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Abstract—In this research, we propose a new four parameter family of distributions called Generalized Crack
distribution. We generalizes the family three parameter Crack distribution. The Generalized Crack distribution
is a mixture of two parameter Inverse Gaussian distribution, Length-Biased Inverse Gaussian distribution,
Twice Length-Biased Inverse Gaussian distribution, and adding one more weight parameter q. It is a special
case for p+q+r=1, where 1 >0,06>00<p<10<qg<1and p+q+7r=1is the weighted
parameter. We investigate the properties of Generalized Crack distribution including first four moments,
parameters estimation by using the maximum likelihood estimators and method of moment estimation. Evaluate
the performance of the estimators by using bias. The results of simulation are presented in numerically and

graphically.
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1. Introduction

The lifetime distribution provides an advantages and applied
information to users or practitioners to protect damages of
medical, finance, manufacturing, systems, industry, and
machines that occur after the lifetime is terminated. The
serious injury or death may be happened if the user not know
the lifetime of their items, machines or systems.

The well known lifetime distributions in survival analysis
are Birnbaum—Saunders (BS), Inverse Gaussian (IG), Length
Biased Inverse Gaussian (LB) and Crack distributions (CR),
Exponential, Log-Normal, Extreme Value, Weibull.

The distribution is widely used to be the lifetime
distributions in many filed. The distributions had been studied
for long time. For Inverse Gaussian distribution [1-3], Shuster
(1968) [4] used the tables of the Standard Normal distribution
and logarithms to get the exact probabilities for an Inverse
Gaussian distribution. Chhikara and Folks (1989) [5] provided
the relationship among Inverse Gaussian distribution and y?
and F distributions toapplied with the Sampling Theory. They
also mentioned that the Inverse Gaussian distribution describes
the distribution of the time it takes a Brownian motion while
the normal distribution express the distance traveled at time
fixed by the standard Brownian motion. Chaubey et al. (2014)
[6] proved that under the scale transformation, the likelihood
ratio test for one sided hypotheses in the Inverse Gaussian
family is the uniformly most powerful invariant test.

The length biased in version of the Inverse Gaussian
distribution was studied in [7] and [8]. Patil and Rao (1977)
[9] proposed the special weighted distribution of length biased
in version of the Inverse Gaussian distribution.

The Crack distribution was introduced by Jorgensen et al.
(1991) [10]. Gupta and Akman (1995) [11] studied the
Bayesian estimation of Crack distribution. Gupta and Akman
(1995) [12] discussed that the Crack distribution is also known
as the Inverse Gaussian Mixture distribution. Volodin and
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Dzhungurova (2000) [13] proposed the five-parameter family
of called General Crack distributions, which including to the
Inverse Gaussian Mixture distribution, normal distribution, the
Inverse Gaussian distribution, and the Birnbaum—Saunders
distribution. Duangsaphon (2014) [14] studied the Crack
distribution in the regression-quantile estimation, Bayesian
estimation. And also do the confidence interval estimation.
Saengthong and Bodhisuwan (2014) [15] proposed the new
two parameter Crack distribution by modifying the weighted
parameter. Ngamkham (2019) [16] study about the three
parameter Crack distribution and introduce a new algorithm to
generate the random numbers by the composition method.
Some relevant studies can be found in [17] and [18].

In this research, we propose a new four parameter family of
distributions that generalizes the family three parameter Crack
distribution and investigate the properties including to first
four moments, parameter estimation by using the maximum
likelihood estimators and method of moment estimation and
evaluate the performance of the estimators by using bias.

The article is organized as follows. We first review the
probability distribution function (pdf) of IG and LB and
introduced you to know about Twice Length-Biased Inverse
Gaussian (LB?) distributions. Theoretical results about
Generalization Crack distribution (GCR) are given in section
3. After that, Numerical results are shown in section 4. Finally,
conclusions and discussion are reported in section 5.

2. Materials and Methods

2.1 Inverse Gaussian Distribution

The probability distributions with support of X on (0, o0).
A random variable X has the Inverse Gaussian distribution, if
the probability density function is
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oG ) = (L exp -

where parameter g > 0 is the mean and 8 > 0 is the scale
parameter of the distribution. We say that the probability
density function above is the classical parametrization of the
Inverse Gaussian distribution.

For the new parametrization of the Inverse Gaussian
distribution, which is a two-parameter A = 0, 8 = 0 family of
continuous probability distributions with density function as
follows

g -2 (x—18)2
fie(x; 4,08) = A\/;x zexp{— xzex };x = 0.

The relationship between classical parameters a, f and new
parameters A, 8 can be written as follows

ﬁ(x—.u)z};x =)

2utx

AZE and 6 Z%; u=218 and B =14.
Let random variable ¥ have IG(A, 8) distribution. Then we
get

E[Y] =10 and E[Y?] = A62(1+ 1). (1)

2.2 Length-Biased Inverse Gaussian
Distribution

Let X be a non-negative random variable having the
continuous probability density function f(-) with a finite first
moment E[X]. We say that ¥ with probability density function
h(-) has the length biased distribution associated with X, if its
probability density function is given by the formula

h(x) = G
E[X]’ (2)
From (1) and (2), then we get the Length Biased Inverse
Gaussian distribution in term of new parametrization is given

by the following formula

2
I 1 JT e
fus (6:2.6) = o= vy —3 (g A %

We denote this distribution as LB(A, &) with mean (A + 1).

2.3 Crack Distribution

The Crack distribution is constructed by adding the weight
parameter p and including the two parameter of Inverse
Gaussian distribution and two parameter of Length Biased
Inverse Gaussian distribution. The formula is show as follows

fer(64,0,0) =pfic(x; 4,0) + (1 —p) fie(x; 4,6)
where 4 > 0,8 > 0 and 0 = p < 1. The probability density
function of three-parameter Crack distribution is given by the
following formula

3 1
1 042 F
fer(xi4,8,p) = \/2_[,01( )2+(17p) Zlexp{(\f \D}
E-ISSN: 2224-2880 107

Supitcha Mamuangbon, Kamon Budsaba, Andrei Volodin

where 4 > 0,6 > 0and 0 < p = 1. We denote this distribution
as CR(4A,8,p).

The cumulative distribution function of three-parameter
Crack distribution is

FCR(,LB,p):¢(J§—AJ§)—1—2pe23[1—¢(‘j§—1ﬁ)];x>0,

where &(x) is the standard normal distribution function.

The connection of the probability density functions of
Inverse Gaussian distribution, Length Biased Inverse Gaussian
distribution, Birnbaum—Saunders distribution with the Crack
distribution is

fra(z: N 8), p
fes(z; A 8), p
frplz A 6), p
where A > 0,6 > 0and0 = p = 1.

1
for(z: X\, 8,p) = %

(

2.4 Twice Length-Biased Inverse Gaussian
Distribution

Let random variable X have LB(A,8) distribution and T
have IG(4,80) distribution. According to formula (2), a non-
negative random variable ¥ with density function h(-) has the
length biased distribution associated with X, if its density
function is given by the formula

xfie ()

X is ()
_TEM _
- E(MEX)

E(X)

Xfip (%)
E(X)

frpz(x) =

The Twice Length Biased Inverse Gaussian distribution,
which we consider in this article, is a two-parameter
A>0,8 >0 family of continuous probability distributions
with density function as

ng—affféél)
{&\p o 5 ]H

A6 (A+1)

ol ;—aﬁﬂ
9\/2_(2,+1 \[ap{_( 0

We denote this distribution as LB?(4, 8).
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3. Generalization Crack Distribution

3.1 The Probability Distribution Function

The Generalized CR lifetime distribution depends on four
parameters. This distribution contains as special cases the four
well-known aforementioned distributions, namely, the Crack
distribution, the Birnbaum—Saunders distribution, the Inverse
Gaussian distribution, and the Length Biased Inverse Gaussian
distribution.

The Generalized Crack distribution is formed by adding one
more weight parameter ¢ in the formila of Crack distribution
and including the two parameter of Inverse Gaussian
distribution, two parameter of Length Biased Inverse Gaussian
distribution and two parameter of Twice Length Biased
Inverse Gaussian distribution as follows

fGCR (.X; /1! 61 b, q) = me (.X,' A, 9) + quB (X; ’1! 6) + rfLBZ (xi /1! 6)1
Where 4 > 0,06 >00<p=10=g<=landp+g+r=1.

The probability density function of Generalized Crack
distribution is given by

focr (%:4,0,0,9) = pfg (% 4,0) +0f 5 (% 2,0) +rf .

)]
ix{z(f 3l
H

/6 plx +qx +
27 9

where 1> 0,6 >00=p=10<¢g<1and p+g+r=1
We denote this distribution as GCR(4, 8, p, q).
The relevance of the probability density functions of Crack

44
ON2rx

&)

distribution, Inverse Gaussian distribution, Birnbaum—
Saunders distribution, Length Biased Inverse Gaussian
distribution, Twice Length Biased Inverse Gaussian

distribution with the Generalized Crack distribution is
fer(x;4,8), q=1—pr=0
fict; 4,0), p=1g=0r=0

1 1
fas(x;: 4, 8), p:E’qu’r:O
fig(x;2,8), p=0,g=1r=0
fLBz(x;jﬂB)r p=0g=0r=1

fGCR (X,' ’11 6' p, CJ') =

where A > 0,6 >00<p=<=10=<g<landp+qg+r=1.

Note that the connection between Generalized Crack
distribution, Inverse Gaussian distribution, Length Biased
Inverse Gaussian distribution and Twice Length Biased
Inverse Gaussian distribution distributions can be illustrate in
alternative way.

Let X;, X, and X5 are independent random variables such
that X; has IG(A,0) distribution, X, has LB(4,0) distribution
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and X; has LB?(A,0) distribution, 0 =p<10<g <1 and
p+qg+r=1
Consider the new random variable X such that
Xy with probability p,
X =1X,  with probability q,
X;  with probability r,
then X follows the GCR(A,6,p) distribution. This is the
reason why we say that X is a mixture of X;, X, and X;.

3.2 The First Four Moments
The moment generating function of X~GCR(4,80,p, q) is

ccr () = 2 (17V17280) [p P r (

1
p)
vi—26t (A+1)(1-26t) * 21— ze:)]

Proof Let X be a GCR( 2,0, p’q) distributed random variable;

then
facs (1) =E[ " |
:Ie‘x foer (%.4,6,p,q)d
:Ie‘X fﬂ{p/lx 34—2’x +( }EXP{—[( \/7] }d
= pie’ \/7J'x 2exp{ ) (/1 mz)}dx
w \/?Txiexp{(ltjx(iﬂ/z)}dx
- J;I “_tjx_(ﬁexxz)}dx
Therefore

Pecr (1) = pe’ exp {—/IM} +

\/f_eﬁ exp{—l\/l—zet}
}exp{fﬂ«/lfzm}

re*

1
+(i+1)(1—29t){/1+2\/1—29t

_ ) q r !
-° {p-k\/l29t+(i+1)(1—29t)[/1+2\/129tﬂ

Where t < %9

Hence, the first four moments of X is given by

ro 2r9( +/1j r(%+ﬂ)
+ + A0

A+1 A+1

) 3+4)
+——5 24 A0 p+Q+ 2
2(2+1) A+1 A+1

i 2r¢9(2+i)
L \e )
2(A+1) A+1

108 Volume 20, 2021



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2021.20.11

1
48r0° —
57167 8ro (2+/1] ! r 2+/1j
+————=+310°| p+q+
2(2+1) A+1 A+l

r[%Jr/l) r(%Jr/lj
—= 21+ %0 p+q+
A+1 P A+1

E(X*)=1506" +

+32%6°| p+q+

o 2I’0(%+Z.J
+—= 2 1134%0*| o +

316°| q0 —
* a +2(l+1) A+1 2(A+1) A+l

) 8r9( +/1]
7ro N

310| 396°
* a +2(i+1) A+1

384r04( + /1)

"
S61ro + +15260%| p+q+
2(A+1) A+1 A+l

r[l+ ﬂj r[l+ A]
22\ 2
A+1

+q+
p+a A+1

r(7+l) o 2r9( +ﬂ)
22 8 40+ ——— e 2
A+1 2(A+1) A+1

E(X*)=105q0" +

+152%6*| p+q+

+2'0*| p+q+

ro 2r6[2+1j ro 2r6[ +1j
"2+ 42°0° q6’+7+7

122%6°| q0
* d +2(1-*—1) A+1 2(A+1) A+1

Let X[GCR(X;A,@, p,q) with mean ,u:E(X) and

variance 02 =V (X ) . Therefore,

ro(24+3)

u=E(X)=pi0+qo(A+1)+

2 v(x)
-e(7) [T
i ) o) (o)
AL G loee) ()]
2(241)
{pwwg(“.)ﬁ”(zj”)}

= pao” [1+2(1-p)-20(2+1)]
+q92[(12+3z+3)*’(9*‘)(2”*3)"1(“1)2}

. ro” [r(—3l—4l3 +9)—2/1(2p(21—3)(/1+l)—l(2i—8r+11)—23)+30]
4(4+1)

+

3.3 The Characteristic Function
The characteristic function of X~GCR(4,8,p, q) is

@ecr(it) = 91(17\41—261':) [P+

q r 1
V1-—286it * A+ 1)(1-2610) ()H 2V1— 26it)]
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Proof Let X be a GCR( 2,0, p’q) distributed random variable;
then

Peez (1) =E [eﬂ-]

e frea(x. 2.0, p.g) dx

et 1t el o
ijv wp{ J ( ‘i’z)}m
e { ——an—(fif”}m

= pe’ exp{—it-\fl—29ir}+ qu—ezﬁ exp {~2T=28ir

Il
[ —

. rie’ N re’
(A+1)(1-20it)  2(A+1)(1-28i)1-28it

}W{_am}

_ H-ze q r , 1
- {p+v'1729ir+(/'1.+1](1729i.f][A+2\/172,9”H
Where t e[

3.4 The Method of Moment Estimation

Let Xy, X, ..,X;, be a sample from GCR(A,0,p,q)
distribution and x4, %5, ..., X, be the sample values. Denote the
sample noncentral moments as

1 T

my = ;Eizl x;
1

my; = ;E?:l xiz
1

R

1
m, = ;E?:l x;.

Then the equations for the Method of Moments are:

E(X)=my

E(X>) =m,
E(X®) = ms
E(X*) = my,

where E(X),E(X?),E(X?), and E(X*) as functions of the
parameters 4,8,p, and g in section III.B. Unfortunately, the
Method of Moments equations cannot be solved in closed
form so, we used MatLab to solve the system of nonlinear
algebraic equations numerically. We wusing function
lsgnonlin to solved the the system of nonlinear algebraic
equations numerically of the equations for the Method of
Moments.

3.5 The Maximum Likelihood Estimation
Let ¢ ( x\ 9) be a probability density function (p.d.f.) where
@ is a vector of parameters. Let X Xy X, ~ f (x‘e). The

likelihood function can be written as:

L(9) xl,xz,...,xn):H f(x/0)
i=1
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The maximum Likelihood Estimator (M.L.E.), é is the value
of @ that maximizes L(@‘ Xi5 Xy ey Xn)

Let X ~GCR(4,6, p,q) the likelihood equations are:

2
i

2 X

pe” - 2
a_n3 (2+1) —26% L -0
OA P 2 r.» T X
= pAGT + 00X, + X; =
(A+1)
n n 2
o _n o SIS S N PSS
00 20 0 45 piez+qaxi+(ﬂ+l) Xiz 20° 5 23X
il__ n 192
P = pre +00X, +(/1r 0 X
+
ol < ox
67:_2 2 r 2
9 = pie +q¢9xi+(/1 ) X
+

4. Numerical Results

4.1 Simulation Study

A simulation study is performed to evaluate the performance
of MME and MLE estimator for the Generalized Crack
Random Number that generate by the Composition method. To
compare two methods of point estimation including with MME
and MLE, we consider the bias of estimators. The simulations
were carried out in R statistical software and MATLAB. For
each point estimation method, we use all combinations of
n = 100,500,1000,5000. And the combination of parameter

are | ,q= 1,2 and p,g= 1/ 3. The results were report to

investigated the behavior of estimators by using bias. We
report the results of the estimated parameter for both MME
and MLE in Table I and report the eatimated bias of four
parameters in Table II as follows

Table I. The MME and MLE estimators of 1-)¢/pand G

2 0 R = _ _ __MLE =
q q A g q q
1 1 100 0.1165 0.5296 0.7630 0.1178 03061
500 0.1155 0.5227 0.7650 0.1169 0.3025
1000 0.1161 0.5370 0.7695 0.1174] 0.2994
5000 0.1161 0.5366 0.7687| 0.1175 0.2991
1 2 100 0.1211 0.5721 0.8466] 0.1237 0.2899
500 0.1200 0.5723 0.8515 0.1225 0.2830
1000 0.1206 0.5897 0.8521 0.1233 0.2796]
5000 0.1206 0.5836 0.8517 0.1233 0.2814
2 1 100 0.1264 0.6271 0.8258 0.1309 0.2717
500 0.1251 0.6305 0.8159 0.1292 0.2636
1000 0.1259 0.6510 0.8148| 0.1303 0.2603
5000 0.1258 0.6398 0.8118 0.1302 0.2631
2 100 0.1327 0.6915 0.8956] 0.1400 0.2539
500 0.1312 0.6948 0.8870 0.1378 0.2455
1000 0.1320 0.7173 0.8864 0.1391 0.2429
5000 0.1319 0.7023 0.8846 0.1390 0.2458

From Table I shows the MME and MLE estimators
Ij,@ﬁhnd @ we can see that the performance of estimators

of parameter 4,6, P and Q are good for large sample sizes

E-ISSN: 2224-2880

110

Supitcha Mamuangbon, Kamon Budsaba, Andrei Volodin

which are 1000 and 5000 but the small sample sizes which are
100 and 500 are poor for both method MME and MLE.

Table II. The bias of 1/ pand

Bias
y) ] n MME - MLE
-1 6-6 p-p aq A-1| -6 PP a-q

1 1 100 1.2454 -0.3119 -0.2169 0.1963 0.9999] -0.2370 -0.2155 -0.0273
500 2.5394 -0.5563 -0.2178 0.1893| 0.9553 -0.2350 -0.2164 -0.0309
1000 1.2109 -0.3079 02173 0.2036| 0.9765 -0.2305 -0.2159) -0.0339
5000 12144 -0.3099 02172 0.2033 09883 -0.2313 -0.2159 -0.0342]

1 2 100 1.2282 -1.3004 -0.2122 0.2388| 1.6464] -1.1534] -0.2096 -0.0434]
500 1.1871 -1.3082 -0.2134 0.2390) 1.5650 -1.1485 -0.2108| -0.0503
1000 1.1841 -1.2972 -0.2127 0.2564) 1.6326] -1.1479 -0.2101 -0.0537
5000 1.1934 -1.3013 -0.2127 0.2503 1.6329] -1.1483 -0.2101 -0.0520|

2 1 100 0.1841 -0.2799 -0.2069 0.2937| 1.0997 -0.1742 -0.2024 -0.0616
500 0.1354 -0.2898 -0.2082 0.2972] 0.9717 -0.1841 -0.2041 -0.0698
1000 0.1353 -0.2781 -0.2074 03176 09817 -0.1852] -0.2031 -0.0730
5000 0.1475 -0.2843 -0.2075 0.3064 0.9584] -0.1882] -0.2031 -0.0702]

2 2 100 1.3571 -1.4683 -0.2007 0.3581 25763 -1.1044] -0.1934] -0.0795
500 0.0688 -1.2627 -0.2021 0.3614 2.2552 -1.1130 -0.1955 -0.0878
1000 1.0495 -1.4239 -0.2013 0.3840) 22772 -1.1136 -0.1942 -0.0904
5000 0.0855 -1.2592 -0.2014 0.3690) 2.2528| -1.1154 -0.1944) -0.0875

Table II shows the The bias of |')g, pand  we can see that

the method of moment estimators has generally overestimate;
almost every estimated value provided the negative value
except A and q for all combinations. While the MLE provided
the different results, the parameters A still overestimate but
parameter q was underestimate.

When the sample sizes increase, the simulated bias
corresponds to the theoretical background as it is a decreasing
function of sample sizes n. That is, when sample sizes
increase, the amount of the bias decreases and tends to zero.
From Table II when we increase sample sizes from 100 to
5000 in every combination, bias of each estimation is
decreasing when sample sizes increase.

5. Discussion

This research contains new contributions as the following:

1. Motivating hopeful practitioners to protect the
industrial or financial damages before the lifetime
expired. It may also protect lives safe due to the fact
that workers who do not know the lifetime of the
equipment or items that need to be used in the work
may cause direct and indirect damage. The lifetime
distribution with the high performance of parameter
estimate can prevent damage.

2. Improving statistical knowledge about lifetime
distribution.

6. Conclusion

This new Crack Lifetime distribution is useful in many areas
for example Engineering, Physics, Economics and Statistics. In
this research, we propose a new four parameter family of
distributions that generalizes the family three parameter Crack
distribution called Generalized Crack distribution. In addition,
we investigate the properties including to first four moments,
parameter estimation by using the maximum likelihood
estimators and method of moment estimation and evaluate the
performance of the estimators by using bias. Since in this
situation, the MLE estimator has the performance better than
MME so, we recommended to use MLE estimator for the
Generalized Crack distribution.
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