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Abstract: The object of the research are fuzzy functional dependencies on given relation scheme, and the question
of their obtaining using the classical and innovated techniques. The attributes of the universal set are associated
to the elements of the unit interval, and are turned into fuzzy formulas in this way. We prove that the dependency
(which is treated as a fuzzy formula with respect to appropriately chosen valuation) is valid whenever it agrees with
the attached two-elements fuzzy relation instance. The opposite direction of the claim is proven to be incorrect in
this setting. Generalizing things to sets of attributes, we prove that particular fuzzy functional dependency follows
form a set of fuzzy dependencies (in both, the world of two-element and the world of arbitrary fuzzy relation
instances) if and only if the dependency is valid with respect to valuation anytime the set of fuzzy formulas agrees
with the valuation. The results derived in paper show that the classical techniques in the procedure for generating
new fuzzy dependencies may be replaced by the resolution ones, and hence automated. The research is conducted
with respect to Willmott fuzzy implication operator.
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1 Introduction tic strength of the dependency.

An interesting approach was discussed in [3],
The concept of the clause whose truth depends on where the author gives the definition of fuzzy func-
truth of some set of clauses is discussed in [1]. Ac- tional dependency based on the semantic distance. In
tually, it was proven that in the case when each clause particular, a fuzzy functional dependency X —r Y is
of some set of clauses is more that half true, and the said to hold in a fuzzy instance r, if

most reliable clause is correct with value a while the
clause with the most opposite correctness is b, then, it

is guaranteed that all off the logical consequences ob- SS (i [X], 65 [X]) < St [Y], ¢ [Y])
tained by repeated applications of the inference rules
(resolution rules) are correct with the degree of valid- for all ¢;, t; € r, where SS (f1, f2) is the semantic

ity between a and b. similarity (the complement of SD (f1, f2)), for

The importance of functional dependencies
comes from the fact that any database designer has to
remove (at some moment) the redundancy that nec- SD (f1, f2) = xegﬁﬁ_) /1 (X) = f2(X)],
essarily occurs in the relations. The concept is based '
on the equality relation, that it, on the fact that X —

; ) p i on attribute A;, and fuzzy values f1 (X), fo (X).
Y (X determines Y), if ¢ [X] = ¢ [X] yields t [Y] =

The approaches to include fuzzy data into clas-

t [Y']. Obviously, being based on equalities, the con- sical database theory assume: the use of fuzzy mem-
cept is not applicable to similarity-based relations. In bership values [4] (the fuzzy membership attribute de-
[2], authors discuss the problem in terms of semantics fines the membership degree of some tuple in the rela-
and formal definitions. Thus, the definition of func- tion instance), [5] (the membership value defines the
tional dependency becomes fuzzy, and turns into X strength of the dependency between attributes), pos-
—p Y if the similarity between ¢ [X] and ¢ [X] im- sibility distribution [6]-[8] (fuzzy-known values are
plies the similarity between ¢ [Y] and ¢’ [Y]. The con- represented in terms of possibility distributions of val-
cept is fully developed in [2], including both, precise ues contained in the unit interval), and similarity rela-
and imprecise dependencies by accepting the linguis- tions [9]-[11].
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Regarding some additional fuzzy functional con-
cepts, we recall [12] (described via membership func-
tion of the element of fuzzy relation), [13] (confor-
mance between tuples), etc.

Further investigations on relations between theory
of fuzzy functional dependencies (based on similari-
ties), and fuzzy logic, are discussed in [14]. They rely
on [2].

The research is then generalized in [15] to in-
clude not only fuzzy functional, but also fuzzy mul-
tivalued dependencies. In particular, the authors offer
and algorithm to generally and automatically decide
whether or not a fuzzy functional or a fuzzy multival-
ued dependency follows from a set of dependencies.

Finally, the research is raised to vague level in
[16], where was shown that the inference rules for
new vague functional dependencies are sound and
complete. The use of various similarity relations
(measures) between vague values, vague sets, and at-
tributes (sets of attributes) is also discussed. We notice
that several concepts of vague similarity relations are
present in [17], [18] and [19]. There are also papers
like [20] and [21].

The authors in [22], for example, propose a vague
relational database model, and define a new kind of
vague functional dependency called a-vague func-
tional dependency. The inference rules (similar to
Armstrong’s axioms for the classical case) are also
presented.

The research on properties of vague relational
databases is continued in [23], where is
rigorously proved that reflexive, augmentation, tran-
sitivity, pseudo-transitivity, and decomposition in-
ference rules are sound. Applications in terms of
Lukasiewicz fuzzy implication operator are provided
in [24] (see also, [25], [26]).

The interesting results are discussed in [27] and
[28].

The goal of the present research is to relate fuzzy
functional dependencies to fuzzy formulas (and vice
versa).

Motivated by Lee’s research [1] (noted above),
we assign [0, 1]-value to attributes, and hence turn
fuzzy functional dependencies into fuzzy formulas.
Our research follows similarity-based work [2], and
thus relies on the approach developed in [9]-[11]. We
actualize the question of automated obtaining of new
fuzzy functional dependencies utilizing the techniques
of resolution theory. Thus, if dependency is in line
with given fuzzy relation instance (see, Theorem 1),
we prove that it also agrees with the attached valua-
tion (when written in the form of fuzzy formula).

The opposite claim is proven not to be valid (The-
orem 2).

The concept is generalized to sets of attributes,
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where is proven that particular fuzzy functional de-
pendency is a logical consequence of some set of
dependencies (in areas of two-element and arbitrary
fuzzy relations) if and only if the dependency (taken in
the form of fuzzy formula) is valid with respect to val-
uation (interpretation) when the set of fuzzy formulas
is true with respect to same valuation (Theorems 3-5).

The research is done utilizing the Willmott fuzzy
implication operator [29], and it shows that the tra-
ditional methods (inference rules), which are classi-
cally applied to generate new dependencies, may be
replaced by the automated ones (following from reso-
lution techniques).

2 Preliminaries

Let ¢; be the i-th tuple in any relation.

It can be represented in the form (d;1, ..., dip,),
where d;; is a subset of the domain D of the attribute
Aj.

In particular, we assume that d;; # (.

A similarity relation s; is a function s; : D; x
D; — [0, 1], having the properties: s; (a,a) = 1 (re-
flexive), s; (a,b) = s; (b,a) (symmetry), s; (a,c) >

max gngl {sj (a,b),s;(b,c)} ¢ (max-min transitiv-
o)

ity).

The identity relation is then a special case of the
similarity relation.

A fuzzy relation instance r is defined as a subset
of the set 201 x 202 x . x 2Pm,

So, afuzzy tuple ¢ is any member of fuzzy relation
instance r and the set 271 x 2P2 x ... x 2Pm,

The conformance of the attribute A, (on the do-
main Dy,) for any two tuples ¢; and t; (the elements
of some fuzzy relation instance r), is denoted by
¢ (A [ti, t;]), and is given by

o (A [ti; 5])
— min { min {max {s (=, y)}} :

Iedz‘ yedj

min {max{s(x,y)}} }

Z’Edj yedi

where d; is the value of the attribute Ay on tuple ¢;,
d; is the value of Ay, on t;, and s (z,y) is a similarity
relation between values x and y.

Consequently, the definition of conformance is
generalized to describe the similarities between tuples
on sets of attributes. In particular, the conformance of
tuples ¢; and t; on set of attributes X is denoted by
¢ (X [ti, t;]), and is defined by
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P (X [ti,15]) = min {p (A fti, t])} -

Thus, if X D Y, then
© (Y [ti,tj]) > © (X [ti,tj]) for any t;, tj er. If X
Aq, ...,An}, and (p(Ak [ti,tjD > 0 for all k €
{1,2,...,n}, then ¢ (X [t;, t;]) > 6 for any t; and ¢;
inr, § € [0, 1]. Furthermore, if ¢ (X [t;, t;]) > 0, and
@ (X [tj,tg]) > 0, then ¢ (X [t;, tg]) > 0 for any ¢;, ¢;
and ty inr, 0 € [0,1].

If r is a fuzzy relation instance on scheme
R (A, ...,A,), where U is the universal set of at-
tributes (U = {Ai,..., A }), and X, Y are subsets
of U, then the fuzzy relation instance 7 is said to sat-

isfy the fuzzy functional dependency X LN r Y if for
every pair of tuples ¢1 and t5 in r,

QD(Y [tht?]) > min {9,¢(X [t1,t2])} :

0 belongs to [0,1] and describes the linguistic
strength of the dependency.

A formula f € S, where S is a set of fuzzy for-
mulas, is said to be satisfied (incorrect) with respect
to interpretation 7, if 7' (f) > 0.5 (T' (f) < 0.5) under
I. I T (f) < 0.5 with regard to all possible I’s, the
formula f is called unsatisfiable.

Suppose that Dy : Ly V D/1 and Dy : Ly V D/2
are two disjuncts, where L; and Lo are contra pair of
literals, i.e., Lo : = L. Assume that D/1 and D/2 do not
contain any additional pair of contra literals. Then,
the disjunct D} V D, is called the resolvent between
disjuncts D; and D» with the key word L;.

If S is a set of clauses, then the resolution of .S,
denoted by Res (.5), is the set consisting of members
of S together with all of the resolvents of pairs of
members in S. The n-th resolution of S (Res™ (.5)),
is defined for n > 0 by

Res® (S) = S,
Res" ™ (S) = Res (Res" (S)).
If R is a relation scheme, r = {t1,%2} is an in-

stance, and 6 is a value in [0, 1], the valuation i, ¢ (A)
of the attribute A in R is defined by

> 0.5, @(Alt,t2]) > 0;
< 0.5, (p(A [t1,t2]) < 0.

Consequently, the fuzzy formula

(A1 N ANAp) = (Bi A ...\ By)
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is assigned to the fuzzy functional dependency X LN F
Y, where X = {A,..., A}, Y ={Bi,....,Bp}.

Through the rest of the paper we shall assume that
the fuzzy implication is actually the Willmott fuzzy
implication W (a, b) [29], defined by

W (a,b) :min{max{l—a,b},

max {a,1 —a},max {b,1 — b} },

and that conjunction C' (a, b) and disjunction D (a, b)
are given by C (a,b) = min{a,b} and D (a,b) =
max {a, b} (see, [30] and [31]).

3 Results

Theorem 1. Suppose that X LN r Y is a fuzzy func-
tional dependency given on the relation scheme R,
and r a two-element fuzzy relation instance on R. Let
r = {t1,t2}. If the fuzzy functional dependency X

0 . . .
—r Y is satisfied by the instance r, then, the fuzzy

6 . .
ormula attached to X —p Y is satisfied by the valu-
y
ation i, g.

Proof. Consider the Willmott fuzzy implication

W (a,b) :min{max{l —a,b},
max {a,1 —a},max {b, 1 — b} }
Assume that the fuzzy relation instance r satisfies

fuzzy functional dependency X 4, rY.
So, we assume that

@ (Y [t1,t2]) > min{0, o (X [t1,t2])},

where X = {A1,...., A}, Y ={By, ..., Bp}.
Suppose contrary, that the claim of theorem is not
fulfilled, that is, that the fuzzy formula

(AL N ANAR) =
(B1 A ...\ By)

is not satisfied with respect to %, ¢.
This means that
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>irg ( (AT N ANAp) =

N |

(D
(Bl/\.../\Bn)> =

min { max {1 — g (AL AN A Ap),

irg (BLA ... A\ By) }

max {irﬂ (AT NN A,

1—irg (Al/\.../\Am)},

max {zg (BLA ... ABy),

1 —ipg(BiA...\By) }}

If the minimum is

max {1 —drg (AN ANAp),
(2)
iro (B1 A ...\ By) },

then the maximum must be at most %

If the maximum is 1 — i,9 (A1 A ... A Ay,), we
obtain

1—dpg (A1 A ANAp) <

N |

1.e.,

N |

g (AL AN Ay) >

Hence, i, 9 (Ag) > % forall k € {1,2,...,m}, that
is o (Ag [t1,t2]) > O forall k € {1,2,...,m}.
Now, it follows that

(P(X [tlth])
—min {(p (Al [tl,tz]) sy O (Am [tlatQ])}
>0

. 9
Since we assume that the dependency X —r Y
is satisfied by r, we obtain

min {¢ (B [t1,t2]) , ..., ¢ (Bn [t1,t2]) }
=p (Y [t1,12])
>min {6, o (X [t1,12])}
>min{0,0} = 6.
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It follows that ¢ (B [t1,t2]) > 60 for all k €
{1,2,...,n}.

In other words, i, g (By) > % for all
ke{l,2,....n}.

Since the minimum in (2) is
1 —ir9 (A1 A ... AN Ap,), we obtain that
irg (B A ... A By) is also at most 3.

Hence, i, 9 (B1 A ... A By) < %, 50 g (By) < %
for at least one By, k € {1,2,...,n}.

This is a contradiction.

So, it must be i,.9 (B1 A ... A By) > 3.

We obtain, i, 9 (By) > 3, and ¢ (By, [t1,t2]) > 0
forall k € {1,2,...,n}.

If the minimum in (2) is i.9 (B1 A ... A By,), then
irg(B1A...\NBy) < % ie., irg (Bg) < % for some
ke{l,2,..,n}.

Since in this scenario

I —irg (AL A ... ANAy)
<irg(B1A...A\By),

it follows that

1—irg (AL A ... NAy) <

N |

thatis, i,.9 (A1 A .. A Ap) > 2.
As in the previous case, it follows that
() (X [tl,tg]) > 0 and then, ¢ (Y [tl,tz]) >0.
In other words, i, g (By) > % for all
ke{l,2,...n}.
This is the contradiction.
Suppose that the minimum in (1) is

max {z’,ﬂ,g (A1 A N A,

(3)
1—irg (AL A o A Ap) }

Let the maximum in (3) be i, 9 (A1 A ... A Ay,).
Then, ir0 (Al VAN Am) < %, ie., 1.0 (Ak) <
% for some k € {1,2,...,m}.
Hence, ¢ (A, [t1,12]) < 0 for some
k € {1,2,...,m}. This means that

@ (X [tr, t2])
=min {¢ (A1 [t1,t2]), ..., 0 (A [t1,t2]) }
<6.

Note that,
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@ (Y [t1,t2]) > min {0, (X [t1,t2])} .

Moreover,

1 —irg (AL A ... ANAy)

<irg (A1 A .. NAy) <

| =

We obtain, i, 9 (A1 A ... AN Ap,) > %, ie.,
@ (X [t1,t2]) = 0.

This is a contradiction.

Now, suppose that the maximum in (3) is

L—irg (AL A NAy).

We have,

irg (A1 N .. NAp)

1
<1l —ipp (A1 AN ... NAp) < 3

Hence, iy9 (A1 A ... N Ay,) < %, ie., irg(Ag) <
1 for some k € {1,2,...,n}, or ¢ (A [t1,12]) < 6 for
some k € {1,2,...,m}.

Furthermore, i, 9 (A1 A ... A Ap,) > %, ie.,
irg (Ag) > 3 forallk € {1,2,...,m}, or
o (Ag [t1,t2]) > O forall k € {1,2,...,m}.

This is a contradiction.

Finally, suppose that the minimum in (1) is

max {Z'T’g (B1 A ...\ By),

1—ipg(BiA...A\By) }

The case is symmetric to the case (3), so it neces-
sarily leads to contradiction.

The assumption that the claim of theorem is not
fulfilled leads to contradiction.

Consequently, the theorem follows. O

Now, we prove that the opposite claim of the
claim given by Theorem 1 is not always true.
Theorem 2. Suppose that the assumptions of Theo-

rem 1 hold. If the fuzzy formula attached to X 4, FY
is valid under the action of i, g, then, the fuzzy func-

. 0 . .
tional dependency X — Y is not necessarily correct
with respect to .
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Proof. By our assumption,

1
— <Z'7~79((A1 Ao NAp) =
2 )

(Bl/\.../\Bn)> =
min { max {1 —iro (AL AN Ap),
irg (B1 A...\Bp) }
max {ing (A1 N N A,
1= i (A1 A A Ap) |,
max {ir,g (B1 A ...\ By),

1—irg (By A ... A By) }}

Let the minimum in (4) be

max {1 — g (AL A AN Ay),

irg (BLA ... A By) }

If the maximum is 1 — 4, 9 (A1 A ... A Ay, then

irg (Bl VAR Bn)

DN | =

<1 —idpp (A1 Ao N Ay) >

It follows that i, 9 (A1 A ... A A) < 3.

Hence, i, 9 (Aj) < % for some k € {1,2,...,m},
or o (Ag [t1,t2]) < 0.

Consequently, ¢ (X [t1,t2]) < 6.

Since

irg(B1 A ...\ Bp)+
irg (A1 NN Ap) <1,

and i, 9 (A1 A ... A Apy) > %, we obtain that
irg (Bi A ... ABy) < 3.

Consequently, ¢ (Y [t1,t2]) < 6.

We have,

min {0, ¢ (X [t1,t2])}
=p (X [tl, tg]) .

Since ¢ (X [t1,t2]) < 6, and also ¢ (Y [t1,12]) <
0, it is possible to happen that
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o (Y [t1,ta])
<p (X [t1,t2])
=min {0, ¢ (X [t1,t2])} .

Thus, X o, F Y is not necessarily satisfied by r.
The cases

max {ing (A1 AN A,
1 —ipg (AL Ao AN Ap) }
and
max {Z‘Ng (B1 A ... \NBy),
1—id,9(B1A...A\By) }
which may appear in (4) are symmetric, and mutually
equivalent hence. So, we consider only one of them.
For the sake of clarity, assume that the minimum
in (4) is
max {’L'ng (A1 NN A,

1—irg (AL Ao A Ap) }

If the maximum is 4, g (A1 A ... A A,y,), then

I—drg (AL A A Ap)

1
> —.

<irg (A1 Ao N Ay) 5

Thus, the right inequality yields that
g (Aj NN Ap) > %

On the other side, the left-hand side inequality im-
plies that i, g (A1 A ... A Ayy) > %

This is the contradiction.

This means that the only possible case, which
makes sense in (4), is the case

max {1 — ir,@ (Al N A Am) ’

irg (B1 A ...\ By) }

As we already discussed, this case does not nec-

essarily yield the correctness of X 4 F Y under 7.
This completes the proof. O

The following result does not depend on the se-
lection of fuzzy implication operator.
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Theorem 3. Let X 2 r Y be a fuzzy functional de-
pendency on given scheme R. Suppose that F' is a set

of fuzzy functional dependencies on R. Then, X 4, F

Y is a consequence of the set I if and only if X i>F
Y follows from the set F' in the world of two-elements
relations.

Proof. (=) Clearly, if the dependency X LN rYisa

consequence of F', then, it is understood that X i> F
Y is a consequence of F' in arbitrary fuzzy relation
instances.

So, if this implication is true (note that it is ob-
vious that the set of two-element fuzzy relation in-
stances is a subset of the general set of instances), it
becomes clear that this direction of the claim follows
immediately. (<) Suppose that the set F' determines

x4 r Y in the world of two-tuples relations.

Suppose also the opposite, that X 8, r Y does not
follow from F'.
This means that some fuzzy relation instance 7,

violates dependency X 4, rY.
By the very definition of the functional depen-
dency, it follows that the condition

@ (Y [t1,t2]) > min {0, ¢ (X [t1,t2]) }

is not true for all ¢1, t5 € 7.
In other words,

¢ (Y [t1, t2]) < min {0, ¢ (X [t1,2])}

for some t1,to € 7.

Denote, r1 = {t1,t2}.

Now, 71 is an example of the two-tuples instance
which violates X i> FY.

This is the contradiction.

Hence, the theorem follows. ]

Theorem 4. Ler X 2 F Y be a fuzzy functional de-
pendency on scheme R, and F' a set of fuzzy functional
dependencies on R. If some fuzzy relation instance r

. . 0
on R satisfies F, and violates X —r Y, then, there
exists some two-elements fuzzy relation instance r; C

. . 0
r, such that r satisfies F, and violates X —r Y.

Proof. Let r satisfies F', and violates X LN rY.
By Theorem 3, this means that the assumption

0 . . .
that X — Y is a consequence of F' is not true, which
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means that there is a fuzzy relation instance (it is ex-
actly the instance r), such that r satisfies F' and vio-

lates X i>F Y.

Hence, by Theorem 3, X i) F Y does not follow
from F' in the world of two-element relations.

More precisely, there exists some two-element re-
lation r; which agrees with the set F', and fails to sat-

isfy the dependency X LN rY.
Clearly, 71 may be considered as a subset of .

Namely, r violates X i> r Y, so there are tuples
t1 and to in r, such that

o (Y [t1,t2]) < min {6, p (X [t1,t2])}.

If we put 1 = {¢1, %2}, then 7 is a desired two-
element relation.
This completes the proof. O

The main results of this research are given by the
following two theorems.

Theorem 5. Ler X % r Y be a fuzzy functional de-
pendency on scheme R, and F' a set of fuzzy functional

dependencies. If X LN r Y follows from F' in the
world of two-element fuzzy relation instances, then,

the fuzzy formula attached to X 4 r Y isvalid.

Proof. In order to prove the correctness of the claim,
we shall show assume that each of the domains of the
attributes has only two elements. Moreover, we shall
assume that the domains are the same, and that they
are given by set {p, q}.

The dependencies from the set F' together with
the given dependency determine the set of correspond-
ing linguistic strengths.

Since the set is finite one, it has the minimal ele-
ment. If such the element is denoted by 0, we shall
take and fix any value which is strictly smaller than 6.

Denote it by 6"

The similarity relations on each of the universe of
discourses will be assumed to take value 6" at (p,q)
and (q,p).

In order to prove the claim of theorem, we shall
apply the contraposition law. Thus, we shall prove
that the negated claim of theorem implies the negated
assumption.

So, suppose that the fuzzy formula

(A1 AN ...ANAp) = (B A ... \By)

is not correct, where X = {Aj, ...
Y ={Bi,...,Bn}.

) Am},

E-ISSN: 2224-2880

653

Sanela Nesimovic, Dzenan Gusic

Thus,

>ir 8 ( (AT N NAp) =

N

Q)
(B A ... A Bn)> =

min { max {1 —irg (A1 N N Ap),
irp (BLA ...\ Bp) },

max{iTﬁ (AL A A Ay,

1 —irp(A1 /\.../\Am)},

maX{inﬁ (Bi1 A ...\ By),

1—i,g(B1A...\By) }}

for some i, 3, where 7 has two-elements, and 0 < 3 <
1.

Letr = {tl, tQ}.

First, we shall consider the set of those attributes
A, for which i, g (4) > 1.

We shall prove that this set is not empty, and that
it does not coincide with the set of all attributes.

We shall prove this in two steps.

First, suppose contrary, that i, 3 (A) <
A’s.

Note that this fact gives that i, 3 (C1 A ... A Cp)
< 1 for any set of attributes {C, ..., Cp}.

Suppose the minimum in (5) is

1
5 for all

max {iTﬁ (A1 AN A,
1— iTwB (A1 VANAN Am) }
The case

max {Z}ﬂ (Bl VARAY Bn) ,

1—i,3(B1A...\By) }

is symmetric case, so we consider only the first one.
It can happen that either

irg (A1 Ao N Ap)

<1l—ipg (A1 N..NAp) <

N
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or
1—idpg (A1 N ANAp)
1
<irg (A1 N ... NAp) < 5

Both of these scenarios yield the contradiction
irg (A1 A ANAp) < 5 and iy g (A1 A A Ay) >
1

So, it follows that the minimum in (5) is

max {1 —irg (AL A A Ap),
irg (B1 A ...\ By) }
We obtain that,
1—idpg (A1 A A Ap)
<irg (Bi A A By) < %
or

ir 3 (Bl VAN Bn)

DO | =

<1l—idpg(AIN..NAp) <

In any case, it follows that
1—ipg (A1 A A Ap) < 3, i,
irg (A1 A AN Ap) > 1

Thus,

min {75 (A1), ..., ir g (Am)}

s0 iy 5 (Ag) > L forall k € {1,2,...,m}.
This is a contradiction.

It follows that the set of the attributes A, such that

ir (A) > % is not empty.

Second, suppose contrary, that i, 5 (A) > % for all
A’s.

Reasoning as in the previous case, we see that (5)
yields that either

1 —irg (A1 Ao N Ap)
1
<irg(B1N...\By) < 3
or

ir3 (B1A...\By)

<1—id,8(BiN...\NBy) <

N
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Hence, in any scenario, i, g (B1 A ... A By,) < %

This means that there exists some By, k €
{1,2,...,n}, such that i, 5 (By) < 3.

This is the contradiction.

We conclude, the set of those A’s, for which
irg (A) > %, does not coincide with the set of all at-
tributes.

Now, we introduce two-tuple fuzzy relation in-
stance, requiring that its tuples coincide in those A’s,
for which 7, 5 (A) > 3.

If we denote this instance by ', and its tuples
by ¢ and ¢, then we have that ¢ (A [t’, t”D =1

ilf inp (A)> 1 and o (A [tt]) = 0" ifi,5(A) <

’ Since each domain of each attribute is given by
the set {p, ¢}, we may assume that each attribute A
(ir5 (A) > %), assumes the value p on both tuples t
and ¢, while the attribute A (ir5(A) < %), takes the
value p on t', and the value g on .

Let

(PLNAP) = (QiA...ANQj )

be the fuzzy formula corresponding to some element
of F.

It can happen that either i, 3 (P1 A ... A P;) < %
or irﬂ (Pl VANAN PZ) > %

In the first case, i, g (Py) < %

(1,2, ...,i}, thatis, ¢ (Pk [t',t"} — 0"

for some k£ €

Consequently, ¢ (P {t/,t//D = 0", where P =
{P1,...., P}, Q@ = {Q1,...,Q;}, and the dependency
is given by P 6—2>F @ for some strength 6, € [0, 1].

Since ¢ (Q {t/,t”D > 0" always, we have that

(@[t 1) = fos (r[1]) )

Thus, P 6—2>F (Q is correct under r.
Suppose that i, g (P1 A ... A P;) > %
It is understood that we assume that

|
5 <ir75((P1 A..AP)=

(Qi A ... /\Qj)).

As earlier, we obtain that
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1-— (% (Pl VANSWA Pz)
. 1
SZT,,B (Ql NN Q]) > 5

or

irg (QUA . A Qj)
<1—i,g8(PLA...\NP;)>

N |

In the second case it follows that
Z'Tﬁ (P1 N A Pl) < %
This is the contradiction.
In the first case, i, (Q1 A ... A Q;) > % yields

that ¢ (Q [t’,t”D =1.

Hence,

(@) =i o (1))

0 . .
We conclude, P =5 @ is correct with respect to
!

r.
In view of the contraposition law, the claim of the-

orem will follow if we prove that X LN r Y is violated

by .
By (5),
1—dpg (A1 N ANAp)
<irg(B1N..N\By) < %
or

irg (B1 A ...\ By)

1
<1 —idpg (A1 N..NAp) < 3

In any case, i, 3 (B1 A ... A By) < lie.,

o (V1) =0 )

Note that,

Hence,

@ (Y {tl,t”D < min {9, ® (X [tl,t”D} .
This completes the proof. O

Now, it is not hard to check that the opposite
claim of the claim given by Theorem 5 holds also true.
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Theorem 6. Let X 2 r Y be a fuzzy functional de-
pendency on scheme R, and F a set of fuzzy func-
tional dependencies. If the fuzzy formula associated
o X % F Y is correct, then the dependency X 8, rY
is a logical consequence of the set F' with respect to
two-element fuzzy relations.

4 Applications

As it is known, new dependencies are classically de-
rived with the use of the corresponding list of infer-
ence rules.

The second way, where the results derived above
may be applied, is the one via resolution rules.

Example 1. Suppose that P, (), R, S and L are some
attributes on some scheme R;. Let F' be the set of
fuzzy functional dependencies on R;, whose elements

0 [4 0:
are: {P} —>p {Q}. {Q, R} =»r {S}and {S} —p
{L}. Let {P,R} g {L} be the fuzzy functional
dependency on Ry, with =min {6; : i € {1,2,3}}.
Prove that the set F’ determines { P, R} i {L}.

Proof. I. Put X ={P}, Y ={Q}, W ={R}, Z =
{S}.T ={L}.

It should be recognized that the elements of the
set F' can be written in the form: X 0—1> rY, WUY

e Zand Z i T
Writing the set F' in this form, we can easily find
out which of the inference rules are to be applied.
Indeed, following [2, p. 168], the dependencies X

LN rYand WUY LN r Z, together with the pseudo-

transitivity rule, give us W U Y 4, 7 Z, where §' =
min{6; : i € {1,2}}.

Furthermore, the dependencies W U Y 4, r Z
and Z % r T together with the classical transitivity

i

rule yield the dependency W U'Y LA r T, where "
= min {0,, 93}.

Having in mind our sets X = {P}, W = {R}, T
= {L}, and the fact that

0" :min{e’,eg}
=min{min{0; : i € {1,2}},605}

=min{0; : i € {1,2,3}} =6,

we arrive to the dependency { P, R} e {L}. O
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Proof. 1I. In view of the results derived in this re-
search, we may proceed in the following way.

According to our results,it is enough to prove that
the fuzzy formulaI' : P A R = L is valid.

Clearly, we first assign the fuzzy formulas: F :
P=Q,F,:QANR= Sand F3 : S = L to the
dependencies contained in the set F'.

Our task is reduced in a way that it is enough to
show that the fuzzy formula F' : F} A Fy A F3 A =T
is not valid.

Namely, the fact that I, F5, F3 are known to be
valid, together with the fact that F' is not valid, would
mean that —I" is incorrect, which would immediately
yield that I must be true.

To use the resolution rules, we transform F' into
conjunctive normal form F*, where

F* :{ﬂP\/Q,ﬂQvﬂR\/S,

~SV L,P,R, ﬁL}.

The following resolvents hold true: —=P V () and
P give Q.

=SV L and —L give —S.

Furthermore, -Q V —-R V S and R give =@ V S.

Now, =@ V S and @) give S.

So, S and =S exclude each other.

The obtained condition means that —I" does not
hold, i.e., that I" is true. O

5 Conclusion

The paper is devoted to equivalence established be-
tween the similarity-based fuzzy relation databases
theory (taken through fuzzy functional dependencies),
and a fragment of fuzzy logic theory (via fuzzy logic
operators).

In view of the subject and goal, the attributes are
assigned explicit values in the unit interval [0, 1], and
are treated as fuzzy formulas in this way. Conse-
quently, and generally, any fuzzy functional depen-
dency in the case at hand is turned into a fuzzy for-
mula.

Looking back at the derived results, one notes that
the attached fuzzy formula is satisfied by the appro-
priate valuation, anytime the given dependeny agrees
with the initial fuzzy relation (Theorem 1).

However, the opposite statement is not necessar-
ily true (Theorem 2).

The research is widen to include sets of fuzzy
functional dependencies (Theorems 3-5), where the
connection between arbitrary fuzzy relations and
the correctness of the associated fuzzy formulas is
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achieved by making use of two-element fuzzy relation
instances.

As becomes clear from the example above, the
obtained equivalence is making possible the applica-
tion of the resolution techniques (treated as relevant
inference rules). Thus, one’s work on purely theoret-
ical aspects of the dependency theory may be substi-
tuted by the one, which is more appropriate to ma-
chine language.

Regarding the future research, we note that an
analogous study is planned to be conducted upon
fuzzy multivalued, or more generally, vague func-
tional (multivalued) dependencies theories.

6 Remarks

Regarding the electrical and computer engineering ap-
plications of this study (automatic control, robotics
and industry), we provide the following example.

Consider the attributes "Name”, ”Age”, "Educa-
tion”, ”Salary” and ”Consumption” on some fuzzy re-
lation scheme R;.

Denote by U the universal set of attributes.

Suppose that domains of the above attributes are
given by the following sets:

P = {Sanela, Dzenan, Amela, Zenan} ,
Q = {young, 45, old} ,

R’ = {bachelor,master}

S" ={250EUR, 1500EU R} ,

L = {low, average, high} .

As it is usual, we introduce similarity relations on
given domains. Such relations (see, Section 1) must
be reflexive, symmetric and must satisfy the max-min
transitivity condition.

Let s;: P' x P' — [0, 1] be the similarity relation
on P’ given by: s (z,2) = 1 for all z € P’, and
si(z,y) =81 (y,x) =0ifz,y € P,z #v.

Hence, we have for example:

s1 (Sanela, Sanela) = 1, while
s1 (Amela, Dzenan) = 0.

Note that s; defined in this way is obviously re-
flexive and symmetric. It is also max-min transitive.
Namely,
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ng;; { min {51 (Sanela, q) , s1 (q, Amela) }}
g€

=max { min {51 (Sanela, Sanela) ,
s1 (Sanela, Amela) },

min {51 (Sanela, Dzenan) ,

s1 (Dzenan, Amela) },
min {31 (Sanela, Amela) ,
s1 (Amela, Amela) },
min {51 (Sanela, Zenan) ,
s1 (Zenan, Amela) }}
= max { min {1,0}, min {0,0},
min {0, 1} , min {0, 0} }

=max {0,0,0,0}

=0 = s1 (Sanela, Amela) .

It follows that

s1 (Sanela, Amela)

> ng})}/{ { min {51 (Sanela, q) , s1 (q, Amela) }},

so the max-min transitivity condition holds true in this
particular case.
In order to show that the condition

s1 (x, 2)

> max { min {51 (7,q),51(q,2) }}

qGP'

(6)

is always valid, we note the following facts.

If x and z are mutually different, then each min-
imum which appears on the right hand side of (6) is
0.

More precisely, g can be equal either to x or to z.
Nevertheless, either s1 (x, ¢) or s1 (g, 2) is 0.

If ¢ # x and g # z, then s1 (x,q) =0, s1 (¢, 2) =
0, so the corresponding minimum is once again 0.

Thus, for x # z, the inequality (6) is correct.
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On the other hand, for z = z, we have that
s1 (x, z) = 1, so the inequality (6) is again valid, hav-
ing in mind that the maximum on the right hand side
of (6) is not larger than 1.

This shows that the relation s; (given as the iden-
tity relation on P')is an example of the similarity re-
lation.

We fix this relation on P’ in the sequel.

Define 55 : Q' x Q — [0,1] by
s2 (young, young) = sz (45,45) = s3 (old, old) =1,
and sy (young,45) = s3 (45, young) = 0.5,
s9 (45, 0ld) = s2 (old,45) = 0.5, sa (young, old) =
sg (old, young) = 0.5.

If x = z, the inequality (6) holds immediately true
for ss.

In order to show that s, is a similarity rela-
tion on @', it is enough to consider sy (young, 45),
s9 (young, old) and s9 (45, old).

We have,

max { min {32 (young, q) , s2 (g,45) }}
qe@Q’

= max { min {32 (young, young) ,
s (young, 45) },
min {32 (young, 45) , s2 (45, 45) },
min {32 (young, old) , so (old, 45) },
= max { min {1,0.5} , min {0.5,1} ,

min {0.5,0.5} }
=max {0.5,0.5,0.5}
=0.5 = s9 (young, 45) .

Similarly,

s2 (young, old)

> max { min {52 (young, q) , s2 (q, old) }},
a€Q’

s2 (45, old)

> 22%2}’( { min {52 (45,q) , s2 (g, 0ld) }}

For the similarity relation on R we take
s3: R x R —[0,1]. It is introduced by
sg (bachelor, master) = s3 (master, bachelor) =
0.35, and s3 (bachelor, bachelor) =
s3 (master, master) = 1.
We deduce,
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ng/( { min {53 (bachelor, q) , s3 (q, master) }}
q€

= max { min {53 (bachelor, bachelor) ,
sg (bachelor, master) },
min {53 (bachelor, master) ,
sg (master, master) }},

= max { min {1,0.35} , min {0.35, 1} }
— max {0.35,0.35)

=0.35 = s3 (bachelor, master) .

. . . . . /
Therefore, s3 is a similarity relation on R .

We put s4: S x S" — [0, 1] to be given by:
51 (250EUR, 250EU R) =
s4 (1500EU R, 1500EUR) = 1, and
s4 (250EUR,1500EUR) =
s4 (1500EU R, 250EU R) = 0.2.

As in the previous case, we find that s, is a simi-
. . /
larity relation on S'.

Finally, we introduce s5 : L' x L' — [0,1] by
s5 (low, low) = s5 (average, average) =
s5 (high, high) = 1, and s5 (low, average) =
s5 (average, low) = 0.6, s5 (low, high) =
s5 (high,low) = 0.6, s5 (average, high) =
s (high, average) = 0.6.

Reasoning in the same way as in the case of sim-

ilarity relations s; and s, we conclude that s5 is a
. . . . /
similarity relation on L .

Let r = {t1,t2} be two-elements fuzzy relation
instance on R;, whose tuples ¢; and ¢ are determined
in the following way.

The elements of ¢; are: {Sanela},
{young, 45}, {master}, {250EU R, 1500EU R}
and {low, average}. Furthermore,
the elements of ¢y are: { Dzenan, Zenan}, {young},
{bachelor,master}, {250EU R} and {low}.

Note that the scenario described by 7 is realistic
and absolutely possible to occur in reality.

Now, we calculate the conformances ¢ (A [t1, t2])
for A € U. We obtain,
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© (Name [t1,t2])

max

=min { min {
ze{Sanela} \ ye{Dzenan,Zenan}

s1(z,y) }}
max {

min {
z€{Dzenan,Zenan} \ ye{Sanela}

win )}

=min { max {81 (Sanela, Dzenan) ,

s1 (Sanela, Zenan) },
min {31 (Dzenan, Sanela) ,

s1 (Zenan, Sanela) } }

=min {max {0,0}, min {0,0}}
=min{0,0} =0,

¢ (Agelt1, t2])

:min{ min { max {
z€{young,45} \ ye{young}

s2 (7, y) }}a
v fog) { ye{young.45) {
s2 (2, y) } } }
= min { min {82 (young, young),
s9 (45, young) },
max {32 (young, young) ,

sg (young,45) }}
=min {min {1,0.5} ,max {1,0.5}}
=min{0.5,1} = 0.5,
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¢ (Education [t1,t2])

=min { min { max {
xe{master} \ ye{bachelor,master}

53 (2,9) } },

min { max {
z€{bachelor,master} \ ye{master}

s }})

= min { max {33 (master, bachelor) ,
sg (master, master) },
min {33 (bachelor, master) ,

sg (master, master) }}

=min {max {0.35,1} ,min {0.35,1}}
=min {1,0.35} = 0.35,

o (Salary [t1,ta])
= min { min { max {
2€{250EU R,1500EUR} \ ye{250EUR}
S4 (.13, y) }}7

min { max {
xe{250EUR} \ ye{250 U R,1500EU R}

win }})

— min { min {34 (250EUR, 250EUR) ,
s4 (1500EUR, 250 EU R) }
max {34 (250 EU R, 250 EUR) ,

51 (250EUR, 1500EUR) } |

=min {min {1,0.2} ,max {1,0.2}}
—min{0.2,1} = 0.2,
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¢ (Consumption [t1,ts])
=min { min { max {
z€{low,average} \ ye{low}

55 (@) |-

min

(e |
zef{low} \ ye{low,average}

s )}

= min { min {85 (low, low) ,
s (average, low) },
max {35 (low,low) ,

s5 (low, average) }}
=min {min{1,0.6} ,max {1,0.6}}
=min {0.6,1} = 0.6.
Now, one is position to consider various fuzzy
functional dependencies on scheme R;. It is also pos-

sible to check whether or not fuzzy relation instance r
satisfies such dependencies.

Thus, the dependencies: { Name} 09, {Age},

{Age, Education} o, {Salary} and {Salary}

98, {Consumption} are satisfied by r.

Indeed,

¢ (Age[t1, t2])
—0.5 > 0 = min {0.95,0}
=min {0.95, ¢ (Name [t1,t2])} .

Furthermore,

© ({Age, Education} [t1,t2])
=min {y (Age[t1, 2], ¢ (Fducation [t1,t2]))}
= min {0.5,0.35} = 0.35,
SO
© (Salary [t1,1t2])
~0.2 > 0.19 = min {0.19,0.35}
=min {0.19, p ({Age, Education} [t1,t2])} .

Finally,

@ (Consumption [t1, t2])
=0.6 > 0.2 = min {0.8,0.2)
=min {0.8, p (Salary [t1,t2])} .
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Note that the dependency { Name, Education}

o, {Consumption} is also satisfied by r.

Namely,

© ({Name, Education} [t1,t2])
=min {¢ (Name [t1,t2], p (Education [t1,t2]))}
=min {0,0.35} = 0,

SO

¢ (Consumption [t1,t2])
=0.6 > 0 = min {0.19,0}
=min {0.19, p ({Name, Education} [ti,t2])} .

This particular example shows that for fixed fuzzy
relation instance r, we are able to verify whether or
not it satisfies given fuzzy functional dependencies, or
more importantly, whether or not it satisfies some in-
dividual fuzzy functional dependency. In our case we
proved that each of the four dependencies listed above
are independently satisfied by two-elements fuzzy re-
lation instance r. Same reasoning could be applied in
the case of arbitrary fuzzy relation instance . How-
ever, one should note that this method (case by case),
is not so suitable generally. Namely, one should rec-
ognize that the conclusions derived in this example
could be summarized in the form that the dependency

{Name, Education} o8, . {Consumption} fol-
lows from the dependencies { Name} 99, . {Age},
{Age, Education} o, {Salary} and {Salary}

o8, {Consumption} in the world of two-tuples
fuzzy relation instances, and then require more gen-
eral result, that the same statement remains valid in the
case of arbitrary fuzzy relations. More precisely, one
should note that the assertion of Example 1 (see, Sec-
tion 4), could be applied in this particular situation.
Indeed, put P, @, R, S, L to be the attributes "Name”,
”Age”, "Education”, Salary”, “Consumption”, re-
spectively. We assume that Ry is Ry (P,Q, R, S, L).
Furthermore, we assume that 6 = 0.9, 8, = 0.19
and 03 = 0.8. We have that = min {6y, 09,6035} =
0.19. According to Example 1, the dependencies:

(P} r {Q), {Q R} B {S} and {5} %5

{L} yield the dependency {P, R} LA {L} in arbi-
trary fuzzy relations. Translated into our notation, this

means that the dependencies { Name} 295, {Age},
{Age, Education} o8, {Salary} and {Salary}
28, {Consumption} determine the dependency

{Name, Education} 20, {Consumption}.
In other words, this means that the dependency
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{Name, Education} o0, {Consumption} is
valid not only with respect to our particular two-
element fuzzy relation r, but also with respect to

arbitrary fuzzy relation satisfying { Name} 9%,
{Age}, {Age, Education} o5, {Salary} and

{Salary} LA {Consumption} at the same time.
This general result follows from the assertion of Ex-
ample 1, and, as we have already seen, the assertion
of Example 1 follows either manually from the infer-
ence rules (proof ), or automatically from the resolu-
tion principle (proof II). Thus, thanks to the results de-
rived in this research, our particular problem of show-
ing that given two-element fuzzy relation instance r

satisfies the dependency { Name, Education} o0,
{Consumption} can be generalized, and, moreover,
its solution can be automated. So, it is automatization
which enables possible electrical and computer engi-
neering application of the study as well as its applica-
tion within automatic control, robotics and industry.
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