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On the Vasyunin Cotangent sums related to Riemann Hypothesis
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Abstract: In this work, we are interested by Vasyunin cotangent-sum }/(p/q) encountered in computation of the
inner product arising in the Baez-Duarte-Balazard criterion for Riemann hypothesis. By hint of generating functions
theory and introduction of double Euclidean algorithm, we give series expansions of 1/(p/¢) and the symmetric sum

S (p, q) = V(p/q)+V (q/p) . These calculus permit to deduce another reformulation of Vasyunin formula. This
studyisacomplementoftherecentworkofM.Goubiconcerningspecialcase /(1 /).
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1 Introduction To see this relation, we can write

Throughout this work, p < ¢ two positive coprime in-

_ a q—1 _
tegers, p the inverse of p modulo ¢ (p < ¢, pp = 1(q)) C, (p) _ 1 Z Bat1 ( k}) cot (Wkp) _
and ¢ the inverse of ¢ modulo p. The well-known q a+1,= q q
Vasyunin cotangent sum is defined by

Letting the function e,(t) = {i} ; t > 0 and the

qg—1 p
V(p/q) = Z {} cot?, (1) indicator function x of the interval [1, +oo[ given by
k=1
a1 ifte ol
where {t} =t — [t] is the fractional part of ¢. These X(t) = 0 otherwise.
sums admit a natural generalization to Dedekind-
Vasyunin sums [1]: These functions lie to Hilbert space H =
) L? (0, 4o00; t_zdt) (see [4]) with the inner product
a k k
0 (0)- B () (2). .
©oerlig ’ ’ T OV O
0
where a a positive integer and B, ({t}) the nor- .
malized Bernoulli polynomials. We observe that The symmetric sum S (p,q) = V (p/q) + V (¢/p)

arises in the study of the Riemann zeta function by

Y20 p— p P ; 3
|4 ( ) =" (Q) and Vo ( ) is the opposite of the virtue of the Vasyunin formula (see [5])

q q
cotangent sum investigated by Bettin-Conrey [2]:

log 2m — 1 1
g Y 4

_ q-1 _ (ep,eq) = ( ) 2)
k k P> €q

Ca<p>:_qa200t(ﬂ— p)C(—a,); p q2 q qu

® k=1 d ® + ——log-——358

g b,q)-

2pg TP 2pq v9)
where ( (s,t) is the Hurwitz zeta function [3] given
by the series The Baez-Duarte-Balazard criterion states that Rie-

mann hypothesis is true if and only if ngrrioo d, =0,

¢ (s,t) = Z 1 . where d,, is the distance given by the expression
iso (B +1)
d2 _ G'I"a/m (X? 61762“'7671) (3)
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where Gram (v1,vs...,v,) is the Gram determinant

of the matrix ((vj, vk)),<, ,<, - and we have

Gram (Ulv V2, Un) = ’ </Uj’ ’Uk> ‘1§j,k§n-

For computing the distance d,,, we need two kinds of
inner products. The first is given by the expression
(see [4]):
(x, ep) = logp+1—7
s Cp P 9
where v = 0,5772 - - - is the Euler constant. The sec-
ond is given by the formula (2). In this work we give
series expansions of the sums V' (p/q) and S (p, q) to
deduce a new reformulation of Vasyunin formula. The
method used is different from the old ones, it is based
on the theory of generating functions and the use of
arithmetic arguments like double Euclidean algorithm
and congruences. The sum V' (p/q) is related to cotan-
gent sum

qg—1
k k
co(p/a) =~ ~cot"" 2, @)
k=1 q
by virtue of the relation (see [6, 7])
V(p/a) = —co(p/q)- Q)

We recall that ¢y (p/q) is the value at s = 0 of Ester-
mann zeta function (see [7])

.
Eo(0.p/q) = + 500 (p/0),  (6)
where
d(k 2mik
Eo(s,p/a) =Y ,is)ewp (mp) )
>1 q

with d (k) = 374, d is the divisor function. Bettin-
Conrey showed that co (p/q) satisfies the following

reciprocity formula
P\, 49 (4 L P
o(g) 5 () =z =5 (5)
q/ p \p/ 7p 2 q
for a chosen function vy and for further information

about this sum, we can refer to [2, 8, 9, 10, 11]. The
analogous relation of (8) for the Vasyunin cotangent

sum is

_ _ ) .

() () d i)
q P \p p 2 q

The first term of this equality is different from
S (p, q); necessary for the Vasyunin formula. It is for

®)
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this reason that we proceed differently in order to di-
rectly find the expression of S (p, ¢) . M. Th. Rassias
investigated the sum ¢ (1/¢) and provide that

1-2{k/b}
Z k ’

E>1
k#iq

co(1/g) =4 ©)

T
which can be expressed in the equivalent form

iy {q <1+2 m> —2} . (10)
s k q

k>1
k#iq

Recently the second author [12] of this paper investi-

gated the sum V' (1/q) and provide another series ex-

pansion:

co(1/q) =

(g —1)(qg —2)cg

4

V= Gk +2) (kg (k+ g+ 1)

where ¢ is the integer sequence defined the recursive
formulae

cp— 21 +cp2=0,2<¢g<k-1k=q+1,
Cqg—2¢q-1+cg2=1

and fork > g+ 2;

Ck — 205—1 + Cp—2 — Ck—q + 2¢k—q—1 — Ck—g—2 =0,

with initial terms ¢y = 1 and ¢; = 2. Explicit formula
of ¢ is given in the work [13] by the relation

e (oD )

If & is a multiple of ¢, we have EJ = g and then

1D

ck:21q(k+2)(k:+q).

Furthermore we obtain

(¢g—1)(¢—2)
(k+1)(k+q+1)

1
o

>

qlk
q (g —1)(g —2)c
+7rk§;q(k+1)(k+2)(k+CI)(k+q+1)'

V(1/q)

2 Series expansion of V' (p/q)

Let us denoting R, ,(t) the rational function

P‘Lp(t)
(1—1t9) (1 —tp)*’

Ry p(t) =
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where P, () is another rational function which takes
the following form

gt =t — (g — 1)¢pta-l
+ Pq .

It is obvious that P, (t) and tP1P, ,(t) are polyno-
mials. Otherwise, we quote from the work [14] the
following expression

ST

r 1k:>0

r(1—2rp/q)
rp/q)(k+rp/q)

Vip/q) = (12)

According to identity (12) and the function R, ,(%);
an integral representation of Vasyunin cotangent sum
is given by following proposition

Proposition 1

Vo)== [ Ryslt (3)
Proof. From the identity (12) we deduce that
V(p/q) Z dor ( . >
gk +1p qgk+1)—rp

r=0 k>0

1 q ! _
/ Z tqk+rp 1 t(k+1)—rp—1) dt

0 k>0

1 / STyt P g S gl 0
7 Jo 1—1t4
- TS () — T S ()
T Jo 1—1t4

We quote from the work [14, p. 170] the expression

= 5 ,

which becomes
(q—1)tatl — gt ¢t

q—1
S =

2
r=0 (1 - t)

Applying this identity for ¢P and ¢t P, we will have

(q— 1) tlatDp — gpap 4¢P

r(th) =
> ) T
and
qi r(tP)" = (q =)t @DP — gt~ (2P 4 7
r=0 (1-— tf))2 :
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Letting

o=t 1Zr ()" — 9~ 12

then
(1 _ tﬁ)Q o = (q _ 1) $ap+p—=1 _ thﬁ—l + =1
— (¢g—1) tpapta=l 4 gp2p—aptq—1
tf”rq*l

and the desired result follows.

Remark 2 For p = 1(q), we have p = 1 and
Py1(t) = (q — 2) t1—qt?~ 4 qt —q+2. Furthermore
the identity (5,5) [14, Proposition 5.2] is immediate.

In order to evaluate the series expansion of the
Vasyunin cotangent sum V', we must investigate the
generating function f(t) = 1/(1—t9) (1 — ?)?
and compute the sequence wuj such that f(t) =
> k>0 uit®, we attract attention that uy, = ¢ if p =

1(q).

2.1 Double Euclidean algorithm and series
expansion of f
The second author, introduced the notion of the dou-

ble Euclidean algorithm over the pair (p, ¢) which ex-
tends the classical Euclidean algorithm.

Definition 3 Let k be a positive integer, the double
Euclidean algorithm of k over the pair (q,p) is de-
fined by

k = arq+ brp + ri; (14)

with the conditions that 0 < byp + 1, < qand 0 <
T < P.

The Euclidean algorithm of k£ over ¢ is written
under the form k& = |k/q] g + rj. Similarly, we have

k=1|k/qlqa+ [(k—|k/qlq)/p]p

The proof is left as an exercises for the reader. for
p = 1; we reproduce the Euclidean algorithm.

+ 7.

Example 1 The double Euclidean algorithm of 31
over the pair (7,4) is given by 33 = 4 x T+ 1 x4+ 1.
Then the remainder of this division is 1.

This kind of division is important for computing the
explicit formula of the sequence uj, generated by the
function f(t).
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Proposition 4 For every positive integer k we have
k = arq + bpp + 71, and then

w~] (L)1) (et 15 [5]) i m=o,
0 otherwise.

proof. Letting f1 (t) = 2 and fo (1) = 5.
Then f (t) = fi (t) f3 (t). But fi (t) = Y, t* and
f2 () = X5k t*. It follows from the Cauchy prod-
uct of generating functions (see [15]), that f2(t) =
Zﬁ\ k (% + 1) t*. According to expressions of f; and
f2, we deduce that

k>0
and
2 k 1 k
(t) = <+1> tk.
A P P
Then
U i(k_i+1> L
k= — ,
i=0 P _z—EJq—kl

1
X
. k—i| =
[k B =
After discussion, the above sum reduced to the sum

over all 0 < i < k such that ¢|i and p|k — i. Then
ug # 0 if and only if 7, = 0. In this case we have

k .
biB —
U = Z (akq +pkp ! + 1)

=0

SHo
1
Qg+ bip — i — | WP 54

+1)
1

arq + bxp — 1 — {wJﬁ—i—l

X

Then

k _ .

arq + bkp —1

=3 (
=0 p

qli

X

p

Letting ¢ = g7, thus

=Y <(ak—j)_q4rbkﬁ+1>

Jj<ay p

1
X - =
Lak — )+ byp — | LR |y
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Thereafter (by taking ¢ = ax — j)
iq + bip

=Y (qw + 1)

i<ay, p

1

X - —
iq + bgp — | B2 | 41

But the terms corresponding to ¢ not multiples of p are

Zero, then
1q + brp

i<ap p
pli

1
ig+ (b — |2 |) 5+ 1
and for k = axq + bip we have
%]

(ig+br+1).
=0

X

<
B
I

Furthermore

w-wen([3]) 42

and the desired result follows.

It is well-known that (see [3])
1
dln

where g is the mobius function defined as follows:

15)

p(l) =1;if n = pi" -+ p,"*. Then
(=P ifay=as=--=a,=1,
uln) = { 0 otherwise.

Letting N; = iq + (bk — {WJFTWD p+ 1 and regard-
ing the proof of Proposition 4. The following corol-
lary is immediate

Corollary 5 According to Mobius function we have
1q + bk D
u=> 3 <q . p+1>u(d).

’Lgc"k d|Nl
pli

(16)

The extended binomial coefficient to a complex
number « is given by

(-

where (o) = (@) (a—1) (@ —2)...(a —k+1) is
a falling number. A second expression of uy is given
by the following proposition

an
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Proposition 6

we= >, (G+1) (18)
Jalk+3(q—p)
Proof. It is well known that
a )k
1+ =) <k>t ,a€C, |t < 1.
k>0
According to this identity we deduce that
1—t)~ = ek
k>0
and
o -2 _ _
1—t7)° = —1)FP = N7 (k4 1) PR,
(e ol (g [SUEES SRR}
E>0 k>0

The Cauchy product of (1 —t4)~! and (1 — ?)~2
conducts to

i
f(t) = Z Z (] + 1) tj?+(i*j)q,
i>0 j=0
putting k = jp + (i — j) q and the desired follows.

According to identity (18) and the proposition 4,
the following corollary is immediate

Corollary 7 For ry = 0 we have

> G+ =

()62
p 21p
Otherwise if ry, # 0, then

k—jp=0(q) (20)

has no solutions in the set of integers.

Letting o(q,p) = (2pq — q¢ — p) (¢ — 2pq + 2p) and
B(q,p) = pg* — ¢*. According to Proposition 4, a
series expansion of V' (p/q) is given by the following
theorem

Theorem 8 For every positive integer k, letting k =
arq+bgp+TE, the double euclidian division of k over
(¢,p) , then we have

Vp/g) =2 ]EOZW) QCZJ + 1) @h
X (bk +1+ % VZCD Mqp(k),
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with
Ny p(k)My5(k) = alq,p) (k +p) (k+5 +q)
—B(q,p) (k +q — pq + 2p) (k + pq) .
and
Nq,ﬁ(k) =
(k+p—pg+q) (k+q—pg+2p) (k+ pg)
x (k+p) (k+p+q) (k+ pg + p)

Proof. From the integral representation and the ex-
pression of uy, given in Theorem 1, we deduce that

i/ol P, (1) (Z uktk) dt

Tk:()

1 1
= = > / P, 5(t)tFdt.
™ 0

r=0

V(p/q)

Using the expression of P, 5(t) we deduce that

1
/ P, y(t)thdt =
0

Y S S
k+pg+p k+q—pg+p

1 1
+ = - — -
q<k+q—pq+2p k+pq>
1 1
k+p k+q+p
If we consider the well-known identity:
1 I c
b b+c b(b+eo)
and carry out the calculations, we can express the
above integral in the equivalent form

+

1
/ P, s(t)tFdt = A+ B,
0

with
4 — Pale—2pg +2p) (2pg — q — 2p)
Ek(]i Q)

)

le(pq) = (k+pg+p)(k+p—pg+q)
x (k+q — pq+ 2p) (k + pq)
and

_ 9 9
B pa (pg* — ¢°)

(k+p)(k+p+q)(k+pq+p)(k+p—pg+q)

furthermore

1
/ Pq,ﬁ<t>tkdt - Mq,’ﬁ(k)
0

and the desired result follows.
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3 Series expansion of S (p, q)

Using directly the integral and series representations
of V(p/q) and V' (gq/p) for computing similar formu-
lae for S(p, q) is far from the good estimation. For
example, from the integral representations of V' (p/q)
and V' (¢/p), we obtain

§0.0) = = [ (Qup®) + Q) .

Thank’s to symmetric function G introduced by Goubi
and al.[14]:

Pq

oo Tt (L)

k>1

(22)

and hint of the relation (see [1])

mS(pg) = G(p.p)+G(g,9) —2G(p,q)
p
+ (¢—»p) log"_, (23)
we give another integral and series expansion of

S (p,q) . For simplifying calculus, we consider the
following axillary function 6, , given by

= (o5} ~015))
el eta )

We consider respectively 7 and # the rest of Euclidean
algorithm of r over p and ¢, then

Opq (r) =

In the work [16] the authors provide that the series
expansion of k’% is

=

p E>1

24)

(F —#) (F—F+q—p).

logp

(25)

Substituting the expression (24) and (25) in the iden-
tity (23), we deduce that

Op.q(F)
TS (pa) =
=1 kE(k+1)
We have already proved the following theorem

Theorem 9 The series expansion of S (p, q) is given
by the following equivalent identities

(k:—k:) (l%—iﬂ—q—p)
kE(k+1) '

(26)
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and

pql

ZZ

T k=0(pq

(F —7)(F =74+ q—Dp)
(k+r)(k+r+1)
(27)

Consequently, the integral representation of S (p, q) is
given by the following corollary

Corollary 10

S(p,q) =
1/1 SR (=) (=g —p) (L= t)t!
m™Jo

— dt.

proof Since we have

1 _ /1 (thrr*l . tk+r> dt
(k+r)(k+r+1)  Jo |
Letting > = ZkEO(pq) m then
> o= [ ) S
0 >0
- [
—Jo

1 —tpa
According to identity (27) Theorem 9, the result (28)
holds true.

dt.

Under the expression of S (p, ), another refor-
mulation of Vasyunin formula is given by the follow-
ing expressions

10g27r—’y(1 1) p—q q
ep,eq) = ———|(—+—)+——"1log=
(€ ) 2 P q 2pq O p
Z pqz:l r—7)(r—7+q—p)
qu o0r (k+r)(k+r+1)
and
log27r—’y(1 1) P—q, (¢
ep,eq) = ——— |-+ -] +—=—1log=
(€, ca) 2 p q 2pq O p
1Z(k—k)<k—k+q—p)
2pq (2 k(k+1)

4 Conclusion

This work deals with the Vasyunin cotangent sum
Vo (g) related to Riemann hypothesis via the Baez-

Duarte-Balazard criterion. Since V' (%) is opposite to

Co (%), we can translate the results found on ¢y (g)
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toV (g) . Better still, we used the same techniques
that M. Goubi gave for the study of 1 (%) in order
to find series expansion of Vj (g) and the symmetric
sum S(p, q). These results led to another reformula-
tion of Vasyunin formula. This study is the fruit of
the use of generating functions and the introduction
of Double Euclidean algorithm. As a future directions
for this work; we propose to evaluate the series ex-

pansion of V, (%) , S (p,q) = Vg (g) +V, (%) and
study their arithmetic properties. The results obtained
can be used to understand the arithmetic behavior of
the zeta function and the nature of its zeros.
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