€1®§:2'

ThUS; Tgl®§2 =
Now, we will go to study the commutativity of
Toeplitz like operators on 2-nuclear tensor product of
Hardy spaces on torus.
In the following theorem, showing when the prod-
uct of two Toeplitz like operators on H?(T?) ®Pn(2)

H?(T?) will be a Toeplitz like operator.

Theorem 4:

Let &, &, &, and & € L°°(T?). Then
Te,0¢,) T(e,0e,) 18 @ Toeplitz like operator if and only
if one of the following conditions is satisfied:
1. &3 and &4 are analytic.
ii. & and &5 are co-analytic .
iii. &9 is analytic and &5 is co-analytic.
iv. &4 is analytic and &; is co-analytic.
and if one of the above condition is satisfied, then

Tie,06) Tieswes) = Tie,06.) (€064

proof:

Suppose T(¢,w¢,) Ti¢,0¢,) 18 @ Toeplitz like operator.
Then

(Te, @ Te, ) (Te, @ Te,)

T(fl ®¢&2) T(fs ®E4)

E-ISSN: 2224-2880
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= T Te, @ Te, T,

is a Toeplitz-like operator. Hence; Tt T¢, and T, T,
are Toeplitz operators. But by proposition 1, if T¢, Tk,
is Toeplitz operator, then 3 is analytic or £; is co-ana-
lytic, and also if T¢, T, is a Toeplitz operator, then &4
is analytic or & is co-analytic. So, we get i-iv above.
Conversely, Assume that

Te06) Tiesoen) = TaTe ® Tty T,
and one of the above condition is satisfied. There-
fore ,by proposition 1, we have T¢ Ty, and T, T,
are Toeplitz operators, Thus; Ti¢ we,) T(g,06,) 1S @
Toeplitz-like operator.
Indeed, if one of the above condition is satisfied, then
we obtain

(Tg, @ T, )(Te, @ T, )
Tfl ng &® ng T§4

Tee, @ Tee,
T, 62) (eame4)

T(& ®¢2) T(§3®f4)

Corollary 4:

Assume that T(¢, g¢,)andT (¢, ¢, are Toeplitz like op-
erators. Then the product of them is equal to zero if
and only if at least one of them is to zero.

Proof:

If Ti¢,0¢,) T (e22¢,) = O, then since zero is a Toeplitz
like operator.

T(§1®€3)T<§2®€4) = T(§1®§3)(52®54) =0.

Therefore £1&2 ® 364 = 0. Thus; £1&2 = 0 or
§384 = 0.

Theorem 5:
Assume that &, &, &3, and & € L>°(T?). Then

Tie,0e) Tigwe) = Tese) Tiase)

if and only if one of the following equivalence
conditions is satisfied:

1. &1, &, &3, and &4 are analytic ( or co-analytic).
2. &1, &3 are analytic (or co-analytic) and &9, &4 are
co-analytic (or analytic).

3. &1, &3 are analytic (or co-analytic) and aéy + b€y
is constant.

4. c&1 + hé&s is constant and &2, &4 are analytic (or
co-analytic).

5. c&1 + hé&s and as + DE4 are constants.
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Proof:

Suppose that T(§1®£2) T(§3®54) = T(§3®§4) T(51®§2)'
But T(51®§2) T(§2®§4) = T§1T§3 ® T£2TE4 and

T(§3®f4) T(§1®§2) = T§3T§1 ® T§4TEQ, this lmphes
T&Tgs & T&T& = T53T§1 ® T&Tg27

so we obtain

1
Te, Te, = nTe,Te, and T, T, = ;T&ng, wheren # 0.

Now, without loss of generality, let = 1. so,
T€1T£3 - T§3T£1 (1)

Te,Te, = T, Te, (2).

But now, by (Theorem 1), equations (1) and (2)
satisfied if and only if one of the conditions above is
satisfied.

Theorem 6:

Let &1, &, &3, &, and n € L®°(T?). Then
T(§1®77)+(§2®77) commutes with T(§3®77)+(§04®1/1) if and
only if one of the following are satisfied :

1. & + &, and &3 + &4 are analytic.

ii. & + &9, and &3 + &4 are co-analytic.

. & + & = P& +&)+r,where € Candrisa
constant function.

Proof:
Note that
Te, @ Ty +Te, @ Ty = Tig,0n)+(60n) and Tg, @

Ty +Te, © Ty = Tigyom)+(caon)- -
But, the sum of two atoms is an atom if either the

first components or the second ones are dependant,
[2]. Thus

Tfl ® T77 + sz ® T77 = (T§1 + sz) ® Tn
= T51+€2 ® Tﬂ(l)

Similarly,

Tf?, ® TT] + Tf4 ® TT] = Tf3+§4 ® TTI (2)

But now, the problem is when two atomic Toeplitz
operators commute? That is when

(Te,+6,9Ty) (Tey +6,9Ty) = (Teyr6,@T) (Tt 16,2T).
Which is equivalent to :
(Te, 16, Tesve,) Ty Ty = (Tegre, Tty 16,) @ T0T (3).

Of course if & = —&3 or &3 = —&4 or p = 0, then
trivially, we get the commutativity.

E-ISSN: 2224-2880 260
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Hence, we assume that £, + & £ 0, &3+ &4 # 0,
and n # 0. but (3) is valid if and only if

Teove,Tegre, = Tegre Teyve, (4)

However, by (Theorem 1), equation (4) is true if and
only if one of the conditions (i), (ii) or (iii) is satisfied.

Theorem 7:
Let &1, &2, &, &4, m, and 2 € L>°(T?). Then

Tty som)+(gom) commutes with Tie,g,) 1 (¢,0n,) iF
and only 1f one of the following conditions is satis-

fied:

1. &1+ &, &+ &4, n1, and 1) are analytic.
. & + &, & + &4 are analytic and 71, 72 are
co-analytic.
iiil. &1 + &, &3 + &4 are co-analytic and 71, 72 are
analytic.
iv. &1 + &9, &3 + &4 are analytic and 1 = S 12 + h.
v. &1 + &o, &3+ &4 are co-analytic and 71 = 5 12 + h.
vi. & + & = B(& + &4) + h and 11, 1 are analytic.
vil. & + & = B(&3 + &4) + h and 11, 1 are analytic.
viii. §1 + &2 = f1(§3+&4) + 1 and 1 = B2 12+ ho.

Proof:
First, we have
T§1 ® T771 + T§2 ® T771 = T(§1®T)1)+(£2®771)

and
de ® T772 + T& ® T772 = T(§3®772)+(E4®772)‘

T{l ® T771 + T{z ® T771 = T§1+€2 ® T771>
and
Tfa ® T772 + T§4 ® T772 = T§3+£4 ® T”]z'

So, we need to prove the Theorem, just to see the com-
mutativity of the two atoms

(T£1+£2 ® T”h) and <T§3+§4 ® T772)'

Since

(T51+52 ®T771) (T§3+§4 ®T772) = T51+§2 T§3+§4 ®T771 T7I2 (1)
and

(Tey+6,9Tn,) (Te, 16,91, ) = Teyre, Ty 46,9y, Ty, (2)-
Since (1) and (2) commutativity are satisfying if and
only if

Teve, Tegres = Terrea Tegre, and Ty, Ty, = Ty, Ty,

Theorem 8&:

A Toeplitz like operator T¢, g¢, 1S an isometry on
H?(T?) @p(2) H*(T?) if and only if £ ® & is a
constant and is satisfying |£1] = |&2| = 1.
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Proof:

Assume that T¢, g¢, is an isometry, then

| Teiee. (h @ )]

<T£*1®£2T£1®§2 (h ® d)v h® d>
(hed,he d)
)

(o) HA(T?).

forallh®d e H*(T?
Hence T¢, ¢, Tt 0, = 121, S0

Tegelawe = Lot

Similarly, one gets

TEI®§2T£1®£2 = Il®1 = T1®1.
Therefore T§1®§2T&T& = TmT&@& = Il®1 =

Tig1-

By Theorem 1, we obtain &;, &, &, & are an-
alytic(or co-analytic) or there is a linear combina-
tion between &; and &; or there is a linear combina-
tion between &2 and &2, So & and & should be con-
stants in all cases. Thus; &1 ® &5 is constant and also

&1& = |&)? = 1 and && = |€]* = 1 since

T51®§2T

et = Lletises = laPelek = Tiet:

4 Spectrum and invertibility of

Toeplitz like operators

In this last section, we study the spectrum and the in-
vertibility of Toeplitz like operators acting on 2-nu-
clear tensor Product of Hardy Spaces.

Definition 2:

Assume that &, & € L®(T?). Then Tg e, is
invertible if T¢, and T, are invertible.

Lemma 3:

Let &1, & € L*(T?) be invertible such that
(Mg, ® Meg,) is contained in the open right - half
plane. Then 7% ¢, is invertible.

Proof:

Let A ={z € C:|z—1| < 1}. Since o(M¢, ® M¢,)
is a compact set in ', then there exists € > 0 such that
eo(Me, @ Me,) C A, where

GU(M& ®M£2) = {6/1,1/12 HGYIORS U(M51 ®M£2)}

Therefore, |eju1 2 — 1| < 1, for all puypio € o(Me, ®
My, ). Consequently

sup
pap2€0 (Mg, ®Me, )

lepipe — 1] < 1.
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Now, by applying the Spectral Mapping Theorem,
we get
e —1 € (7(6]\451 ® M£2 - [1@1).

So
le&1 @ &o — L1l = |leMe, @ Mg, — Lig| =

sup I¢] < 1.

€€ o(eMe, ®Me, —I151)

However || Te ¢, ln(z) = |61 ® ol Hence

1101 — €Tt,06, In2) = 1Tio1-c 06 |In2) =

Nel-e®&l <1

So, HI1®1 — €T§1®£2”n(2) < 1, this; 6T§1®52 1S
invertible and then T, w¢, 1s invertible.

Lemma 4:
Assume that &, & € L>(T?). Then

0(Tg,0¢,) C lo(Mg, @ Mg, )|(convex hull of o(§1®€2)).

Proof:

From the definition of [o( Mg, ® Me¢, )], it is enough to
prove that if H is an open half plane which contains
the spectrum of Mg, ® Me,, then o (T, g¢,) C H.

Let pipe & H, so pips & o(Mg, @ M,), and
O’(]Wg1 X Mfz — ,11,1,11,2[1@,1) C H — pyppe. Since
H — 11 12 does not contain zero (as p1 2 ¢ H), there
exists a real number 61 such that e’ (H — pyp5) C
H,, where H. is the open right half plane. Further,
eo(H — pypg) C H,. Since (Me, @ Mg, —
M1M211®1) 1s invertible, et (M£1 ®M§2 _N1M2I1®1)
is still invertible and by the spectral mapping theorem
o (Mg, ® Mg, — pipaligr)) C He. which im-
plies that, by lemma 3,(T¢, g¢,—p, . ) is invertible.

That is (T, e, — p1p2l) ™! exists and therefore
pap2 € 0(Tg ge,). Thus; o(Tg, ge,) C H.

However, this is wvaild for all open half
planes H containing o(Mg, ® M,).  Hence
0 (T ze,) C lo(Me, ® M,)].

Theorem 9:

Let Tz, ® T, be invertible. Then (Ty, ® Tg,) "
is a Toeplitz like operator if and only if one of the
following is satisfied:

.61 @& € HA(T?) @) H*(T?).

ii. & ® & € HA(T?) @na) H*(T?).

iii. £ ® & € H*(T?) @y 9) H*(T?).

V. & @& € HX(T?) @pg) H*(T?).
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Theorem 9:

Let T¢, ® T, be invertible. Then (Ty, ® Tg,) ™!
is a Toeplitz like operator if and only if one of the
following is satisfied:

LE®EE HQ(TQ) Bn(2) HQ(T2).

ii. & ® & € H*(T?) @) H(T?).

iii. £ ® & € H*(T?) @2) H*(T?).

v. &1 ®§_2 € H2(T2) Bn(2) H2(T2).

Proof:
Assume (T¢, @Tg,) ™ = Tgll ®T, {21 is a Toeplitz like
operator, hence T, Land Tgl are Toeplitz operators.

yow, Tgl is a Toeplitz operator if and only if &;
or& € H2(T?).

Similarly, 7, g:l is a Toeplitz operator if and only if
& or & € H3(T?).

Therefore, (Ty, ®T,) ! is a Toeplitz like operator
if and only if one of the above conditions satisfies.

Corollary 5:

Assuming &, & € LOO(Tz). Then o(T¢,x¢,) is
connected.

Proof:

Since U(Tf1®§2) = G(Tfl)U(T52)7 and also G(Tfl)
and o (T¢,) are connected sets, hence o (T¢, ) x (1%, )
is a connected set.

Now, define a function

h:o(Tg,) x o(Tg,) — C
h(a,b) — a.b

Clearly, h is a continuous function.

Thus; h(U(Tgl) X U(T&)) = U(T§1)0<T52> 1s
a connected set. Which is implies o (7, g¢,) is a
connected set.

Theorem 10:

Assuming &1, & € L®(T?). Then Tg g, is a
compact operator if and only if £; ® & = 0.

Proof:

The proof directly will get it, from this theorem,
Suppose & € L>°(T?). Then Ty is a compact operator
if and only if £ = 0.
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5 Outcome and questions

In this article, we discuss Toeplitz like operator
on 2-nuclear tensor product of Hardy spaces, we
conclude in the followings definitions and theorems:

Definition 1:

Assume that ¢ = 1)1 ® 19, where ¥, 19 € LOO(TQ)
and Ty, is an operator defined as

Ty : HA(T*)n(2)@H*(T?) — H*(T*)n(2)@H*(T?)
such that

T¢1®w2(d®b) P1®P1<(¢1®¢2)(d®b))

Pi(y1d) @ Pi(12b).

hen the operator Ty, is said to be Toeplitz like operator
with symbol ).

And

Theorem 2:

The complex valued vector space H2(T?, H*(T?))
is isometrically isomorphic to the 2-nuclear Tensor
product of Hardy spaces H*(T?) ®,,2) H*(T"?).

One can ask the following question:

What is the slant Toeplitz like opearator on ON
THE Lebesgue space of unit circle and the torus.
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