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Abstract—The paper deals with a deterministic model for the declination of groundwater level
due to deforestation and evaporation that is caused of global warming. The model is governed by
three compartments by considering different level of water. The model is analyzed by finding the
existence of equilibrium points and also derived the conditions of stability at the equilibrium
points by using Jacobian matrix and Routh-Hurwitz criterion for the system of non-linear
differential equation. We also observe the qualitative behavior by using phase portrait diagram.
Finally, the numerical simulations have been performed to illustrate the effect of deforestation,
poor storage of water and evaporation on the groundwater level in support of analytical findings
briefly. Our study shows that, groundwater level decreases drastically due to deforestation and
global warming.
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declination in Bangladesh as well as all over the

world. For agricultural use ground water is
1. Introduction pumped more frequently, this can be done by
fixing a tube well. Most of the industrial waste
water are dumped to the water sources. This can
be considered another reason for declination of
water resources. Due to global warming and
change in the climate, huge amounts of surface
water and ground water is being evaporated,
these also accumulate to the reduction in water
resources as well as groundwater resources [17].
Mathematical ecology and modeling have
become a well-recognized area of environmental
research which is the most enjoyable
applications of basic sciences [15,18]. The aim
of the mathematical biology is to represent a real
phenomenon by mathematics and develop a
model on the basis of conservation principle of
biological processes, exploitation techniques by
using the tools of mathematics. Mathematical
simulations and modeling play an incredible role
for providing quantitative insight into different
field of science. It has already contributed to a
better understanding of the mechanisms in
various field nowadays [4]. Mathematical
modeling has gotten attention because modeling

Groundwater is a significance natural resources
for public water supply and food production in
Bangladesh and all over the world that
constitutes 95 percent of the freshwater [3].
About three billion people depend directly upon
for drinking water and 40% of the world’s food
is produced from irrigated agriculture that relies
mainly on groundwater. Moreover, in the rural
area, farmers are used freshwater about 70% for
the purpose of cultivation and by 2050, nine
billion people will depend wupon an
approximated 50% increase in irrigated
agricultural production [15]. Groundwater level
declines for many reasons, some of which
occurs due to natural phenomena and others are
caused by human’s activities and it has been
declining since the introduction of deep tube
wells and shallow tube wells after 1970s.
Excessive demand of water, evaporation,
pollution, deforestation, poor storage, low
rainfall, urbanization, frequent pumping of water
are the important causes of groundwater level
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and simulation of any physical phenomena
allows us for rapid assessment. So, it is mainly
used to describe the real phenomena which lead
to design better prediction, management and
control strategies [9].

Groundwater management problem has been
discussed by many researchers to their scientific
contribution published in international journal.
A Mathematical model was proposed and
inspected to study the impacts of predicted
climate mutation on recharge and groundwater
levels [5], whereas the effects of climate change
on vegetation is characterized in [15] that is the
important factor to store groundwater for long
period. Another model based on the causes and
quantification was also approached to describe
the declination of groundwater level and aquifer
dewatering in Dhaka metropolitan area in
Bangladesh [7]. However, some articles [2-4, 7,
10-13, 15, 18-19, 22-23] are referred for more
details in the explanation of global climate
change in Bangladesh as well as all over the
world, interactions among atmospheric, surface
and groundwater with the significance factors
for depletion of ground layer and development
of mathematical model on groundwater level
declination. In this paper, we would like to
propose a mathematical model on groundwater
management. The aim of this study is to describe
the impacts of climate change in the
environment like deforestation, pollution,
evaporation and frequent pumping of water on
groundwater level. We develop a mathematical
model and study the existence and stability of
the model with nonlinear Lyapunov function.
Lastly, numerical simulations will be performed
to show the effectiveness of the analytical
analysis of groundwater model.

2. Present Situation of
Groundwater Declination in
Bangladesh

Groundwater is an imperishable, renewable and
sustainable natural resource in Bangladesh. In
the wet or monsoon season (June—September),
groundwater sustains it’s dynamism by
recharging, through rainfall and flooding and
seceding during the dull season (March—May)
due to withdrawal for wvarious application,
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especially for cultivation. Agricultural yield of
Bangladesh has successively increased over the
last few decades while we have reasons to be
happy about to fact that we must ensure this is
not just a fleeting surge but a sustainable
propensity. Groundwater level were near or very
close to the ground surface in some places after
the monsoon period and at the end of the dry
season, groundwater tables declined due to
evaporation, evapotranspiration and inter-basin
flow out of the aquifers. The present status of
groundwater level in Bangladesh is given from
2000 to 2018 in Figure 1.

Groundwater Level

0

1000 2002 2004 2006 2008 2010 2012 2014 2016 2018

Figure 1. Declination of groundwater level during
dry season since 2000 to 2018 in Bangladesh [3].

3. Mathematical Formulation of
the Model

To construct a mathematical model on
groundwater level, firstly we have to know the
biological interactions and background among
the state variables (i.e. atmosphere, surface and
ground water).

According to hydrologic cycle, water vaporizes
to become the part of the atmosphere from the
oceans and the land surface; then water vapor is
deported and lifted in the atmosphere until it
condenses and precipitates on the surface or the
oceans. Through plantation and vegetation
precipitated water can be intercepted for
overland flow on the ground surface. Water then
infiltrates into the ground as subsurface flow and
discharge into streams as surface runoff. Finally,
the intercepted water and surface runoff returns
again to the atmosphere through evaporation
directly from the soil and vegetation surface or
transpired from plant leaves. In this way
hydrologic cycle continues. The interaction of
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atmosphere, surface and ground water is shown
in the Figure 2.

A(t) Dis:;l:nlinn rate
Precipitation rate | ()
Deforestation rate | j/l
S()
A E;'::}lnn r:gi;l;)rate
Infiltration rate ﬂ
» ‘ 7
G(r) .
Paor storage | Evaporation rate
From G(p‘)

Figure 2: The schematic diagram with biological
interactions of groundwater model.
Considering the schematic diagram in Figure 2,
we formulate the model with the following
system of nonlinear differential equations:

dA

E=713(0+72G(t)—aA(t)—0A(t) (D
ds

o = @A AEMSH ~7SH) + G @)

dG

o BGOS(H) - 7,6(1) —aG(1) - AG(1) 3)

with initial conditions
A0) = A,, S(0)=S, and G(0) =G,

and the total amount of  water,

N(t) = Att)+S(t) +G(t).

Here, At), S(t)and G(t) are the three state
variables that represent the levels of atmospheric
water, surface water and groundwater
respectively at time { .

In the model (1)-(3), we have considered the
parameter (X as precipitation rate from
atmosphere to surface water and O is the
dissipation rate of atmospheric water. The
infiltration rate from surface to groundwater be
[ whereas y andy, are the evaporation rate
from surface and groundwater to atmospheric
water respectively. Moreover A and @ be the
deforestation rate and rate of poor storage
system from ground level.
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4. Qualitative Analysis of the
Model

We have to analyze the qualitative behavior of
the solutions in the neighborhood of the
equilibrium points.

A. Boundedness of the Model
To prove the system mathematically and
biologically well posed, the following lemma
has to be satisfied.
Theorem 1: The

_ 3. n :
Q_{(A(t),S(t),G(t))eu+.0sNSGM} is a

positively invariant set for the model (1)-(3).
Proof: Since the total amount of water isN (t)
then N(t)=A(t)+S(t)+G(t).
The rate of change of total amount of water is

dN dA dS dG

AP

dt dt dt dt

=—oN-A(N-A-9)

After simplifying,
inequality as

region

we get the differential

:%4—(04-/1)'\' <n

4
By solving the differential equation (4), we

obtain
N (t)<—7 +(N0— i Je‘("”)
o+4 o+
6)
Taking limit as {1 >, we get 0<N(t)< 4
o+l

Thus, we conclude that the region €2 is the
positively invariant set induced by the model
(1)-(3) [16]. Therefore, the model is both
mathematically and biologically well-posed in
the region €2..

Hence, the Theorem 1 is proved.

B. Positivity of the Solution of the Model

Theorem 2: If A(0)>0,5(0)>0 and G(0)>0

then the solutions A(t),s(t),G(t) of the model
(1) are all positive [5].
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Proof: To prove the Theorem 2, we will use the
system of differential equations (1)-(3).
The first equation of the model (1)-(3), can be

. dA
written as n >—(a+o)A

= L +(a+0)A=0
dt

(6)

By solving (6), we get

A(t)>ce "

where ¢, is an integrating constant

(7

To find the value of constant ¢ we apply the
initial condition at t =0, A(0)= A . We getA =g,

A(I)Z Aoe—(wcr)t ‘

)

Therefore A(t)>o forall t20.

Similarly, we obtain from the differential
equations (2) and (3) that, S(t)>0, and G(t)>0
forall t>0.

Hence the Theorem 2 is proved.

C. Existence of the equilibrium

To find the equilibrium points of the model (1)-
(3), we have to solve

GA_d5_d6_

dt dt  dt

®

For pollution free and without pumping from
groundwater, we consider G=G, (i.e. initial

value of G(t)). Let E (_A, 5,6) be the pollution
free equilibrium point. Using G=G,in the

system (9), and solving the system of algebraic
equation, we get

E (z\’g’(—;) _(nS+1G ’72 +0)+/1’GO
a+o yoi

Again, let E;(A*,S*,G*) be the equilibrium

point of the model (1)-(3) when all the activities
are performed in the groundwater (i.e. the
general equilibrium point), then we obtain
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7S +7,G" y,tw+ A
a+o Yij
S"[ay, -7 (a+0)]
(,BS* +a))(a+a)—a;/2

B

E;(A.S".G")=

where, A" — al’y, +alyy, + aly,o ’
af(ar+Ac +y,u)
. Aty to
§=210T9 and
s

_ Ay,0+ 77,0 + y,00
(ar+o0A+y,0—aPl— Pod—fy,o)

D. Stability at EI(A,é,éj
Theorem 3: The equilibrium point E(A,é,éj

of the model (1)-(3) is asymptotically stable if
a >0,a >0 and aa, >a,, otherwise it 1is

unstable [30, 48].
Proof: The characteristic equation of the system
is given as
|[a—a1]=0
After simplifying, we get
(A=2)(A-2)(A-2)—(A-2)AA -
A (A ~2)-AA =0
(10)
where, A =—a -0, A =-fG, -7,,

A =fS—y,~w—2, A = fG,~G,,

A =—ﬁ'é+é+a), and A, =ay,, A, =ay,
After simplifying the equation (10), we obtain

= +al’+a,l+a, =0

(11)

where, a, = {—(A1 +A+ Aj)},
a,={A(A+A)AA-AA-A}, and

& = AAA -AAA+AA-AA.

Here, 8, ={—(A+A +A)}>0,

similarly, a, >0 and aa, >a,.

From the Routh-Hurwitz criterion [14], we know
that all the eigen values of (11) have negative

real roots if and only if
a,>0,a,>0 and aa, >a,.
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Hence, the equilibrium point = (A,S,GJ of the

model (1)-(3) is asymptotically stable for
a >0,a,>0 and aa, >a,.

E. Stability at E,(A",S",G")
Theorem  4:  The
E,(A.S'G) of the model (1){3) is

equilibrium  point

asymptotically stable if
b >0,b,>0 and bb, >b,, otherwise it is
unstable.

Proof: At the equilibrium point E, (A*, §.G ) ,
The characteristic equation for the eigen value 1
is given as
[3-a1=0

= (B, -4)(B,-4)(B,-4)—(B,—1)B,B, —
B,(B,—4)-B,B, =0
(12)

where, B =-a -0, B, =-fG" -y, +G,

B,=8S -y,-w-4, B, = G -G,

B,=-8S"+S +w, B, =ay, and B, = ay,
After simplifying the equation (12), we get

A +b A +b,A+b, =0
(13)
From the Routh-Hurwitz criterion, we know that

all the eigen values of (13) have negative real
roots if and only if b >0, b, >0 and bb, >b,.

So, the equilibrium point E*(A*,S*,G*) of the

model (1)-(3) is asymptotically stable if
b >0, b, >0 and bb, >b,, otherwise it is
unstable.

5 Numerical Simulations

We have performed the numerical simulation by
ode45 solver using MATLAB programming
language. We use a set of suitable parameter
values that is estimated from the real data
perspective to Bangladesh [3, 23]. The
description of all the parameters with the
estimated values used in the simulation is
presented in Table 1. We have considered the
initial condition A =30x10" S, =110x10"4p4

— 9 .
G, = 60107 Also, we have solved for time
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interval ' €[0:201 for 20 years. The value of the
model parameters is given in Table 1.

Table 1: Values and Explanation of parameters

Descriptions Symbols | Values
Precipitation rate o 0.5
Dissipation rate o 0.01
Infiltration rate Ysj 0.3005
Deforestation rate y) 0.06
Storing rate of water ® 0.02
Evaporation rate from | », 0.09
surface water
Evaporation rate from | », 0.028
ground water level

We run the program for two state variables,
surface water and groundwater level keeping
all the values of the parameters same as
before. The result obtained in this case is
represented in Figure 3.

120

100 /
80

- Surface water

Amount of Water

= Groundwater

60

40

20

o 2 4 6 B8 10 12 14 16 18 20

Time (Year)

Figure 3. Dynamics of Surface water and
Groundwater where Groundwater decrease

significantly as a result surface water is increasing
day by day.

Figure 3 shows the state trajectories of the two
compartments such as surface water and
groundwater in the absence of any control
measures. We have observed that when no
control measure is employed, groundwater level
decreases and surface water gradually increases
from the initial position. It is occurred due to
evaporation of water from the ocean and land
surfaces, because this water is temporarily
considered as vapor in the atmosphere, and falls
back to earth’s surface as precipitation, then
surface water is formed by the residue of
precipitation and melted snow and then it will be
stable if no others factor (for examples, drought
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and low streamflow or over streamflow) as
employed in the atmosphere.

Now, we solve the model numerically for the
case of groundwater to show the change in the
groundwater level due to poor storage of water.
Taking the values of all parameters into account
as in Table 1 and considering the same initial
values of the state variables as we did before.
The result in this case is presented in Figure 4.

70

——w=0.005 |
——w=0.040
w=0.070|1

60

3
=}
T
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o
T

w
S
T

Amount of Water
N
o

5}
T

o

0 2‘ All (; é ‘\‘0 1‘2 ’Il4 1‘6 1‘8 20
Time (Year)
Figure 4. Variation of Groundwater for different

values of < where falling of groundwater level is
significantly increased due to lack of storage system.

Figure 4 represents the variation of groundwater
level for different values of » with time while
pollution and other effects are fixed. We observe
that falling of groundwater level is increased
tremendously due to lack of storage system.
Next, we have solved the model numerically to
show the change in the groundwater level du e to
evaporation rate for the parameters in Table. The
result in this case is shown in Figure 5.
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Figure 5. Variation of Groundwater for different
values of evaporation rate where falling of
groundwater level is extensively increased due to
global warming.
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In Figure 5, one can see the variation of
groundwater level for different values of
evaporation rate (,,)over the time while

deforestation rate, pollution rate and other
effects are constant. It is easy to understand that
falling of groundwater level is increased
significantly due to increase of evaporation rate
y,. That is, falling of groundwater level

decreases for the lower value of evaporation rate
7, and falling of groundwater level increases

for the higher value of evaporation rate j, .

Global warming can lead to longer periods of
droughts, which directly affects availability and
dependency on groundwater.

Lastly, we run the program keeping all other
values of the parameters same as before and
change in the deforestation rate to show the
effect of deforestation on groundwater level. The
result in this case is presented in Figure 6.

70

2=0.03 |
——)=0.05
—— )=0.09|

@
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o
S

w N
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Amount of Water
N

o
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0 2 4 6 8 10 12 14 16 18 20
Time (Year)

Figure 6. Groundwater level is tremendously
decreased due to increase of deforestation rate from

A=0.03t0 4=0.09

Figure 6 represents the variation of groundwater
level for different values of deforestation rate 4
with time while evaporation rate, pumping rate
and other effects are constant. We observe that
groundwater level is decreased extensively due
to increase of deforestation rate /.

6 Phase Portrait Diagram

Now, we have shoe the the dynamical behavior
of the model (1)-(3) by plotting phase-plane
diagram based on the respective parameters
present in the model. In these phase-planes,
small arrows in Figures 7-8 show the direction
field; the red dot represents the equilibrium point
and dashed lines are the nullclines.
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RS L \\;‘

s (t)

Figure 7. Phase plane and nullclines for the model
(DH-3) with the parameter values
a=.05, £=0.3005, @=0.06 and A =0.030

7 Conclusions

In this paper, a mathematical model on
groundwater level declination is presented with
qualitative and quantitative analysis. From the
numerical simulations, it is clear from Figures 3
and 4 that, the groundwater level is significantly
decreased due to increase of pollution rate while
the falling of groundwater level is tremendously
increased due to lack of storage system. Again,
Groundwater and surface water are connected to
each other. When groundwater is used
superfluously, then lakes, streams and rivers that
are connected to subsurface water can also have
their supply diminished. We also observe from
Figures 5 and 6 that, Groundwater level is
tremendously decreased due to increase of
deforestation rate, where falling of groundwater
level is extensively increased for higher rate of
evaporation that is caused of global warming.
Lastly, we conclude that the proposed model can
be helped for the researchers and planners who
are associated with the research of sustainable
groundwater management. It also may be helpful
for the government to make and take decision
regarding the prevention of groundwater level
declination as well as may be increase the public
awareness in case of using groundwater.
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