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Abstract: - This paper is devoted to study the following radial equation
N —1
(Ju'|P2u) + —— P2 + aful u + Br(jult w) =0, r>0.
r
wherep > 2,g > 1, N> 1, a > 0and 3 > 0.

Our purpose is to give existence results of decaying solutions of the above
equation and their asymptotic behavior near infinity. The study depends

strongly of the sign of N3 — « and the comparison between —, b
a8 q+1—p
N —p . . : .
and P More precisely, we prove that if N3 —« > 0, there is a positive

solution © which has one of the following behaviors near infinity:

(7) u(r) o Lr~4, where L > 0.
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1 Introduction and Main Results

The aim of this paper is to investigate the structure of
positive radial solutions to

xeRN,

(1
wherep > 2,g>1, N >1,a>0and 8 > 0.
As usual Aju = div(|VulP~2Vu) is the p —
laplacien operator.
The idea of this work comes from the study of radial
self-similar solutions to the following parabolic equa-
tion

Apu A+ alu|T u 4 BV (|ulT ) = 0,

v = Ay in RN x (0,+00), (2)
wherep > 2 and 0 < m < 1.

When p 2, this equation becomes the porous
medium equation, it appears in many physical models
and it has been treated extensively in the literature, see
[25] and [26]. When m > 1, it is the slow diffusion
equation, when 0 < m < 1 it is the fast diffusion
equation. When m = 1, equation (2)) reduce to the
heat equation. See for example works of [[1]], [2], [3],
[41, [7], [81, [9], [14], [15] and [21].

The radial self-similar solution to the parabolic equa-
tion (B) are the form

vz, t) =t W (P |z|). (3)
Where Bp_1
S TR @
and W is a radial positive solution which satisfies
AW (r) + aW (r) + Brv'(r) = 0, r> (()5)

For simplicity in the notation, we set u = W™ and

1
g = — in (f), we obtain
m

Apu + au? + Br(u?) =0, r > 0. (6)

The question of the existence of a self-similar of equa-
tion (P)) arises. We will prove that (P) admits a ra-

dial positive self-similar solution v if % < N and
a p

95 " qr1-p .
To obtain this result, we carry out a careful analysis
of radial solutions of equation ([ll). Many authors have
studied equation ([l). If p = 2, « = 1 and 8 = 0, the
first study is due to Emden-Fowler, see for example
[LQ], [11] and [[12]). He proved the existence results
and give a classification of entire radial solutions. In
the case p = 2, a > 0 and 8 > 0, equation ([ll) was
studied by [|18], [19], and [20]. Whenp > 2, a = 1
and 8 = 0, the first results are due to Ni and Serrin
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[23]. Guedda and Veron []16] studied the existence
of entire solutions in radial case. The non radial case
was investigated by Bidaut- Veron and Pohozaev [5].
Whenp > 1, > 0and § = 1, equation ([[) was stud-
ied by [22]. In the present work, we are interested in
radial solutions of equation ([ll), we will study the fol-
lowing initial value problem.

Problem (P): Find a function u defined on [0, +00]

such that |u/[P~24/ is in C'1([0, +-oc[) and

N -1
(|u’\p*2u’)'+7|u'\p*2u’+a|u|q*1u+6r(\u|q71u)/ =0,
T
(7

uw(0)=a>0, 4'(0)=0. (8)

By reducing the problem (P) to a fixed point for a
suitable integral operator see (for example [f]]), we
prove that for each a > 0, the problem (P) has a
unique global solution u(., a, a, 3).

We focus our study to the case N —a > 0. f NG —
a = 0and ¢ > p — 1, we find explicit solution of
problem (P)

1 P
== gp-T pp-1
ae p A

p—l—g
(a o +

If NG —a = 0and ¢ < p— 1, the solution u(r, a)
has compact support.

If N3 — « > 0, we prove that u(r,a) is a decaying
solution for each a > 0, i.e it is strictly positive and
strictly decreasing on (0, +00).

We are interested also to give asymptotic behavior of
decaying solutions of problem (P). For this purpose,
let us represent equation () as an equivalent form.
For any real c, we set

—(p—1)
_ 1 P _ .
e gt ) g s po1,

u(r,a) =

ve(t) = ru(r) where >0 and t =1In(r). (9)

Then, v,. satisfies

w,,(t)+Acwe () +oe’et e |17 o (1) +qBe v T he(t) = 0
(10)
where
wc(t) = |hc‘p72hc(t)v (11)
he(t) = va(t) — cve(t) = r ' (r), (12)

Ac=N-p—c(p—1)and K.=c(p—1—q)+p.(13)

We remark that three critical values of the parame-
N —

—, p and P .

g8 p—1  qg+1l-p

These values play an important role in the study of

asymptotic behavior of positive solution of problem

(P). The main results are the following.

ter ¢ will be involved,
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Theorem 1.1. Let a > 0. Then problem (P) has a
unique global solution u(.,a, a, B). Moreover,

N

(Ju'[P~>'Y'(0) =

Theorem 1.2. Assume % < N. Let u be a solution

of problem (P). Then, w is a decaying solution and
has one of the following asymptotic behaviors.

, a
(4) If@<7q—|—1—p’
TEIJPOOrﬁu(T) =L >0
and X Cu
Tiirfoorﬁﬂu'(r) =0 L <0.
. p
DY =iy

1

(w;;ﬂq+1—p)<z:f_;2>(;Jn%>ﬁ1p

p

(0%
If—>—
4 qg+1-—p

qB

lim reios u(r) =
r—-+00

p—1 7+L
P N—p p e
(r—1) <q+1—p> <p—1 - q+1—p>
p
o—abis

(i)

and

lim ravs T/ (r) =

r—+00
p—1
P N—p P
—p (r—1) <q+1fp> (pfl o q+1fp>
q+1-p a—qB=

Now, we consider the problem

vy = Apu™
(@) {U(O, 1)=1b

in RN x (0, +oc0)

wherep >2, N>1,0<m<

1
1 and b > 0.

Theorem 1.3. Assume 0 < @ < N and @ <

B B
— P Then for every b > 0, problem
qg+1-p
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(Q) admits a radial strictly positive self-similar so-

lution Uy(z,t) = t “uw(t~P|z|), where a =
—1
1_6mp(p_1) and wu is solution of problem (P).

Moreover, there exists L(b) > 0 such that

lim Uy(x,t) = L(b)|z| 7

t—0+

for each x # 0.

The paper is organized as follows. Section 2 is de-
voted to existence and uniqueness of global solutions
of problem (P), more precisely we give the proof of
Theorem [L.1. In section 3, we present fundamental
properties of solution u of problem (P) and we study
also the monotonicity and behavior of 7“u(r) where ¢
is a positive constant that we compare with the values
a N-—p p

— nd

q+1—p

, a . In section 4 we prove ex-

95 p—1 .

istence of decaying solutions of problem (P) and we

describe their asymptotic behavior as » — +o0 in
p

e o D
the three cases, — < —m, — = ——
N @6  q+l—p ¢ q+1-p
and — > 1 . The obtained results prove the
q q - D
Theorem [1.2. Finally, in section 5 we give the proof
of Theorem |L.3 by applying the obtained results in the
previous sections related to the parabolic equation (D).

2 Existence of Global Solutions

In this section, we establish the existence of global
solutions of problem (P).

Theorem 2.1. Let a > 0. Then problem (P) has a
unique global solution u(.,a, a, B). Moreover,

, —aal

Py (0) = =5

’
u

(

(14)

Proof. The proof will be done in three steps.

1= Step 1: Existence of a local solution.

N-1 e obtain

Multiply equation ([7) by
(N P20 8N u)f ) = (BN —a)rN T u]

15)
Integrating ([L3) twice from 0 to  and taking into ac-
count (§), we see that problem (P) is equivalent to the
equation

u(r) = a~ [ GEL(s) ds, (16)
0
where
G(s) = |s|@ P/ (=1, seR (17)
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and the nonlinear mapping F' is given by the formula

Fu)(s) =Bslul" u(s)+

(v — ﬁN)sl_N/UN_1|uq_1u(a) do.
0

(18)

Now we consider for a > M > 0, the complete met-
ric space

Eomr={r € C([0,R]): |lp —allo < M}. (19)

Next we define the mapping ¥ on F, . r by

Mﬂm=a—/GWWW»®- (20)
0

Claim 1. ¥ maps E, g into itself for some small
M and R > 0.

Obviously ¥[¢] € C([0, R]). From the definition of
the space Ey v.r, ©(1) € [a — M, a + M], for any
r € [0, R]. Simple calculations show that for small
M, Fp] has a constant sign in [0, R] for every ¢ €
Eq v, r- More precisely,

Flp](s) > Ks forall s € [0, R], (21)

o
here K = —af.
where SN ¢

Taking into account that the function » —

G(r) .

1S
r

decreasing on (0, +00), we have

[ G(Fl4)(s))

for r € [0, R]. On the other hand,
[Flg)(s)] < Cs, where C =[5+ \% = 5“ (a+ M),
We thus get

Wel(r) - < Tt CR

for every r € [0, R]. Choose R small enough such
that
V[l(r) —al < M, ¢ € Eqnm,r-

And thereby V]p] € FE,um pr. The claim is thus
proved.
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Claim 2. VU is a contraction in some interval [0, 7).
According to Claim 1, if r, is a small enough, the
space Eg ar,r, applies into itself. For such r, and any
©, Y € Eq m,p, We have

(Wl (r) — ¥[y](r)| < / G(F[#(s)) = G(F[Y](s))] ds (22)
0

where F'[p] is given by (I8). Next, let

D(s) = min(F[p](s), F](s))-

As a consequence of estimate (R1]), we have

O(s) > Ks for 0<s<r<mr,
and then
G(riplls) - Gl < CEiFlelts) - FLvle)
< S ol (s) - Fll(o)
(23)
Moreover,
[F¢](s) = Fl(s)| < C'llo = llos,  (24)
where

C'=q |8+ —Bl] (a+ by,
Combining (22)), (3) and (24), we have
Viel(s) — W[ol(e)] < Em O K g~ 0l 25)

for any r € [0,7,]. Choosing r, small enough, ¥, is
a contraction. This proves the claim.

The Banach Fixed Point Theorem then implies the ex-
istence of a unique fixed point of ¥ in E, 5/, ,, which
is a solution of ([Lf) and, consequently, of problem
(P). As usual, this solution can be extended to a max-
imal interval [0, raz[, 0 < Tmae < +00.

Step 2: Existence of a global solution.

We define the following energy function

-1
P= e+ -2

E(r) =
(r) ’ )

[l (). (26)

According to equation ([7), we get

N-1

E'(r) = —ru” ?WW—2 +qBluli (r)|.(27)

Since V > 1 and 5 > Othen F is decreasing, hence it
is bounded. Consequently, u and u’ are also bounded
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and the local solution constructed above can be ex-
tended to RT.

Step 3: (|o/|P~2u/)(0) =
Integrating ([L3) between 0 and 7, we get

’u/|p—2ul

= Blul " u(r)+
r
(BN — a)r_N/sN_l\u|q_1u(s) ds.
0
Hence using L'Hopital's rule and letting r — 0, we

obtain the desired result. The proof of Theorem is
complete. O

3 Fundamental Properties

Proposition 3.1. Assume N > 1. Let u be a solution
of problem (P). Then,

. _ . / _
Proof. We show that Bgl E(r) = 0. Since

E'(r) < 0and E(r) > 0 for all » > 0, there ex-
ists a constant > O such that lim FE(r)=1>0.
I

—+400

Suppose [ > 0. Then, there exists r; > 0, such that

E(r) > % for r>ry. (29)
Now consider the function

N -1 I\p—2_ 1
D(r) =E(r) + — — " (r)ulr)+
QB(N ) q+1
. 30
Then
D'(r) = —qBrlu]®" (r)u*~
N -1

P
5 [|u! +

N
mw2'u+MMH%ﬂ]
.

(31)
Since B > 0, we have

1

N —
D(r) £ =20 [P+ alul ™0
T

Recalling that v and u’ are bounded (because F is
bounded), we have

p—2,,/
lim W)

r—-+00 T

Moreover, by (26) and (29) we have

WP+ alul™(r) > E(r) > o for

[
— > .
9 r-nr

E-ISSN: 2224-2880
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Consequently, there exist two constants ¢ > (0 and
r9 > r1 such that

for

D'(r) < _¢ r > ry.
r

Integrating this last inequality between ro and r, we
get

D(r) < D(rg) — cln(i) for r>ro.
T2
In particular, we obtain  lim D(r) = —oo. Since
r—-+00
N-—-1
E(r) + = —lu/[P"*u/ (r)u(r) < D(r),
T
weget lim E(r) = —oo. Thisis impossible, hence
r—+00
the conclusion. O
Proposition 3.2. Let u be a solution of problem (P)
and let S, := {r > 0 : u(r) > 0}. Thenu'(r) <0

forany r € 5.

Proof. We argue by contradlctlon Let ro > 0 be the
first zero of u’. Since by ([14) «/(r) < 0 for  ~ 0,
we have by continuity and the deﬁnmon of rq, there
exists a left neighborhood |rg—¢, o[ (for some e > 0)
where v’ is strictly increasing and strictly negative,
that is (|u/[P=2u/)/(r) > 0 for any r €|rg — €,70],
hence by letting r — ro we get (|o/|P~2u/) (ro) >
0. But by equation (), we have (|u/|P~2u/) (rg) =

—alul?tu(rg) < 0 since u(rg) > 0, u'(rg) = 0
and o > 0. This is a contradiction. The proof is
complete. O

Proposition 3.3. Let u be a strictly positive solution
(()@roblem (P), then u and u' have the same behavior

Proof. If N > 1, then by Proposition B.1|,

lim wu(r) = lim «/(r)=0.
71?;\?00: 1( )Let o "
o(r) = [W P72 () + Brlu)? u(r). (32)
Then by equation (),
¢'(r) = (8 — )l "u(r). (33)

Since u is strictly positive then it is strictly decreas-
ing. Therefore 1i1+n u(r) € [0,4o00]. Suppose
r—>+00

that, lim wu(r) = L > 0. Since the energy func-
r—+00

tion E given by (R€) converges, then necessarily,

n &opglven : n
Tl}gloou (r) = 0. Therefore Tl}t—&l:loo o(r) = +o0.

Using L'Hopital's rule, we have

(r) = lim M

r—+oco r

lim ¢

r—-+00
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That is

(6 —a)L?= B LA
Therefore, —aL? = 0. But This contradicts the fact
that L > 0. Hence, BEP u(r) =0. O

Now for any ¢ > 0, define the function

E.(r) = cu(r) +ru'(r), r>0. (34)
It is clear that
(ru(r)) = r*1E.(r), r>0. (35)

Hence, using (), we have for any » > 0 such that

u'(r) #0,
(p— D) |P2ELr) = (p— 1)(c — ]I\)f__f)|u/|p—2u/_

arlul?~u — qBr|ult 1! ()

oy )N —P
==~ —

qBr|ult™ E= ().

Consequently, if E.(rg) = 0 for some ¢ > 0, equa-
tion () gives

(p— D)/ |P~2(r0) EL(ro) = rolul®"u(ro) [(qﬁc —a)+
e (Nep N i)
(p=1)ef < p—1 ) s ] '

From which the sign of E.(r) for large  can be ob-
tained.

(36)

(37

Lemma 3.4. Let u be a strictly positive solution of
problem (P). Then E.(r) # 0 for large r in the fol-
lowing cases.

) « N—p

i)c=— # .
W e 357 5
(i) c# — and ¢ <p—1.
(i) ;%:>—1 d lim ritsru(r) =
i) ¢ qﬁ’q P and lim 7 u(r) =
+o0.
() e £ =L g5 p-Tand tim ritu(r) =
iv) ¢ p_l,q p—land lim r u(r) =
0.

Proof. Assume that there exists a large ry such that
E.(ro) = 0. Using the fact thatw > 0, lim wu(r) =
r——400
0, then according to (87) and our hypotheses, we get
E!(ro) # 0 and thereby E.(r) # 0 for large .  [J

Lemma 3.5. Assume 0 < ¢ < %. Let u be a strictly

q
positive solution of problem (P). If ¢ <p—1orq >
p—1land lim rq+’f—pu(1~) = 400, then E.(r) <0
r—+400

m ru(r) =0

for large r and i
r—+00

E-ISSN: 2224-2880
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Proof. We know by Lemma B.4, that E.(r) # 0 for

large . Suppose that E.(r) > 0 for large r, hence
rlu/(r)] < cu(r) for large r. (38)

Using this last inequality and the fact that u > 0, we

obtain according to ([?])

uP—1-¢
(I [P=2) () < | (gBe = a) + (N = D™ o

Ifg<p—1lorqg>p—1land lim rq+11)fvu(r) =
r—-+00
p—1—q
lim - )
r—+00 rP

(' [P~2u") (r) ot (¢Bc — a)ui(r) < 0. Since

W' (r) < 0, then lim |o/[P72/(r) € [—o00,0],
r—+00

400, we have Then,

but this contradicts the fact that lim u/(r) = 0.
r—+00
Then, E.(r) < O for large » and lim ru(r) €
r—+00
[0,4+00[. Suppose that lim 7°u(r) > 0, then
r—+00
. (0% .
lim 7" u(r) = 400 for0 < c+¢ < B This

T—+00 q
is impossible, and therefore lim 7°u(r) = 0. The

r—-+00
proof of lemma is complete. U
N —
Lemma 3.6. Assume f > @ Let u be
p —_—

a strictly positive solution of problem (P). Then

E%(r) > 0 for any r > 0.

Proof. We distinguish two cases.

Case 1. > —.
p—1" 48

We have E%(O) = —Bu(O) > 0. Let 79 > 0 be the
¢ q

first zero of £« (r). Therefore B (r) > 0in [0, ro],

E-=(rg) = 0and E. (rg) < 0. But using the fact
q aB

N —
2 > g,we have by (@),
p—1 " ¢8

E’s (r9) > 0, which is a contradiction.

aB

that u(rg) > 0 and

Case 2. N-p = g.
p—1 qp
we have by (B4),

(p = D[P Ele (r) = —qBr|ul Bz (r). (40)

Let rg > 0. We introduce the following function
1) = 2 [ PPl () ds. @)

By (B0), we obtain

B (r) + f'(r)E(r) = 0. (42)
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Hence,

(ef i @«))' = 0. (43)

Integrating this last equality from rq to r, we obtain

Eq% (r)= Eﬁa (ro)eff(r) Yr > rg. (44)

Since E= (ro) > 0 for any 9 > 0 close to 0, then
E%(r) > 0 for any r > 0.

This completes the proof of lemma. O
N —

Lemma 3.7. Assume 0 < P 2 ana
p—1 qap

Eo (r) > 0 for large r. Let u be a strictly positive
solution of problem (P). Then Ex-,(r) > 0 for any
7> 0. "

Proof. We have E~x-»(0) > 0. Suppose that there
exists rg > 0 the ﬁ;slt zero of En-». Then, by @,
E'x_,(ro) < 0. Therefore, wal;l(r) < 0Vr >
( (r) > 0 for large

rg.p " On the other hand, since Egﬁ
r, then by (Bd), we have E'y_,(r) < 0 for large
r. Hence,

lim Ex_,(r) € [~00,0[, which im-
r—+4o0o  p-1
plies that EIJP ru’(r) € [—o0,0], but this contra-

dicts the fact that lim w(r) = 0. Consequently,

r—+00
Ex—»(r) >0 forany r > 0. O
.. « o p
Proposition 3.8. Assume — < N, — = ———
] 8 g8 q+1-p
and lim rai-ru(r) = +oo. Let u be a strictly

r—+00
positive solution of problem (P). Then

rd (r) —a
= —. 45
rote ulr)  qp )
. o e P

Proof. Since — < N and — = ————, then

N Nﬁ a6 q+1l-p
—P > — > g, therefore using the fact that

p—1 q q

FEe(r) > 0 forany r > 0 by lemma B.d, we ob-

a B
tain

%u(r) <ru'(r) <0 foranyr > 0. (46)
Letc > 0 and
g(r) = i(i’;) —ct TZES) r>0.  (47)
then
c—%<g(r)<c foranyr>0. (48)

E-ISSN: 2224-2880
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Consequently g is bounded for large . We prove that
g converges. Assume by contradiction that it oscil-
lates, that is there exist two sequences {7;} and {&;}
going to 400 as ¢ — o0 such that g has a local
minimum in 7; and a local maximum in &; satisfying
n; < & < miy1 and

liminfo(r) = 1 o(n) =1 <
limsupg(r) = lim g(&) = 2. (49)
r——+o00 i—+00
Therefore, by (48), we have
Q@
c—— <m<yr<ec (50)
qp
Since ¢'(&;) = 0, then
E(&) _ Ee(&)
o= = 9(&). (51)
e )
Therefore
E' (&
im Zel&) _ Y. (52)

1—+00 u’(fl)

On the other hand, we have by (B6) and the fact that

u'(r) <0,
E(r) _(,_ N-p
o = 5=t)
g8 rui(r) [a | rd(r)
SR L ) 69

As Eﬁ(r) > 0 Vr > 0, then

[/ ()Pt _ (a

p—1 .
T qB) rPuPm e, (54)

. . P
Since lim ra+i-ru(r) = +oo, then
r—-+00

q
lim rul(r)

r—+oo |u/(r)[P~1 = oo

(55)
Moreover, we have

: a Lu&)) _ o N
L <q5+ &) )‘qﬂﬂili“oog(&) ¢

= > 0. (56)
qp

Then, by (53)
Ei(&)

i—+oo u! ({,)

= +o00. 57)
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But this contradicts (52). Then g(r) converges as r —

u'(r
400, and consequently ) converges also. Let
u(r

!/
fim ") _ g < 0, then by @6).0 < d < .
rooo u(r) B

Suppose that d < g, then
ap
lim (O‘ n T“/(r)> 2 d>0. (58
r=too \ g8 u(r) B
Therefore, by (53)) and (53),
Ee(r)
e W) T (59)
Using Hospital's rule, we get
El(r) E.(r) ru'(r)
= = C +
r—+00 u/(r) r—+00 u(T) r—+00 u(T‘)
=c—d. (60)
ru'(r)
This contradicts (59). Consequently lim =
r——+00 u(T
—. The proof is complete. O
qﬂ
. e Q o p
Proposition 3.9. Assume — < N, — = ———
P g B q+1-p

and lim rq;fpu(r) = +o00. Let u be a strictly
r—+00

positive solution of problem (P). Then,

a :
cif 0 < ¢ < Pk 11513 reu(r) =
q r—+00
T’ETOO T (r) = 0.
a .
cif ¢ > ek TLIEFHOOT‘CU(T) = +oo and
rEToo T/ (1) = —o0.

Proof. First, we show that E/(r) # 0 for large r.
If E!(r) = 0 for some large r, then

(p = D/ P2EL (r) = rut~" | [qm;‘; —o)-
E%E 1 N — F o
aBla =1t —ablo=Dle— =)0
N —p\ [P~
R TM] 1)
ru(r)

We know by Proposition B.§ that lim =
r—+oo u(r)

—«
——, then

qB

lim —— =

r—r+-00 u(T)
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and B (r)
AR (63)

1
r—+oo  T|u/|

On the other hand, since E

(r) > 0, ¥r > 0 (by

LemmaB.g) and lim rane = = (0, we obtain
r—+00

/ p—1
()

=0. 64
r—4oo  Tud(T) (64)
Therefore, using the fact that lim u(r) = ﬂ, we

r—o0 7|/ e

get
/p—1
fim P _ur) (65)
e () ()

Using (62), (E3]) and (63), we get from (.) E!(r

Consequently, if ¢ 7é , We have

0if ¢ # 73’
E!(r) # 0 for large . We distinguish two cases.
Casel. 0<c< g.

q
We have by Lemma B.3, E.(r) < 0 for large » and
lim ru(r) = 0. If EL(r) < O for large r,

T—>+00
then lim FE.(r) € [—oo;0], this is impossible since
r—+00

lim u(r) = 0 and

r—-+00

E!(r) > 0 for large r. On the other hand, we have

lim ru/(r) = 0. Therefore,
r—-+00

(rth) = re E(r), (66)

Then the function r¢*1u/ is negatlve and increasing
for large r and therefore, using L'Hopital's rule, we

obtain lim r“™4/(r) = lim 7°u(r) = 0.
r—400 r—+400
o
Case2. ¢ > —.

q
We have E.(r) > 0, Vr > 0 (by Lemma B.6).
If E/(r) > 0 for large r, 1i21 E.(r) €]0;+o0],
r—-+00

Therefore, E.(r) < 0
€]0,4+o0] and

this is also impossible.

for large . Hence, lim r u(r)
r—+00

lim r“t4/(r) € [~o00,0[. Suppose that —co <

r——+00

lim 7“"1/(r) < 0, then by L'Hopital's rule, 0 <

r—+00

lim ru(r) < +oo.

r——+00

Using logarithmic change (9), we have v, and h,. con-

verge, A. > 0 and K. < 0 and by letting t — +00

in equation ([L0), we obtain , ligrn wL(t) > 0. But
—+00

this contradicts the fact that w converges. Therefore

lim r“"/(r) = —co and  lim 7u(r) = +oc.
r—+00 r—+00
The proof is complete. O

Proposition 3.10. Let u be a solution of problem
(P). If there exists ¢ > 0 such that ru(r) is
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lim r°u(r) = d. Then
r—+00

lim 7"/ (r) = —cd.
r—-+00

monotone for large r and

Proof. According to logarithmic change (9) and B4),
we have
vl (t) = ¢ Eq(r). (67)

Then, the function v.(t) is monotone for large ¢ and

lim v.(t) = d. Therefore for large ¢, the inte-
t——+o0
t

|vl.(s)|ds converges as t — +oo. There-

’ o . _
v'(t) = 0. Hence, by ([12) t_l}grnoo he(t) =
O

gral
to
lim
t——+o0
—cd, thatis lim rT1/(r) = —cd.
r—-+00

fore,

4 Asymptotic Behavior at infinity

In this section we study the asymptotic behavior near
infinity of positive solutions of problem (P).

Theorem 4.1. Assume - < N. Then any solution of
problem (P) is a decaying solution.

Proof. We have u(0) > 0. Assume by contradiction
that there exists 7o > 0 such that u(rq) = 0 (where rq
is the first zero of u). Then, u'(rp) < 0. On the other
hand, integrating (|L5) between 0 and r(, we obtain

To
ro " ! P2 (rg) = (BN — a)/sN_luq(s) ds.
0
(68)
The right-hand side of the previous equality is strictly
positive, but this contradicts the fact that u/(rg) <
0. Therefore u is strictly positive and therefore it is
strictly decreasing by Proposition 3.2, Hence v is a
decaying solution. The theorem is proved. O

Decaying solution

09

085

08|

0.4

0 1 2 3 4 5 [ 7 B 9 10
alpha=4.46;betta=5;p=3:q=2.5:N=2:A=0.75
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o
< N and —
qB

Theorem 4.2. Assume

<

— P Letubeasolution of problem (P). Then
q+1-p
Tl}gloorqﬁ u(r) =Ly > 0. (69)
and
lim ro T/ (r) = —< Ly <0.  (70)

r—+00 qﬂ

Proof. Recall by Theorem that w is strictly posi-
tive and then it strictly decreasing. Set

I(r) = rf [iuqm + 1|u'p_2u'(r)}

ar
B = g 1[u/[P~1(r)
=£ 1— - 71
arﬂu B rud(r) 70
A simple calculation gives
-1 a_
1) = (N = e ). ()

Since N > = and u'(r) <0, then I'(r) > 0 Vr > 0.

Moreover, using ([14), the fact that u(0) = a > 0,
we get lirr(l) I(r) = 0. Therefore, I(r) > 0 Vr >
r—

0, hence lim I(r) €]0,4o0] and then there exists
r—+00

¢ > 0 such that I(r) > c for large r. As u/(r) < 0,

then o
reul(r) > —c

for large r. (73)

On the other hand, we know that by Lemma 3.4 and
Lemma B.6 that B (r) # 0 for large r. Then, from

({@3), necessarily lim rwu(r) €]0;+o0c]. Sup-
r—+00

—+00, then necessarily

ose that lim 77 u(r
p r——+00 ! ( )

B (r) > 0 for large r and therefore

q

/|p—1 p—1 1
P i GOy G R S
rud(r) qB rPudt1=p(r)
As, lim rasu(r) = +o0,  then
r—-+00
lim rPuf™"P(r) = 400, which implies ac-
r—+00

/1p—1
cording to (74) that lim M = 0. This

—+oo  rud(r)
leads from (71) that I(r) Er5ut(r) and

therefore lim I(r) = +oo. Let
r—+00

[;ﬁ(p—l—q)JrPD (75)

~

o 1

O<o<min|—; —
<QB p—1
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By Lemma B.3, we obtain, lim rw “u(r) = 0.
r—+00
Then .
u(r) <r?" e forlarger.

Using this last inequality and the fact that £« (r)>0
for large r, we get

0<I'(r) <
%N_a)<ay72mamgmﬂp)p1
& B \ap ’

Since o(p — 1) + 5(¢ + 1 —p) —p < 0, then
lim I(r) is finite, which contradicts the fact that

r—+00

lim I(r) = +oo. Consequently,

r—-+00
Ly > 0. Moreover, since F = (r) # 0 for large r,

lim rou(r) =
r—-+00

then 745 u(r) is monotone for large . Therefore, by
.- . 241 9 —
Proposition B.10, lim ra " /(r) = — Ly < 0.
r—+00 q/B

This completes the proof.

Comparison of the solution u with r2lPhalabetta)

251

r-a\pnaiq'bctta

S

05|

] 1 2 3 4 5 3 7 8 9 10
alpha=1.49;betta=1.5;p=3:9=3.5;N=2;A=0.905

Theorem 4.3. Assume %

N
qg+1—p

«o
< N and — =
qB

. Let u be a solution of problem (P). Then

dim_riFu(r)(In(r)) 7 =

(w&;ﬂq+1—p)<5:f_;2>(;Jn%>ﬁip

(76)

Proof. First we show that lim rﬁu(r) = +00.
r—+00

Since w is strictly positive, we introduce this follow-
ing function

p(r) =N PR () + Briul(r).  (77)
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then by ([L9), we get
¢'(r) = (BN — a)r™ 1l (r). (78)

Since NS > a and u(r) > 0, then ¢'(r) > 0 and as
»(0) = 0, we have p(r) > 0 Vr > 0. That is, for any
r >0,

[ P2 (r) > —Brud(r) (79)
As u/(r) <0, then for any r > 0
o (ryurT > —ﬂvljrﬁ. (80)

Integrating (B0)) twice from r( to r and taking into ac-
count ¢ > p — 1, we obtain

= (r) — = (ro) <
1-— 1 _p_ —
7(]4_ p/@p—l (rp—l — 7“6“1> . (81)
p
Then there exists C' > 0 such that
rq+ffvu(r) >C  forlarger. (82)
N —
Asg<Nandg: P , then p>
(16 q g+1l-p p—1
R Hence, by Lemma j3.6, Ee (r) > 0 for any r >
q q

0. Consequently lirll raiu(r) €)0,+00]. Suppose
r—+00

that lim rﬁu(r) = [ > 0. Using equation (1), we

r—+00
get
PN P20 () + BrVud(r) =
T
(BN —oz)/sN_luq(s) ds. (83)
0
Then
e PR () + Broud(r) =
T
(BN — a)rg_N/sN_luq(s) ds. (84)
0
Since
f 1
1 = a
N-1_gq L Nog_ L% g N-%
s u(s) ds>Nr ul = reutr™s —
0
Then, using L'Hopital's rule, we obtain
'
/sN_luq(s) ds
N-1,,q
m 0= gm0
r—+00 r s r——+00 (N o %) rN_E_l
ple
85
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Therefore, from (84) we have

. %_1 ’ p_2 ’ _
T‘BTOOT[ lu [P™%u (1) = 0. (86)
that is,
im Ly () —
T_IHPOOT‘ u (r) =0. (87)
5-p
Using L'Hopital's rule and the fact that i =
L, we obtain  lim 7 su(r) = 0. But
qg+1—p r——+o0o
this contradicts the fact that lim reri—ru(r) =1 >
r—-+00

0. Consequently, lil’+n rq+'f‘-pu(r) = +00.
r—-+00

Using the fact that u is strictly positive and decreas-
ing, we obtain by (36),

u/ 8 p-1

p— 1w/t

u

—1 N
g _ N — P 4 Q/B U P rP uq—i—l—p ETB (T)
g8 p-1) p—1\rl| u
88)
We introduce the following variable change
V(r)=rwu(r), r>0. (89)
It's easy to see by (BI)that
E-(r)
r VQ*PV/(T) =P uq+1pr. (90)

u

Then, by (B8)

E/LILB (7”) _ g B N —p n
' b p-1
-1
qB u \” —pyst
— V=PV (r). 91
223 () e o
Using L'Hopital's rule and proposition 3.8, we get
. B (r) . E=(r) a ru
lim “’3/ = lim —%£ = — 4+ — =
r—4oo U r——400 u qp m
92)
Therefore by (D1
lim rVIPV'(r) =
r—+00
p—1 (NP_O‘> (a>p_l (93)
a6 \p—1 qB) \4p

E-ISSN: 2224-2880 672

Arij Bouzelmate, Mohamed El Hathout

That is to say

Vq+1—p(7«) /
q+1—p .
r+oo (In(r))’
~1/N- Pl
O
g8 \p—1 ¢B8) \4B
Using L'Hopital's rule (because lim V(r) = 400),
r—-+400
we get
yatl-p
lim 704) =
r—-+00 ln(r)
-1
p—1 N—-p « a\?
v (3) ()
qp p—1 g8/ \gB
95)
The result follows and the proof is complete. O
Comparison of the solution u with r2Phala'bettale ) 1ila+i-p)
3.5
3
25
2
1.5 r—alph:u‘[q'bmla).[m{rnﬂ[qﬂ—p]
uir)
0
0 1 2 3 4 5 6 7 8 9 10

alpha=1.2;betta=0.3;p=3,q=8,N=5A=0.6

o
< N and —
qB

Theorem 4.4. Assume >

— P Letu be asolution of problem (P). Then
g+1-p
rlg_noo raoti-ru(r) = Lo (96)
and
lim ro /() = — L Lo, (97)
r—+o0 g+1—0p ’
where

1
p—1 9ti-p
p N-p P e
(p=1) <q+1fp> (pfl N q+17p)

L2 =
P
a— B
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o p
ap qg+1—-p’

First, we show that

Proof. As %
N —

P > P .
p—1 g+1—p

_(r) > 0¥r > 0. Letrg > O the first
zero of E_»_ (r). Then we have F . (r) >0
Vr € [O,TO),E (ro):OandE’ p (To)go
Therefore using (B7)

atl-p q+1-p
p—1
D P
— =  —al+Mp-1——
<QBq+1—p ) v )<q+1—p)

N-p p uP~97 1 (ro)
p—1 q+1-p rh

Hence

then
E_»
at+1—

<0. (99

rg™ " u(rg) > Lo, (100)

Where L, is given by (0§). On the other hand, since
u(r) > 0, then integrating ([L3) on (0, ), we obtain

ro [P (ro) + Br u?(ro) =

To

(BN — a)/sN_luq(s) ds.

0

(101)

Therefore,

P

B (T(TTPU(TO))CI

Pq —1
=g P (ro)+

(BN —

(102)

As E_» _(r) >0 Vr€[0,70) and E_»_(ro) =
P /
0, then (rmfpu(r)) > 0 Vr € (0,r9) and
, p_ u(ro)
= . Then,
|’ (7o) I p—

5 (g a0 <

]) p‘*l Pq
(=) e
To
TN pa_ o N—1——PL
(BN — a)rg rotirud(rg) [ s a1 ds.
0
(103)
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Pq
qg+1—p

I} <r61+11)—pu(7“o))q < <q+§)_p>p_1

BN — «

_ _Pq
N qgt+1—p

Taking into account N > , we obtain

p(p—1)

rati-p up_l(ro)—i-

q

(ré*f*"u(ro» .
(104)

Therefore

p

r¢ T u(rg) <

q+1—p

) =
aL1—np 5 _BN—a =
qg+1—p B— =2

q+1-—p
(105)

Lo.

Hence by ([100) and ([103),
ra P u(rg) = Lo, (106)

As E

»_(rg) = 0, then

a+
—-p

——— Lo. 107
il (0]

" (rg) =

Recalling the logarithmic change (@), v(t) =
rm=7u(r), we obtain by (10), (1) and (I2) and (3),

the system

Iy b —
v'(t) = q+1_pv(t)+lw(t)| w(t)

p
')=—(N—-p————(p—1 t)—
0=~ (N -p= ) e

av (1) — qBut ! (8) [w ()| »= w(t).
(108)
This system has a mnon trivial equilibrium

p ot
oint Ly, — | ——L and ad-
P ( ’ <q+1—p 2) )

mits a unique solution, but v(ty) = Lo and
p—1
p
w(t = S P —
(t0) ()
—-p
h(t = ———15), where t¢ = In(rg),
(to) . p— 2) 0 (T0)
then necessarily v(t) = Lo and w(t) =
p—1

(because

p
— | ——L , therefore v'(¢) = 0 and
<q+1—p ’ V)
by (67), E_» (r) =0, Vr > 0. This is a contra-

q+1l-p
diction. We deduce that E_»_ (r)>0Vr >0 and
lim rariru(r) €]0, +oc]. That is,
r—+00
u(r)

|/ (r)] < P ,  Vr>0.

g+1l-p r
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In the same way, by integrating (1) on (0,7) we
obtain r<z+117wu(r) < Ly Vr > 0. Then,

1irf raisu(r) = d €]0,Ly). We show that
r—+00

d = L,. According to Proposition B.10, since
v'(t() > 0 and lim v(t) = d > 0, then

t—+o0
lim h(t) = — P 4 < 0. Therefore,
t——+oo qg+1—p
p r

lim w(t) = — <L2> and necessar-
t—+o00 qg+1—p

ily tliJrrn w'(t) = 0. Hence, letting ¢t — +o0 in the

—+00
second equation of system ([L0§), we get d = Ly and
O

the proof is complete.

Comparison of the solution u with rP9*®)

25

o ——

05|

0 1 2 3 4 5 [ 7 B 9 10
alpha=1.2;betta=0.3;p=3;0=11;N=5;A=0.8

S Application to the parabolic

problem

In this section, we prove the existence of radial
strictly positive self-similar solution of the following
parabolic problem

vy = Apu™
(@) {U(O, 1) =b

in RN x (0, +00)

wherep >2, N>1,0<m<

1
7 and b > 0.

Theorem 5.1. Assume 0 < @ < N and @ <

g ap
B Then, for every b > 0, problem
g+1—p

(Q) admits a radial strictly positive self-similar so-

lution Up(xz,t) = t*aui(t*ﬁ\x ), where a =
—1
1_6mp(p_1) and wu is solution of problem (P).

Moreover; there exists L(b) > 0 such that
lim Uy(x,t) = L(b)|z|®  for each x # 0.
t—0+
(109)
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Proof. The Existence and uniqueness of Uj, follow
1
from Theorem with b = a? and m = —.

The
positivity follows easily from Theorem {.1.
Put y = t~|z| , then
] * Up(, £) =y ul(y).
According to  Theorem [.2, we  have
lim ysul(y) = L{ > 0. Therefore, there
Yy——+00

exists L(b) = L > 0, such that

lim |25 Uy(z,t) = lim y5ul(y) = L(b).
Jim fof 2 Up(z,t) = lim youf(y) = L(b)
The proof is complete. O
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